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PREFACE. 



Thi8 volume, which, in spite of reluctant preju- 
dice, has already obtained a large share of the pub-' 
lie patronage, is the first of a projected Course of 
Mathematical Science. Many compendiums or 
elementary treatises have appeared — ^at different 
times, and of various merit ; but there seemed still 
wanting, in our language, a work that should em- 
brace the subject in its full extent, — that should 
unite theory with practice, and connect the an- 
cient with the modem discoveries. The magni- 
tude and difficulty of such a task might deter an 
individual from the attempt, if he were not deeply 
impressed with the importance of the undertak- 
ing, and felt his exertions to accomplish it ani- 
mated by zeal, and supported by active persever- 
ance. 

The study of Mathematics holds forth two capi- 
tal objects :— While it traces the beautifUl rela- 
tions of figure and quantity, it likewise accustoms 
the mind to the invaluable exercise of patient at- 
tention and accurate reasoning. Of these distinct 
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objects, the last is perhaps the most important in 
a course of liberal education. For this purpose, 
the Geometry of the Greeks is most powerful- 
ly recommended, as bearing the stamp of that 
acute people, and displaying the finest specimens 
of logical deduction. Some of its conclusions, 
indeed, might be reached by a sort of calculation ; 
but such an artificial mode of procedure gives 
merely an apparent facility, and leaves no clear or 
permanent impression on the mind. 

We should form a wrong estimate, however, 
did we consider the Elements of Euclid, with all 
its merits, as a finished production. That admi- 
rable work was composed at the period when Geo- 
metry was making its most rapid advances, and 
new prospects were opening on every side. No 
wonder that its structure should now appear loose 
and defective. In adapting it to the actual state 
of the science, I have therefore endeavoured care- 
fully to retain the spirit of the original, but have 
sought to enlarge the basis, and to dispose the 
accumulated materials into a regular and more 
compact system. By simplifying the order of ar- 
rangement, I have materially abridged the labour 
of the student. The numerous additions that are 
incorporated in the text, so far from retarding, 
will rather facilitate his progress, by rendering 
more continuous the chain of demonstration. 
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The view which I have given of the nature of 
Proportion, in the Fifth Book, will contribute, I 
hope, to remove the chief difficulties attending that 
important subject. The Sixth Book, which ex-» 
hibits the application of the Doctrine of Ratios, 
contains a copious selection of propositions, not 
only beautiful in themselves, but which pave the 
way to the higher branches of Geometry, or lead 
immediately to valuable practical results. The 
Appendix, without claiming the same degree of 
utility, will not perhaps be deemed the least in- 
teresting portion of the volume, since the inge- 
nious resources which it discloses for the construc- 
tion of certain problems are calculated to afford a 
very pleasing and instructive exercise. 

The Elements of Trigonometry are as ample 
as my plan would allow. I have explained fully 
the properties of the lines about the circle, and 
the calculation of the trigonometrical tables } 
nor have I omitted any proposition which has a 
distinct reference to practice. Some of the pro- 
blems annexed to the treatise are of essential con- 
sequence in marine surveying. 

In the improvement of this edition, I have spa- 
red no trouble or expence. The text has been 
simplified and reduced to a shorter compass, by 
throwing such propositions as were less elemen- 
tary into the Notes. Other Notes of an easier 
kind are intended chiefly to engage the attention 



Vlll PREFACE. 



of the young student. In various parts of the 
work, the demonstrations are occasionally abbre- 
viated. The Elements of Trigonometry are now 
much expanded, and brought to include whatever 
appears to be most valuable in recent practice. 
But the principal additions hav^e been made in 
the Notes and Illustrations, which will be found to 
contain a great variety of useful and curious in- 
formation. The more advanced student may per- 
use with advantage the historical and critical 
remarks ; and some of the disquisitions, with the 
solutions of certain more difficult problems re- 
lative to trigonometry and geodesiacal operations, 
in which the modern analysis is but sparingly 
introduced, are of a nature sufficiently interest- 
ing to claim the notice of proficients in science. 
I have simplified, and materially enlarged the^or- 
mulce connected with trigonometrical computa- 
tion ; explained the art of surveying, in its dif- 
ferent branches ; and given reduced plans, blend- 
ed with the narrative of the great operations 
lately carried on both in England and France. 
I have likewise shown a very simple method of 
calculating heights from barometrical observa- 
tions, accompanied by illustrative sections ; and 
I have been thence led to state the law of climate, 
as it is modified by elevation. On this attractive 
subject, I should have dwelt with pleasure, had 
the limits of the volume permitted. 
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To trace the silent progress of discovery, is at 
once interesting and instructive. I have there- 
fore laboured to set in a clear light the Trigo- 
nometry of the Greeks and Arabians^ and have 
carefully marked the successive steps by .which 
this important branch of science was, in passing 
from ancient to modcfrn times, advanced to perfec- 
tion. In these critical inquiries, I have derived 
essential aid from the extensive and accurate re- 
searches of M. Delambre, whose learning, pa- 
tience, and discernment, are above all praise. It 
has afforded me the highest satis&ction in finding 
the oi^pions I was led to form on several disputed 
points of scientific history generally to accord with 
the mature conclusions of that eminent philoso- 
pher. 

In explaining the division of the circle, I have 
introduced some short tables, which will furnish an 
useful exercise to the student ; and the examples 
I have given of the conversion of sexagesimals 
into decimals will show how much greater nicety 
the ancient Greeks had attained in their calcula- 
tions than is commonly supposed. I have still 
farther enlarged the trigonometrical^/ormt^i^, and 
have applied the tables of sines and tangents to 
the splution of quadratics and the irreducible case 
of cubic equations* The successive attempts 
made, at different periods, to measure the extent 
of our globe are now distinctly related, and the 
most improved methods of conducting such geo- 
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graphical surveys are explained and exemplified, 
I presume, with sufficient detail. Other additions, 
either curious or illustrative, will occur in various 
parts of the work . 

My original design was to exhibit, within the 
compass perhaps of five volumes, the Elements of 
Mathematical Science in their full extent, inclu- 
ding the principles and application of the Higher 
Calculus. But, after due reflection, I have aban- 
doned that aspiring project. There is unfortunate- 
ly very little incitement to the publication of ab- 
stract works in this country ; and after discharging 
the more pressingobligations which I had contract- 
ed, I shall consider my time as more agreeably and 
perhaps more beneficially employed, in pursuing 
without distraction the labyrinths of physical re- 
search. I might have foreseen that the indolence of 
teachers would always be opposed to the improve- 
ment of education ; yet I have very lately revised, 
and somewhat enlarged, the Philosophy of Arith- 
metic, which I am convinced will form the most in- 
structive introduction to Algebra and to the sci- 
ence of calculation in general. In a few weeks ano- 
ther volume will be delivered from the press, con- 
taining the tract on Geometrical Analysis, recast 
and augmented ; the Geometry of Curve Lines, 
including not only a regular and complete system 
of the Conic Sections, but exhibiting the beau- 
tiful relations of those Higher Curves, ancient or 
modern, which either invite the application of 
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Algebra, or elucidate the properties of Mechanics 
and other branches of Natural Philosophy. In 
furtherance of my views, I intend likewise to 
compose, with all convenient speed, a treatise on 
the Geometry of Planes and Solids, which has of 
late years taken absolutely a new form on the 
Continent : It will embrace the Theory of Per- 
spective, and comprise theProjection of the Sphere 
and Spherical Trigonometry. 

The performance of this last task will fully dis- 
charge my engagements. But I rejoice to think 
that the completion of the Course may fall into 
better hands. My illustrious friend, Mr Ivory, 
will, I trust, be induced to rescue the national 
honour, and erect a durable monument to his 
own fame^ by the composition of an original and 
luminous treatise on the Differential and Inte-' 
gral Calculus. As a preliminary to a work of such 
vast importance, we shall expect from him a logical 
digest of Algebra, which has been so long disfigu- 
red and abused. After the multitude of servile 
compilations that have been unceasingly obtru- 
ded on the English public, the discriminating eye 
will repose with delight on the harbinger of 
brighter prospects. 

It is the nature of genuine science to advance 
in continual progression. Each step carries it 
still higher ; new relations are descried ; and the 
most distant objects seem gradually to approxi- 
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mate. But, while science thus enlarges its 
bounds, it likewise tends uniformly to simplicity 
and concentration. The discoveries of one age 
are, perhaps in the next, melted down into the 
mass of elementary truths. What are deemed 
at first merely objects of enUghtened curiosity, 
become, in due time, subservient to the most im- 
portant interests. Theory soon descends to guide 
and assist the operations of practice. To the 
geometrical speculations of the Greeks, we may 
distinctly trace whatever progress the moderns 
have been enabled to achieve in mechanics, na* 
vigation, and the various complicated arts of life. 
A refined analysis has unfolded the harmony of 
the celestial motions, and conducted the philoso- 
pher, through a maze of intricate phenomena, to 
the great laws appointed for the government of 
the Universe. 



College of Edinburgh, 
Nov. 1. 1820. 
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Vjeombtrt is that branch of natural science 
which treats of bounded space* 

Our knowledge concerning external objects is 
grounded entirely on the information received 
through the medium of the senses.' The science 
of Physics considers Bodies as they actuaUy exist, 
invested at once with all their various and pecu- 
liar qualities : Its researches are hence directed 
by that refined species c(f observation which is 
termed Experiment. But Geometry takes a more 
limited view; and, selecting only the generic 
property of Magnitude^ it can safely pursue the 
roost lengthened train of investigation, and arrive 
with perfect certainty at the remotest conclusion. 
It contemplates merely the forms which bodies 

B 
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assume^ and the spaces which they occupy. 
Geometry is thus founded likewise on external 
observation ; but such observation is so familiar 
and obvious, that the primary notions which it 
furnishes might seem intuitive, and have often 
been regarded as innate. This science, proceed- 
ing from a basis of extreme simplicity, is therefore 
supereminently distinguished, by the luminous 
evidence which constantly attends every step of 
its progress. 



PRINCIPLES. 

In contemplating an external object, we can, 
by successive acts of abstraction, reduce the com- 
plex idea which arises in the mind into others that 
are successively simpler* Bodj/, divested of all its 
essential characters, presents the idea of mere ^wr- 
Jace ; a surface, considered apart from its peculiar 
qualities, exhibits only linear boundaries; and a 
line, omitting its continuity, leaves nothing in 
the imagination but the points which form its 
extremities. A solid is bounded by surfaces ; a 
surface is circumscribed by lines ; and a line is 
terminated by points. A point marks position ; a 
line measures distance ; and a surface exhibits ej:- 
tension. A line has only length ; a surface has both 
length and breadth ; and a solid combines all the 
three dimensions of lengthy breadthj and thickness. 
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The uniform tracing, of a line which through 
its whole extent is stretched in the same direction, 
^es ibe {d^abt^a^iNUght^lik Nd^iftittffe tlian 
otic straight Hlie <ran tkerefoj-e jiiih^Wd Jltt^ 
andifa^ifaight Bhelie i!on6^iVefdHA iUl^^eah 
aids about both ejtttietllitles, Hbnd df !iil^ iiif^e-^ 
diatepoint* will cliang^ their ttte^tibdP ^^ - < * 
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From our idea of a sthi^ht line i^^dariV^ ihat 
of a plane surface, whi<*, thdtigli Aioi-i iciitt jjle*, 
has a like uniformity of character. A straight 
line connecting any two points situate in a plane, 
lies wholly on the surface ; and consequently 
planes must, in every way, admit a mutual and 
perfect application. 

Two points ascertain the position of a straight 
line 'y for the line may be conceived to continue to 
turn about one of the points till it falls upon the 
other. But to determine the position of a plane, it 
requires three points ; because a plane touching the 
straight line which joins two of the points, may be 
made to revolve, tiU it meets the third point. 

The separation or opening of two straight lines 
at their point of intersection, constitutes an angle. 
If we obtain the idea of distance^ or linear extent, 
from the inspection of progressive motion, we de- 
rive that of divergence^ or angular magnitude, from 
the consideration of revolving motion. 
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Geometry is divided into Plane and Solid j 
the former confining its views to the properties of 
space • figured on the same plane ; the latter em- 
bracing the relations of different planes or sur- 
faces, and of the solids which these may describe 
or terminate. In the following definitions, there- 
fore, the points and lines are all considered as 
existing in the same plane^ 
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DEFINITIONS. 





1. A crooiMl line it dmt wludi ooii> 
■iats of .stni^it Knet not coBtbraed. ia 
the Mune dixectioii. 

m 

8. A aaved line is that of which no 
portion is a itraight line* 



S. The Itraight lines which contain an angle aie term- 
ed itf sides^ and their point of origini or intersection, its 
vertex. 

To abridge the rrference, it is usual to denote an angle by 
toadng over its sides ; the letter at the ver* 
tex, which is common to them both, being 
pot in the middle. Thus the angle con- 
tained by the straight luws AB and BC, ^^ 
or the opening formed by turning BA about the point B into 
the position BC, is named ABC or CB A 



4. A r^ht angle is the fourth part of the 
entire drcoit or lerolotion formed by a 
straight 




It is manifest that all right angles, being derired from the 

fimdamental measure, must be equal to each other. 
If a straight line CB stand at equal* angles CBA and CBD 
on another straight Une AD, and if the surfkoe ACD be con- 
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B 



D 



ccived laid over towards the opposite side^ the point B and 
the line AD remaining in their place ; CB will, in this new 
position £B, make angles £BA and 
£BD equal to the former, and there- 
fore all of them equal to each other. 
But the four angles ABC, CBD, DBE, 
and £BA constitute, about the point 
B, a complete revolution; or the line 
B A in forming them, by its successive 

openings, would return into its original place,— ^and conse- 
quently each of those angles is a right angle. 

The angle, or opening, contained by the opposite portions 
DA and DB of a straight line is hence 
equal to two right angles ; and, for 
the same reason, all the angles ADC, 
CDE, EDF, and FDB, formed at the 
point D on the same side of the 
straight line AB, arc together equal 
to two right angles. 




5. The sides of a right angle are said to be perpendicu- 
lar to each other. 



6. An acute angle is less than a right 
angle. 




7. An obtuse angle is greater than a 
right angle. 



S. One side of an angle forms with 
the other side produced a supplement 
ial or exterior angle. 
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9. A veriicat tfigk ift foriied by iba 
prododion of both its sides. 



10. The inrerled ^yerg^ce pf the two ^id^p of an 

♦ *^ y Ate 

angle;, or the defect of the angle from four rig)it aif gles| is 
named the reverse angle. 

The angle EBD is vertical to ABCs ABD is mgflemenUi or 
exterior to it, and the angle made up of 
ABD, DB£» and BBC, or the opening 

iviiichwouldbefenasdbydMregMSsion- ^ ""ITv''' "''^ 

of ABorer tbepotefs Pand S, mbtbe 
position BCy is the reveree angle* 

It is apparent that Tertical angles, or those formed bjr' the 
ssme lines in opposite dir«ctido% most b^ 9(paiH,i for the 
angles ABC and ABD which stand on the straight line Cp^ 
being eqoal to two right angles, are equal to ABD and DB£ 
which stand on AE, and, omitting the common angle ABD, 
there remains ABC eqnal to QBB. . 



11. Two straight lines are said to 
be inclined to each other^ if they meet 
when produced ; and the angle so 
Ibrmed is called tbmr irtelination. 
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18. Straight Knes which have no mn- 
toal indinatioDi are termed panUld. 

IS. AJ^giett is ia plane snr&oe inchided by a linear 
bomndAry called its jpmm«^«r. 

14. Of rectilineal figures, the triangle is contained by 
iJkree straight lines. ,^ 
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15. An isosceles triangle is that which has 
two of its sides equal. 






16» An equilateral triangle is that which 
has all its sides equal. 



17. A triangle whose sides are un- 
equal) is named scalene. 

It will be shewn (I. 9. cor.) that every triangle has at least 
two acute angles* The third angle may therefore, by its cha- 
racter! senre to discriminate a triangle. 



18. A right-angled triangle is that which 
has a right angle. 



19. An obtuse angled triangle, is that 
which has an obtuse angle. 






20. An acute angled triangle is that 
which has all its angles acute. 



21. Any side of a triangle may be called its base^ and 
the opposite angular point its vertex* 

22. A quadrilateral ^gure is contained by Jour straight 
lines. 



23. Of quadrilateral figures, a trape^ 
zoid (1) has two parallel sides : 
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94. A irapesmtm (2) has two of its 
sides parallel, and the other two equals 
thou^ not paralld. 

25. A rhomboid (S) has its oppo- 
site sides eqnal : 



3. 



S6« A rhombus (4) has all its sides 
equal: 



87. An oUongi or redanglet (5) has a 
angl^ and its opposite sides equal : 





28, A square (6) has a right angl^ and 
all its sides equal : 




29. A qnadrilateral figare^ of which the opposite 8ide& 
are parallel, is called 2l parallelogram. 

80* The straight line which joins 
oUiqady the opposite angalar points 
<rf'a qnadrilateral figure is named a diagonal. 

81. If an angle of a rectilmeal figure be less than two 
right anglesy it will protrude^ and is caDed salient ; if it 
be greater than two right angles, it will make a smuosity^ 
and is termed re^erUrant. 



Thus the an^e ABC is re-entrant, and 
the rest of the angles of the polygon 
ABCDEF aie all salient at the poinU 
A, C, D, E, and F. 
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PROPOSITION I. PROBLEM. 

To construct a triangle, of which the three sides 
are given. 

Let AB represent the base, and G, H two sides of the 
triangle which it is required to construct. 

From the centre A, with the distance G, describe a cir- 
cle; and, from the centre B, with the distance H^ describe 
another circle, meeting the 
former in the point C : join 
AC and BC, and ACB is the 
triangle required. 

Because all the radii of the 
same circle are equal, AC is 
equal to G; and, for the same 
reason, BC is equal to H. Consequently the triangle ACB 
answers the conditions of the problem. 

The limiting circles, after mutually intersecting, must 
obviously diverge from each other, till, crossing the ex- 
tension of the base AB, they return again and meet 
below it; thus marking two positions for the required 
triangle. 

Corollary, If the radii G and H be equal to each other, 
the triangle will evidently be isosceles ; and if those lines 
be likewise equal to the base AB, the triangle raust be 
equilateral. 
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A Profositjon 11 a dislipct portion of abstract s^i^nce : 
It is either a problem or a theorem. 

A Problem proposes to effect some combination. 

A Theorem advances some tnithi which is to be esta- 
blished. 

A problem requires solution^ a theorem wvaX^ demonstra' 
tion i the former implies some operation^ and the latter 
generally needs a previous construction. 

A direct demonstration proceed^ from the premises, by 
a regular deduction. 

An indirect demonstration attains its object, by showing 
that any other hypothesis than the one advanced would 
involve a contradiction, or lead to an absurd conclusion. 

A subordinate property, included in a demonstration, is 
sometimes, for the sake of unity, detached, and then it 
forms a Lemma. 

A Corollary is an obvious consequence resulting from 
a proposition. 

A ScfioLiuM is an excursive remark on the nature and 
application of a train of reasoning. 

An Hypothesis is a condition premised, or a supposi* 
tion advanced. 



The operations in Geometry suppose the drawing qf 
stra^ht lines and the description of circles^ or they require 
in practice the use qfthe rule and compasses. 
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PROP. III. THEOR. 



Two triangles are equal, if two sides and the 
angle contained by these in the one be respec- 
tively equal to two sides and the contained angle 
in the other. 

Let ABC and DEF be two triangles, of which the side 
AB is equal to DE, the side BC to EF, and the angle ABC 
contained by the former equal to DEF which is contained 
by the latter : These triangles are equal. 

For let the triangle ABC be applied to DEF: The 
vertex B being placed on E, and the side BA on ED, the 
extremity A must fall upon 
D, since AB is equal toDE. 
And because the angle or 
divergence ABC is equal to 

DEF, and the side AB co- ^ ^^ ^ 

incides with DE, the other side BC must lie in the same 
direction with EF, and being of the same length, must ter- 
minate with it ; and consequently, the points A and C rest- 
ing on D and F, the straight lines AC and DF will also 
coincide. Wherefore, the one triangle being thus per- 
fectly adapted to the other, a general equality must obtain 
between them : The third sides AC and DF are hence 
equal, and the angles BAC, BCA opposite to BC and BA 
are equal respectively to EDF and EFD, which the cor- 
responding sides EF and ED subtend. 

Schol. By applying this proposition to practice, the 
mutual distance may be found between two remote objecU 
which have their communication obstructed. 
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jniOP. IV. PROB. 




At a point iaa straight line, tb make an angle 
eqyal to a given angle« 

At the point D ib ibe given strtight line DE^ to form 
an angle equal to the giren angle BAC. . 

In the sides A6 and AC of the given angle, assume two 
poinu G and H, join GH, 
from D£ cut off DI equal 
to AG, and on DI consti- 
tute (1. 1 .} a triangle DKI, 
having its sides DK and 
IK equal to AH and GH : 
IDK or EDF is the angle required. 

Vox all the sides of the triangles G AH and IDK being 
req>ectively equal, the angles opposite to the equal sides 
most be likewise equal (I. 2.}, and consequently IDK is 
equal to GAH. 

Cor. If the segments AG, AH be uken equal, the con* 
itmction will be rendered simpler and mere commodious. 

ScikoL By the successive application of this problem an 
angle may be continually multiplied. Two circles CEG 
and ADF being described from the 
vertex B of the given angle with radii 
BC and BA equal to its sides, and the 
base AC being repeatedly inserted be- 
tween those circumferences; a multi- 
tude of triangles will be thus formed, 
nil of them equal to the original tri- 
angle ABC. Consequently the angle ABD is double of 
ABCy ABE triply ABF quadruple, ABG cjuintupl^ &c. 




L 
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If the sides AB and BC of the given angle be supposed 
equal, only one circle would be required, 
a scries of equal isosceles triangles being 
constituted about its centre. It is evi- 
dent that this addition is without limit, 
and that the angle so produced may con- 
tinue to spread out, and its opening side 
even make repeated revolutions. 




PROP. V. PROB. 



To bisect a given angle. 

Let ABC be an angle which it is required to bisect. 

In the side AB take any point D, and from BC cut off 
BE equal to BD; join DE, on which construct (I. 1.) the 
isosceles triangle DFE, and draw the 
straight line BF: The angle ABC 
is bisected by BF. 

For the two triangles DBF and 
EBF, having the side DB equal to 
EB, the side DF to EF, and BF 
common to both, are (t. 2.) equal, 
and consequently the angle DBF is equal to EBF. 

Cor. Hence the mode of drawing a perpendicular from 
a given point B in the straight line AC ; for the angle 
ABC^ which the opposite seg- 
ments BA and BC make with 
each other, being equal to two 
right angles, the straight line 
that bisects it must be the 
perpendicular required. It is 
therefore only requisite to bi- 
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lect thU angle. Take BD ^ual to BE, and construct the 
isosceles triangle DF£; the straight fa'ne BF, which joins 
the vertex of the triangle, is perpendicular to AC. 

Schol. In the general construction, the isosceles triangle 
|)FE may lie either below or above the base DE ; but if it 
were made equal to DBE> and the vertex F coincided with 
Pf the constructiofi would be rendered indeterminate. 

PROP. VI. PROBr 

» ■ . ■ 

V ' 

To let fall a perpendicular upon a straight lin§, 
from a given point above it . /: ; / 

From the point C, to let &II a perp^iidicif lar qpoi^ the 
given straight Jine ^B. . 

In AB take, aqjr where towards A, the point D, an^ 
with the distance DC desjcribe ^ circle ; a^d, i^ the same 
line, take towards B another point :p:/ and witfi th^ dis- 
tance EC describe a second circle intersecting the forin|>r 
in the point F -, join CF, crossing 
the given line a( Q ; CG is perpenr 
dicttlar to AB. 

For tife straigl^ ^ne9 ©C, DF 
and EC, EF being joined, the tri- 
angles DCE and DFE have the side 
DC equal lo DF, EC to EF, and 
DE common Jo them both; whenoe (L S.) the angle CDE 
or CDG i. equal to FDE or FDft And becaose, m the 
triangles DCG an4 pPG, the side DC is eqoal to DF, 
DO common, and the contained angles CDG and FDG 
are proved to be equal ; these subordinate triangles are 
(I. 8.) equal, and consequently the angle DGC is equal to 
DGF, and each of them a right angle, or the line CG is 
perpendicular to AB, 
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PROP. VII. PROB. 
To bisect a given finite straight line. 

Let it be required to bisect the straight line AB| which 
is terminated by the points A and B. Upon AB construct 
the two opposite isosceles triangles (1. 1.) ACB and ADB, 
and join their vertices C and D by a straight line cutting 
AB at the point £ : the straight line AB is bisected in £• 

For the sides AC and AD of the triangle 
CAD being respectively equal to BC and 
BD of the triangle CBD, and the side CD 
common to them both; these triangles 
(1. 2.) nre equal, and hence the angle ACD 
or ACE is equal to BCD or BCE. Again, 
the inferior triangles ACE and BCE, having the side AC 
equal to BC, CE common, and the contained angle ACE 
equal to BCE, are (I. S.) equal, and consequently the base 
AE is equal to BE. 




prop: VIII. THEOR. 

The exterior angle of a triangle is greater than 
either of its interior opposite angles. 

The exterior angle BCF, formed by producing a side 
AC of the triangle ABC, ia 
greater than either of the op- 
posite interior angles CAB 
and CBA. 

For bisect the side BC in 
the point D (L 7.), draw AD, 
and produce it until DE be 
equal to it, and join EC. 




^^ 
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The trfanglai ADB i^id EDC hav^ by cpnatrocdoq, the 
side DA equal to pE, the si^e DB to DC, and the vertical 
angle BDA equal to CDE } these triangles are, t)iefeforey 
equal (I. S.}, and the angle DCE is equal to DBA. But 
since CF must obviously lie between CB and tSF, the ex- 
terior ^gle 3CFisgfea(er thai) DCE; it is consequently ' 
greater tLn DBA oiuC^Ass. V:^ 

In like manner, it may be mnf n, that if BC be produ- 
ced, the exterior vpt^ ACQ i») greater than the interior 
angle CAB. B«^ACO is equal to its vertical angle iBfCF, 
anc| hence BCF must be greater thap either of tlie interior 
anffles CBA or CAB. 

Cor* Heiifce all the exterior angles of h^ triimgle JEure 
greateir than the interior,vand Hywise greater than three 
right anoles.. For each. extetiMil^Qb it)f acQacent ini^rior 
angle being equal to fiiri n^ltt nrtriii|t; the exterlbi; angles 
taken together must meed thi hair o^ six right.aneles. 

PROP. IX.*liaSO& . 

Any iwo aiiglesf of a txjiai^e ^re togej^ber less 
than two rigl^t ai)gles* 

The two angles B AC and QCA of t}ie triangle Al^C are 
together less than two right an^^. 

For produce the common side AC. y>^ ' stF 

And, fay the hist proposition, the ex- 
terior angle BCD is greater than^ 
BAC, add BCA to each, and the '^ 
two angles BCD and BCA ate greater than BAC and 
BCA, or BAC and BCA are together less than BCD apd 
BCA, that is, less than two right angles (pef. 4). . 

Car. Hence a triangle cipn only have one right or ob- 
tase angl^ its two remaining angle being always acut^ ; 
wherefore that vogle angle may serve to designate the tri- 
angle. 




/ 
/ 



» \ 




20 ELEMENTS OF GEOMETRY. 

PROP. X. THEOR. 

The angles at the base of an isosceles triangle 
are equal. 

The angles BAC and BCA at the base of the isosceles 
triangle ABC are equal. 

For draw (1. 5.) BD bisecting the vertical angle ABC. 

Because, by hypothesis, BA is equal to 
BC, the side BD common to the two tri- 
angles BDA and BDC, and the angles 
ABD and CBD contained by them are 
equal; these triangles are. equal (I. S.), 
and consequently the angle BAD is equal 
to BCD. 

Cor, Hence every equilateral triangle is also equiangular. 

PROP. XL THEOR, 

If two angles of a triangle be equal, the sides 
opposite to them are likewise equal. 

Let the triangle ABC have two equal angles BCA and 
BAC ; the opposite sides AB and BC are also equal. 

For if the side AB be not equal to CB, let it be equal 
to some portion CD, and join AD. 

Comparing now the triangles BAC and DC A, the side 
AB is by supposition equal to CD, AC is 
common to both, and the contained angle 
BAC is equal to PC A; the two triangles 
(L 3.) are, therefore, equal. But this con- 
clusion is manifestly absurd. To suppose 
then the inequality of A B and BC, would 
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9 

iofoive a oontnadictiim ; and oonseqiientiy those sides most 
be equal. 

iiir. Hence every equiaDgukr triaiigle is also eqmk* 
teraL . .t . . 

SchoL By the ap|£oation of this propodtian, the ids* 
tanceof an object iimceessible '4m > one side ibayin seine 
cases be measured 
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PROP. Xll. THfiOR. 

In any txiangle» that angle is tUe greater ^liiich 
lies opposite to a greater side* 

F ■ « 

If a side BC of the triangle ABC be greater than BA ; 
the opposite angle BAC is greater than BCA. 

For make BD equal to BA, and jpin AJP* . Thei angle 
CAB is evidently greater than DAB : 
bnlsinQeBA.is^qiild tOiJPDt this angle . 
DAB (1. 10.) is eqnalto' AOBt and con- 
sequently CAB ^ greater tl^an ADB* 
Again^ the angle ADB^ being an exte- 
rior angle of the triangle CAjp, is (I. 8.) gres^ter than 
either of the interior anries ACDrOr ACB; wherefore 
the angle CAB is much grea|er. than ACB. 




' \ 



PROP. XUL THEOR. 



« > 



That side of a triangle is the gi:eater ¥rhich sub- 
tends a greater angle. 
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Ifj in the triangle ABC, the angle CAB be greater than 
ACB; its opposite side BC is greater than AB. 

For if BC be not greater than AB| it must be either 
equal or less than AB. But it cannot be 
equal to AB» because the angle CAB 
would then be equal to ACB (L 10.) ; 
nor can BC be less than AB> for then 
AB would be greater than BC, and con- 
sequently (I. 12.) the angle ACB would be greater than 
CAB, or CAB less than ACB, which is absurd. The 
side BC being thus neither equal to AB, nor less than it^ 
must therefore be greater than AB* 

PROP. XIV. THEOR. 

Any two sides of a triangle are together greater 
than the third side. 

The two sides AB and BC of the triangle ABC are to- 
gether greater than the third side AC. 

For produce AB until DB be equal to the side BC^ 
and join CD. 

Because BC is equal to BD, the angle BCD is equal to 
BDC (I. 10.) ; but the angle ACD 
is obviously greater than BCD, 
and therefore greater than BDC^ 
or ADC; consequently the oppo- 
site side AD is greater than AC 
(L 13.); and since AD is equal to 
AB and BD ; or to AB and BC, 
the two sides AB and BC are together greater than the 
third side AC. 
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PROP. XV. THEOIL 

The (Ufference between any two 
an^e is leas than the thiid side. 

» 

Let the side AC be gieater than AB, am 
a part A£ equal to AB ; the remainder . 
EC is leas tbaa the third side BC* 

For the two sides AB i^id BC are 
together greater than AC (L 14.) ; take 
away the eqnal lines AB and AEy and 
there remains BC greater than EC^ or EC 




PROP. XVL THEOB. 

Two strsdght lines drawn to a point within a 
triangle from the extremities of its base^ are to- 
gether less than the sides of the triangle^ but 
contain a greater angle. 

The straight lines AD and CD, projected irom the ex- 
tremities of the base AC to a point D within the triangle 
ABCy are together less than the sides AB and CB of the ' 
triangle^ bat contain an angle ADC» which is greater than 
, ABC. 

For prodace AD to meet CB in E. The two sides AB 
and BE of the triangle ABE are greater 
than the third side AE (I. 14.) ; add EC 
to each, and AB, BE» EC, or the sides / «. \iC 

AB and BC, are greater than AE and 
EC. Bat the sides CE and ED of the ^ 
triangle DEC are (L 14.) greater than 
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DC, and consequently CE, ED, together with DA, or 
CE and EA, are greater than CD and DA. Wherefore 
the sides AB and BC, being greater than AE and EC, 
which are themselves gteater than AD and DC, must be 
still greater than AD and DC, or the lines AD and DC 
are less than AB and BC, the sides of the triangle. 

Again, the angle ADC, being the exterior angle of the 
triangle DCE, is greater than DEC (I. 8.); and, for the 
same reason, DEC is greater than ABE, the opposite in- 
terior angle of the triangle EAB. Consequently ADC is 
still greater than ABE or ABCi 

PROP. XVII. THEOR. 

If straight lines be drawn from the same point 
to another straight line, the perpendicular is the 
shortest of them all ; the lines equidistant from it 
on both sides are equal j and those more remote 
are greater than such as are nearer. 

Of the straight lines CG, CE, CD, and CF drawn from 
a given point C to the straight line AB, the perpendicular 
CD is the least, the equidistant Hues CE and CF are 
equal, but the remoter line CG is greater than either of 
these two. 

For the right angle CDE, equal to CDF, is (1. 8.) 
greater than the interior angle CFD of the triangle DCF, 
and consequently tiie opposite 
side CF is (I. 13.) greater 
than CD, or CD is less than 
CF. 

But if ED be equal to FD, '^ ^ 
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CD being. conmion to ibb two trianglea £CD» and FCD, 
and the coi^tmied aDgles CD£ and CDF equal; these 
trianglct(I« S*} At0 equal» and consequently their baaes. 
C]& and CF are equal. 

• Again^ because GGD is a right-angled triangle, the 
aogJe CGDor C6£ is (I..9. cor.) acute» ^nd, for the ^ame 
reason, the angle CED of the triangle CD£ is.a^bte, and 
consequently its ]s<Qaeent angle CjBG is obtuse; Where- 
fore CEG, being greater than a right angki is still greater 
than CGE, and the opposite side CG must be greater 
(L IS.) than C£. 

Ccn-. Hence only a single perpendicular CD can bte let 
lall from the same point C upon a given straight line AB; 
and hence also a pair only of equal straight lines greater 
than CD can at once be extended from C to A]3, making 
on the same side, the one an obtuse angle CEA, and the 
other an acute angle CFA. As the distance between two 
points, or the shortest communication, is the straight line 
which joins them ; so the distance from a point to a straight 
line is the perpendicular let fidl upon it. 



PROP. XVIII. THEOB. 

If two sides of one tnangle be respectively equal 
to those of another, but contain a greater angle ; 
the base also of the former will be greater thian 
that of the latter. 



In the triangles ABC and DEF, let the sides AB and 
BC be equal to D£ and EF, bat the an^e ABC greater 
than J>1S^ i then is the base AC likewise greater than DF. 




26 ELEiMENTS OF GEOMETRY. 

For, suppose AB one of the sides to be not greater than 
the other side BC or EF ; draw BG equal to EF, and (1. 4.) 
making an angle ABG equal to DEF, join AG and GC. 

Because AB and BG are equal to DE and EF, and 
their contained angle ABG is equal to DEF; the triangles 
ABG and DEF (I. S.) are equal, and therefore have equal 
bases AG and DF. 

Now, let the triangles ABC and DEF be isosceles. 
Since, by hypothesis, the side 
AB is equal to BC, the an- 
gle BAC (I. 10.) is equal to 
BCA ; but (L 8.) the angle 
BHC is greater than the in- 
terior angle BAH or BCH, 

and consequently (I. IS.) the side BC or BG is greater 
than BH, or the point G lies beyond H. 

Next, suppose the side 
BC or EF to be greater 
than A B or DE. Where- 
fore (1. 12.) the angle BAC 
is greater than BCA ; but 
(I. 8.) the exterior angle 

BHC of the triangle ABH ^ ^ ]ff 

is greater than BAH or BAC, and hence still greater than 
BCA or BCH; consequently the side BC or EF is (I. 13.) 
greater than BH. 

In every case, therefore, the point G must lie below the 
base AC. But the triangle GBC being isosceles by con- 
struction, its angles BGC and BCG (I. 10.) are equal. 
Whence the angle AGC, being greater than BGC or 
BCG, which again is greater than ACG, must be stilt 
greater than ACG ; and therefore the opposite side AC is 
(I. 13.) greater than AG or DF. 




BOOK I. 27 



PKOP. XIX. TttEOR. 

If two sides of one triangle be respectively 
equal to those of another, but stand on a greater 
base ; the angle cont£ned by the former will be 
likewise. greater than what is contained by the 
litter. 

* 

Let the triangles ABC and D£^ have the sides AB and 
tkC eqaal to DE and EF, but the base AC greater than 
DF; the yertical angle ABC is greater than DEF. 

For if A6C be not greater than the ang^e DEF, it most 
Neither be eqiial or less^ Bat it 
cannot be equal to DEFj for 
the sides AB» BC being ihen 
eqaal to DE, EF» and contain* 
log equal angles^ the base AC 
would (I. S.) be equal to DF, which is contrary to die 
hypothesis. Still more absurd it would be to suppose the 
angle ABC less than DEF, since the triangles B AC and 
lEDF, baring their sides AB^ BQ equal to DE, EF, but 
the contained angle ABC leu than DEF, or DEF great- 
er than ABC, the bale DF would, from the preceding 
proposition,tbe greater than AC| or AC would be less 
thanDF. 

PROP. XX. THEOft. 

^ Two triangles are ieqaal, which have two angled 
Ittid a Gorresponding i^ide in the one respectively 
equal to those in the othen 
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Let the triangles ABC and DEF have the angle BAG 
equal to EDF, the angle BCA to EFD, and a side of the 
one equal to a side of the other, whether it be interjacent 
or opposite to those equal angles ; the triangles will be 
equal. 

First, let the equal sides be AC and DF, which are in- 
terjacent to the equal angles in both triangles. Apply the 
triangle ABC to DEF ; the point A being laid on D, and 
the straight line AC on DF, the other extremities C and 
F must coincide, since those lines 
are equal. And because the angle 
BAC is equal to EDF, and the 
side AC is applied to DF, the 
other side AB must lie along DE; 
and, for the same reason, the an- 
gles BCA and EFD being equal, the side CB must lie 
along FE. Wherefore the point B, which is common to 
both the lines AB and CB, will be found likewise in both 
DE and FE ; that is, it must fall upon the corresponding 
vertex E. The two triangles ABC and DEF, thus mu- 
tually adapting, are hence entirely equal. 

Kcxt, let the equal sides be AB and DE, which are op- 
posite to the equal angles BCA and EFD. The triangle 
ABC being laid on DEF, the sides AB and AC of the an- 
gle BAC will apply to DE and DF, 
the sides of the equal angle EDF ; 
and since AB is equal to DE, the 
points B and E must coincide; but 
by hypothesis, the angles BCA and 
EFD being equal, BC must adapt itself to EF, for other- 
wise one of those angles becoming the exterior angle of a 
secondary triangle, would (L 8.) be greater than the other. 
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Whence the triangles ABC, DEF are entirely coincident* 
and have those aidea equal which snbtepd equal angles* 

SchoL By the application of the first case, where the 
aides lying between the equal angles are equal^r the distance 
of an Inaccessible object can be i^easpr^ in all cases. 



PROP. XXL THEOR. 

Two triangles are equal if two sides and a cor- 
responding oppodte angle be. equal in both, and 
the other opposite angles have the same character. 

In the triangles ABC and DEF^ let the side AB be. 
equal to DE, 6C to EF, and the angles BAC, EDF, 
opposite to BO, EF, be also equal ; the triangles them- 
selves are equal, if the other angles BCA and EFD oppo- 
site to AB and DE be of the same character, or at once 
right, or acute, or obtuse. 

For, the triangle ABC being applied to DEF, the an- 
gle BAC will adapt itself to EDF since they are equal ; 
and the pohit B must coincide with E, because the side 
AB is equal to DE. But the other equal sides BC and 
EF, noW' stretching from the same 
point £ tdwards DF, must likewise 
coincide } fi^r if the angle at C or F 
be right, there can exist no more 
than <me perpendicular EF (I. IT. 
cor.) ; and, in like manner,, if this angle at F be either 
obtuse or acute, the line EF, which forms it, can, for 
the same reason, have only one corresponding position. 
Whence, in /each of these three cases, the triangle ABO 
•dmits of a perfect adaptation with DEF. 
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PROP. XXIL THEOR. 

If a straight line fall upon two parallel straight 
lines, it will make the alternate angles equal, the 
exterior angle equal to the interior opposite one, 
and the two interior angles on the same side to- 
gether equal to two right angles. 

Let the straight line EFG fall upon the parallels AB 
and CD ; the alternate angles AGF and DFG are equal, 
the exterior angle EFC is equal to the interior angle EGA, 
and the interior angles CFG and AGF on the same side 
are together equal to two right angles. 

For conceive a straight line, produced both ways from 
F, to turn about that point ; it will first cut the extended 
line AB above G towards A, and will in its progress af- 
terwards meet this line on the other side below G towards 
B. In the former position IFH, the angle EFH is the 
exterior angle of the triangle FHG, and therefore greater 
than FGH or EGA (I. 8.) But in the latter position 
LFK, the exterior angle EFL is equal to its vertical angle 
GFK in the triangle FKG, and to 

which the angle FGA is exterior ; 

consequently (I. 8.) FGA is great- 
er than EFL, or the angle EFL is 

less than FGA or EGA. When 

the incident line EFG, therefore, 

meets AB above the point G, it 

makes an exterior angle EFH ^ 

greater than EGA; and when it 

meets AB below that ppint, it 

makes an exterior angle EFL, which is less than the same 
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9Xii^ Bill in tbe transition horn greater to leu, m vary- 
ing magnitude must evidently pass throngh the interaie- 
^Bale limit of equality. Whence there is a single posi- 
tion CD, in which the line revolving about the point F 
makes the exterior angle EFC equal to the interior EGA, 
and at the same instant of time neither meets AB towards 
the one part or the other, and is therefore parallel to it. 

And now, since EFC is proved to be equal to ]£6A, 
and is also equal to the vertical angle GFD ; the alternate 
angles FGA and GFD are equal Again, becavse GFD 
and FGA are equal, add the angle FGB to each, and the 
two angles GFD and FGB are equal to FGA and FG? ; 
but the angles FGA and FGB, on the same tide of AB» 
are equal to two right angles, and consequently the inte- 
rior angles GFD and FQB are lU^ewise equal to two right 
angiles. 

Cor. Since CD has an individual positioQ, or only cue 
straight line can be drawn through the point F parallel to 
AB, it follows that the converse of the proposition is like- 
wise true, and that those three properties of pandlel lines 
are so many criteria for the distingiuibing of paraQelSf 
% 

PROP. XXIU. PROS. 

Itirough a given point, to draw a straight lin^ 
parallel to a given 9tr^ght line. 

To draw, trough the point C, a straight line parallel 
toAB. 

In AB td^e any point D, join CD, 
and at ihe point C make (I. 4.) an an- 
gle DCE equal to CDA; the Kne CE 
is pmfalldi to AB. 




32 ELEMENTS OF GEOMETRY. 

For the angles CDA and DCE, thus formed equal, are 
the alternate angles which CD makes with the straight 
lines CE and AB, and therefore, by the corollary to the 
last proposition, these lines are parallel. 



PROP. XXIV. THEOR. 

Parallel lines are equidistant, and equidistant 
straight lines are parallel. 

The perpendiculars EG, FH, let fall from any points 
E, F in the straight line AB, upon its parallel CD, are 
equal ; and if these perpendiculars be equal, the straight 
lines AB and CD are parallel. 

For join EH: and because each of the interior angles 
EGH and FHG is a right angle, they are together equal 
to two right angles, and consequently the perpendiculars 
EG and FH are (I. 22. cor.) 
parallel to each other; where- 
fore (I. 22.) the alternate an- 
gles HEG andEHF are equal. 
But, EF being parallel to GH, 
the alternate angles EHG and HEF are likewise equal ; 
and thus the two triangles HGE and HFE, having the 
angles HEG and EHG respectively equal to EHF and 
HEF, and the side EH common to both, are (I. 20.) e- 
qual, and hence the side EG is equal to FH. 

Again, if the perpendiculars EG and FH be equal, the 
two triangles EGH and EFH, having the side EG equal 
to FH, EH common, and the contained angle HEG equal 
to EHF, are (I. 3.) equal, and therefore the angle EHG 
equal to HEF, and (I. 22.) the straight line AB parallel 
to CD. 
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PROP. XXy. THBOR. 



). i 




The opposite side&^f a rbombcnd are parallel. 

If the opposite sides AB» DCs and AD, BC of the qua- 
drilateral figure ABCDbe eqwV ^^ *''® l^ke^w® parallel. 
. For draw the diagonal AC. And bc|ca^fie AB is eq^al 

to PC| BC to AD, and AC is com. , . j^ jn 

mm to the two tri^pgle^ ABC apd 

ADC) these triangles are (L 2.) _ 

equal. Consequently the angle ^ 

^CD is equal to CAB, and therefpfif the. side AB of the 

rhomboid is (1. 22. cor.) parallel to CD ; and, for the saniie 

reason, the angle CAD being equal to, ACB, the side AD 

is parallel to ]B|Cf 

Cor. Hence the angles of a 8q^are or r^tangle are all 
of them right angles; for the opposite sides, being equal 
by hypothesis, are parallel ; and if the ^ngle at A be right, 
the other interior one at B is also a right angle (I. 22.), 
and consequently the angles at C and D, opposite to these^ 
^e also right angles. On this proposition depends the con- 
^traction of the. instmment called in Practical Geometry 
fL Parfiffel Buler, 

PROP. XXVI. THEOIJ. 

t r 

t " 

The opposite sides and angles of a parallelo- 
gram ^e equal. 

m 

Let the quadrilateral 6gore ABCD have the sides AB 
and BC parallel to CD and AD i these are respectively 
eqoal, and so are likewise the opposite angles at A and C, 
and at B and D. 
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For join AC. Because AB is parallel to CD, the al- 
ternate angles BAG and ACD are (I. 22.) equal; and 
since AD is parallel to BC, the alternate angles ACBand 
CAD are also equal. Where- ^ 3 

fore the triangles ABC and ADC, 
having the angles. CAB and ACB 
equal to ACD and CAD, and the 
interjacent side AC common to both, are (I. 20.) equal. 
Consequently, the side AB is equal to CD, and the side 
BC to AD ; and these opposite sides of the rhomboid be- 
ing thus equal, the opposite angles (I. 25.) must be like- 
wise equal. 

Cor, Hence the diagonal divides a rhomboid or paral- 
lelogram into two equal triangles. 




PROP. XXVII. THEOR. 

If the parallel sides of a trapezoid be equal, 
the other sides are likewise equal and parallel. 

Let the sides AB and DC be equal and parallel ; the 
other sides AD and BC are also equal and parallel. 

For draw the diagonal AC. Because AB is parallel to 
CD, the alternate angles CAB and ACD are (I. 22.) equal ; 
and the triangles ABC and ADC, having the side AB 
equal to CD, AC common to both, ^ 
and the contained angle CAB equal 
to ACD, are, therefore, equal (I. 3.). 
Whence the side BC is equal to AD, 
and the angle ACB equal to CAD ; but these angles being 
alternate, PC must be parallel to AD (I. 22. cor.) 
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PROP. XXVIIL THEOB. 
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< Lines j^nJle} 4ii die same sixivigbt line, 
nallel to each other; ^ ^ ^ 



» . 



If the straight line AB be parallel to CD, ahd CD pft- 
rallel to EF ; then is AB parallel to EF. 

For let a i^tn^ight Une QH cut these 
lines. 

• And because AB k palrallel to CD, 
tbe oMrior angle GIA is equal (L 98^ 
to the interior 6KC ; and since CD is 
ponllel to EF, this angle GKC is, for 
the^ameveason, equal, to OLE. There^ 
fare the angle GIA ii ^ual to OLE, and consequently 
AB is {Mirattel to EP (L SS. epr.) 
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PBOP. XXIX. THEOB. 

Straight lines drawn parallel to the sides of an 
angief contain an equal angle. 

If the straight linea AB^ AC be pa?', 
ralld to DE, DF; the apgle BAC is 
equal to EDF. 

For draw the straight line GAD 
through the yertioes. And since AC 
is parallel to DF, the exterior angle 
GAC is (L 22.) equal to GDF; and, 
for the same reason, GAB is equal to GDE ; there ooq- 
sequently remains the angle BAC equal to EDF. 
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PROP. XXX. THEOR. 

An exterior angle of a triangle is equal to both 
its opposite interior angles, and all the interior 
angles of a triangle are together equal to two 
right angles. 

The exterior angle BCD, formed by the production of 
the side AC of the triangle ABC, is equal to the two op* 
posite interior angles CAB and CBA, and all the interior 
angles CAB, CBA and BCA of the triangle are together 
equal to two right angles. 

For, through the point C, draw (I. 23.) the straight 
line CE parallel to AB. And, AB being parallel to C£, 
the interior angle BAC is (L 22.) equal to the exterior 
one ECD ; and, for the same reason, the alternate angle 
ABC is equal to BCE. Wherefore the 
two angles CAB and ABC are equal 
to DCE and ECB, or to the whole ex« 
terior angle BCD. 

Again, to this exterior angle BCD, 
and to the two interior angles CAB and ABC, add the 
adjacent angle BCA, and the angles BCD and BCA on 
the sam^ side of the straight line AD, that is, two right 
angles, are equal to all the interior angles of the triangle 

ABC. 

Cor. 1 . Hence the two acute angles of a right angled 
triangle are together equal to one right angle ; and hence 
each angle of an equilateral triangle is two-third parts of 
a right angle. 

Cor. 2. Hence if a triangle have its exterior angle, and 
one of its opposite interior angles, double of those in an- 
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other triangle; its remainiDg opposite interior angle will 
also be double of the corresponding angle in the other. 

Seiol. On the second corollary depends the constmc- 
tion of that inyalnable reflecting angular instrament, called 
Hadle/s quadrant or sestant. 



PROP. XXXL THEOR- 

The interior angles of any rectilineal figure are 
together equal to twice as many right angles (a- 
bating four from the amount) aa the figure has 
sides. 

For assume a point O within the figure^ and draw 
straight lutes OA, OB, OC, OD, aad OE, to the several 
comers. It is obvious^ that the jfigure is thus resolved in« 
to as many triangles as it has sides, 
and the aggregate angles must, hf the 
last proposition, be equd to twice as 
many right angles. But the angles at 
the bises of these triangles constitute 
the internal angles of the figure. Con- 
sequently, from the whole amount, there is to be deducted 
die vertical angles about the point O, which are (Def. ^.) 
equal to four right angles. 

Cor. Hence all the angles of a quadrilateral figure are 
equal to four right angles, those of a pentelateral figure 
equal to six right angles, and so forth i increasing the a- 
mount by two right angles, for each additional side. — The 
same conclusion is derived from the successive application 
of triangles, by which the figure, at each accession, has 
the number of its sides increased by one, and the amount 
of its interior angles augmented by two right angles. 




S8 



ELEMENTS or GEOMETItY. 



PROP. XXXII. THEOR. 



Jhe exterior angles of a rectilineal figure are 
together equal to four right angles. 

The exterior angles DEF, CDG, BCH, ABI, and 
EAK of the rectilineal figure ABCDE are taken together 
equal to four right angles. 

For each exterior angle DEF, with its adjacent interior 
one AED, is equal to two 
right angles. All the exterior 
angles, therefore, added to the 
interior angles, are equal to 
twice as many right angles as 
the figure has sides. Conse- 
quently the exterior angles 
are equal to the four right an- 
gles which, by the Proposition 
immediately preceding, were 
abated, to form the aggregate of the interior angles. 

Cor. If the figure has a re-entrant angle BCD, the an- 
gle BCK which occurs in place 
of an exterior angle, must be 
subducted in forming the a- 
mount •, for the corresponding 
interior angle BCD, in this 
case, exceeds two right angles, 
by the angle BCK. Hence 
the angles EFG, DEH, CDI, 
ABL, FAM, diminished by 
BCK, are equal to four right angles. 
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SeioL The amount of the exterior angki might be de- 
duced from the ^adtAme deBectfoitt irhidi a side would 
make before it has returned to its first position. Thus, in 
the fim das^ AF tndees a cottipkM dibits <:htti|[^ng into 
the positions EG, DH, CI, BK, and fiballjr intd AF agaim 
Bntf in the second cas^ AO, after making similar deflec- 
tkma^ tarns biiekwarda at C fh»ni the podtfon BK to CL. 



1?R0P. XXXllL THEOR. 

If the opposite angles of a quadrilateral figure 
be equal, its opposite ^des will be likewise equal 
andpafaUel. 

■ . > 

In the quadribteral figure ABCD, let thd angle at B 

be equal to the opposite one at D, and the angle at A 

equal to that at C^ the sides AB and, BO are equal and 

parallel to DC and DA. 

For all the angles of the figure being equal to four right 

angles (I. 31 . cor.)f and the opposite angles being mutually 

equal, each pairof adjacent angles j| . 

miist be equal to two right angles. / y 

Wherefore ABC and BCD bd ng ^ X 



equal to two right angles, the -a. b 

lines AB and DC (L 22. cor.) parallel ; for the same rea- 
son, ABC and BAD being together equal to two right an- 
gles, the sides BC and AD, which limit them, are parallel. 
But (L 26.) the parallel sf^ei of the figure are also equiM. 

Cor^ Hence a qoadriktetal figure eontained by right 
angles has its opposite sides equal and paraUel. 
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PROP. XXXIV. PROB. 

To draw a perpendicular from the extremity of 
a given straight line; 

From the point B, to draw a perpendicular to ABj 
without producing that line. 

In AB take any point C, and on BC (I. 1. cor.) de- 
scribe an isosceles triangle BDC, produce CD till DF be 
equal to it; and BF being joined, is the perpendicular re- 
quired. 

For, since by construction DF is equal to CD or BD, 
the triangle BDF is isosceles, and (I. 10.) the angle DBF 
equal to DFB; whence the angle CDB, 
being equal (I. 30.) to the interior angles / 

DBF and DFB, is double of DBF, or y 

the anglb DBF is half of CDB. But / N 

the triangle BDC being isosceles, the -^ ^ .B 

angle CBD is equal to BCD; consequently the angles 
DBF and DBC are the halves of the vertical and base an- 
gles of BDC, and therefore (I. SO.) the whole angle CBF 
is the hftlf of two right angles, or it is equal to one right 
anjgle. 

Schol, This problem, of which the construction may be 
slightly modified, is often more convenient in practice than 
the one given in the corollary to Prop. 5. of this Book. 

PROP. XXXV. PROB. 

On a given finite straight line, to construct a 
square. 

Let AB be the side of the square which it is required to 
construct. 
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fVom tbi teronity B drawj t^ Ae but propoiitioa, 
BC t>eipeiidiciilar to BA'and equal / 

to'k, andi from the pointa A and C „ 

with tbediatance AB or CB deKiibe 
two nnies iiHenetliBg eacb other in 
the point D, join AD and CD ; the 
qnadrilitteral %are ABCD if Uie 
uptist reqrairedi 

For, by thii oonatroctiont the %itre hk« all Ui sidea 
equal, and one of its aogles ABC a right Imglet which 
ODtaptebendt the whole d«&nItioD of s Bqdare. 




PROP. XXXVJt PROB. 

To divide 4 ^veh strught line iflto any number 
<of equal parts. 



Let it be required to diride the atralght line AB into i 
giren number of equal parts, titppose five. 

FroiA the point A and at any ^ 

oblique angle with AB, draw 'a 
straight line At, in which take the 
portion AD, and rqieat it fire times 
from A to C^ j<Hn CB, and from the 
lereral ^ints of section D, E, F, 
and G, draw the parallels DH, EI, 
FK, and GL, (I. 2S.) catting AB 
in H, I, K, and L : AB is divided at tbese points into 
five eqoil parte. 

For (I. 88.) draw DM, EK, FO, and GP paralld to 
AB. And because DH is parallel to EM, Uie exterior 
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5. A rhomboid or rectangle is said to be contairied by 
any two adjacent sides. 

A rhomboid is often indicated merely by the two letters 
placed at opposite corners. 

PROP. L THEOR. 

Triangles which have the same altitude, and 
stand on the same base, are equivalent. 

The triangles ABC and ADC which stand on the same 
base AC and have the same altitude, contain equal spaces. 

For join the vertices B, D by a straight line, which pro- 
duce both ways ; and from A draw AE (I. 23.) parallel to 
CD, and from C draw CF parallel to AD. 

Because the triangles ABC, ADC have the same altitude^ 
the straight line EF is parallel to AC (I. S^.), and conse- 
quently the figures CE and AF 
are parallelograms. Wherefore 
EB, being equal to AC (I. 26.) 
whieh is equal to DF, is itself 
equal i6 DF. Add BD to each, 
and ED is equal to BF; but EA is equal to BC (I. 26.), 
and the interior angle AED is equal to the exterior angle 
CBF (I. 22.). Thus the two triangles EDA, BFC have 
the sides ED, EA equal to BF, BC, and the contained 
angle AED equal to CBF, and are therefore equal (I. 3.). 
Take these equal triangles CBF and EDA from the 
whole quadrilateral space AEFC, and there remains the 
rhomboid AEBC equivalent to ADFC. Whence the 
triangles ABC and ADC, which are the halves of these 
rhomboids (I. 26. cor.)» are likewise equivalent. 

Cm\ Hence rhomboids on the same base and between 
the same parallels, are equivalent. 
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PROP. II. TH£OR< 

Triangles which have the same altitude^and 
stand on equal bases, are equivalent . , 

The triangles ABC9 DEF, standing on equali bases ^C 
aad DF and having the same altitude, con^in eqaal ipace^ 

For let the bases AC, DF be placed, in the ^aqie 
Btndght line, join BE, and produce it both ways, draw 
|AG and PH parallel to CB and F^ (L 33.) imd join 
AH,CE. . ^ 

Because the triangles ABC, D£F are of equal alUtudet 
GE is parallel to AF (I. 24.), and GC, HF are paridlelo- 
grams. But AC, b^g equal to 
DF, and DF equal (L 26.) to 
HE, must also be equal to HE, 
and therefore (L 27.) A£ is 
a rhomboid or parallelogram. 
Whence tbe rhomboid GC is equiyal^nt to AE (IL 1. cor.)f 
and this again is, for Ae same reason, equivalent to HF; 
oonsequentlj GC is equivalent to HF, and therefore their 
halves or (I. 26« cor.) the triiMigles ABC and DEF are 
equivalent 

Cor. 1. Hence rhomboids on equal bases and between 
the same parallels, are equivalent 

Cor. 2. Hence triangles which have the same vertex^ 
and equal bases in the extension of the same straight lin^ 
are equivalent j and hence straight lines drawn frpm ^e 
vertex of a triangle to equal sections of the base, wHl like- 
wise divide it into equivileiit triangles. 
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PROP. III. THEOR. 

Equivalent triangles on the same or cquixl bases, 
have the same altitude. 

If the triangles ABC and ADC, standing on the same 
base AC, contain equal spaces^ they have the same altitude, 
or the straight line BD which joins their vertices is paral* 
lei to AC 

For if BD be not parallel to AC, draw from B a parallel 
BE meeting AD or that side produced, in E, and join CE. 

Because BE is made parallel to AC, the triangle ABC 
is (II. 1.) equivalent to AEC; but 
ABC is by hypothesis equivalent to 
ADC, and therefore AEC is equivalent 
to ADC, which is absurd. The sup- 
position then that BD is not parallel 
to AC involves a contradiction. 

The same mode of demonstration, it is obvious, will 
apply in the case where the equivalent triangles stand on 
equal bases. 

Co7\ Hence equivalent rhomboids on the same or equal 
bases, have the same altitude. 

PROP- IV. PROB. 

To find a triangle equivalent to any rectilineal 
figure. 

Let it be required to reduce the five- sided figure ABODE 
to a trianglci or to find a triangle that shall contain an 
equal space. 





BOOK Ua . 47 

Join any two alternate points A, C, and through the 
intermediate point tSi draw ^F parcel to AC, meeting 
either of the adjoining sides AE or CD in F; which 
'^Mt; i^en'th^ angle ABC is re-entraht, will lie Ahin 
' An tgate i Jciik Cf. Againijoia 
ihe alternate points C, E, and 
through th^ int^niediate point D 
draw Che parallei DG, to meet in 
G either of the adjoining sides 
A£ ot BCy whichi since the angle 
,CDE is salient^ must for that ^ ^ 
effect be produced ; and join CG. Th6 triangle FCG is 
equivalent to the five- sided figure ABCDE. 

Because the triangles CFA and CBA have by construc- 
tion the same altitude and stand on the same base AC» 
\hej are (If. ii) equivalent; take eadh bf them away from 
the space 'ACI>^ and there remains the quadrilateral 
figure FCDE equivalent to the five-sided figure^BCBE, 
Again, because the triangles CDE ^nd CGE are equal, 
liaving the ttiAe altitude and ttie same base ; add t^e. tri« 
angle TCE* to bach, and the triangle FCG is equivalent 
to the quadrilateral figure FCDE, and is consequently 
equivalent to the original figure ABCDE. 

In this manncc My polygon may, by syccessive steps, 
be reduced to a triangle ; for an exterior triangle such as 
CD£, Of an Interior such as ABC, is always exchanged 
fer anolher equivalent one, which, aitaebing itself to ei- 
ther of the adjoining sides, coalesces with the imt of the 
figure. 

SdoL This problem is of singular use in practice, since 
it eMbles the swrveyor greatly to abridge his computatbns, 
by reducing at once any plan that he has delineated to an 
equiv«lenl triangle. 
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PROP. V. PROS. 

A triangle is equivalent to a rhomboid which 
has the same altitude, and stands on half the base. 

The triangle ABC is equivalent to the rhomboid DEFC, 
which stands on half thjp base DC, but has the same alti- 
tude. 

For join BD and EQ. The triangles ABD and DBC 
having the same vertex and equal 
bases, are (II. 2. cor. 2.) equivalent. 
But the diagonal EC bisects the 
rhomboid DEFC (I. 26. cor.), and 
the triangles DBC and DEC, having 
the same altitude, are equivalent (II. I.); consequently 
their doubles, or the triangle ABC and the rhomboid 
DEFC, are equivalent. 

Cor. Hence the area of a triangle is equal to half the 
rectangle contained under its base and its altitude — from 
which property is derived the mepsuration of any recti- 
lineal figure. 

PROP. VI. PROB. 

To construct a rhomboid equivalent to a given 
rectilineal figure, and having an angle equal to a 
given angle. 

Let it be required to construct a rhomboid which shall 
be equivalent to a given rectilineal figure, and contain an 
angle equal to Q. 

Reduce the rectilineal figure to an equivalent triangle 
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ABC (11. 4.), bbed the base AC in the point D (L 70f 
and draw DE (L 4.) making an angle t^DE equal to the 
giYen angle 6^ through B draw BF parallel to AC (1. 28.) 
jmd through C the straight line 
CF parallel to DE : DEFC ia 
the rhomboid which was requi- 
red. 

For the figure DF is evidently 
by construction a rhomboid^ containing an angle CDE 
equal to G$ and being, equivalent (IL 6.) to the triangle 
ABC| is therefore equivalent to the given rectilineal figure. 

PROP. VIL TflEOR. 

The complements of the rhomboids about the 
diagonal of a rhomboid^ are mutually equivalent. 

^ ■ 

Let £1 and HG be rhomboids about the diagonal of 
the rhomboid BD ; their complements BF and FD con- 
tain equal spaces. 

For» since the diagonal AF bisects the rhomboid "EJ, 
(L 26. cor.}) the triangle AEF is equal to A^F $ and for 
the same reason the triangle FHC is equal. to FOC» and 
likewise the whole triangle ABC is 
equal to ADC. From this triangle 
ABC on the one side of the dia- 
gonalt take away the two triangles 
AEF and FHC ; and from the equal triangle ADC on 
the other side take away the two triangles AIF and FGC» 
and there remains the rhomboid BF equivalent to FD. 

Cor» The same property will obviously extend to the 
spaces left on both sides of the diagonal by rhomboids 
any how combined. 
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PROP. VIIL PROB. 




With a given straight line to construct a rhom- 
boid equivalent to a given rectilineal figure, and 
having an angle equal to a given angle. 

Let it be required to construct a rhomboid, containiTig 
a given space, and having a side equal to the line L, and 
an angle equal to K. 

Construct (II. 6.) the rhomboid BF equivalent to the 
given rectilineal figure, and having an angle BEF equal 
to K ; produce EF until FG be 
equal to L, through G draw DGC ^ 

parallel to EB and meeting the 
extension of BH in C, join CF 
and produce it to meet the exten- 
sion of BE in A ; draw AD parallel to EF, meeting CG 
in D, and produce HF to I : FD is the rhomboid re- 
quired. 

For FD and FB are evidently complementary rhom- 
boids about the diagonal AC, and therefore (II. 7.) equi- 
valent; and because AE and IF are parallel, the angfe 
FID is equal to EAI (I. 22.), which again is equal to 
BEF or the given angle K. 

Schol. This problem might also be solved by repeated 
operations; each triangle, into which the rectilineal figure 
is divided, being successively converted into a rhomboid, 
having an angle equal to K, and placed on a line equal to 
L, or on the summit of each preceding rhomboid. These 
rhomboids would evidently coalesce and fulfil the conditions 
required. The process is not so direct as when the figure 
was previously reduced to an equivalent triangle; but ft 
seems better adapted for the solution of another similar 
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IMJbktti— To ooiwtilat^ under t|ie same lootiditions, a 
jrtKMabpid eqoivaleiit to tbe diflTereeioe bcitwefen tw^ givw 
figures. The Bmaller rhomboid is npw placed, below the 
summit of the other, leaving the defect sfanding on %^>. 
origioal base. 

« 

PROP. IX. THEOR. 

I 

A trapezoid is equivalent to the rectangle con^ 
tinned by its altitude, and half the sum of its p$^- 
rallel sides. 

The trapeaoid ABCP is equivalent to the rectangle con- 
tained by its altitude and half the sum of the parallel sides 
BC and AD. 

For draw CE parallel to AB (I. 23.)^ bisect £D (L 7.) 
in F» and draw FG parallel to AB« meeting the produc- 
tion of BC in 6. 

Because BC is equal to A£ (I. S6.)» BC and AD are 
together equal to AE and AD, or to twice A£ .with ED, 
or to twice AE and twice EF, that is, to twice AF; con- 
sequently AF is half the sum of BC 
and AD. Wherefore the rectangle / 
contained by the altitude of the ^ 
trapezoid and half the sum of its pa- 
rallel sides, is equivalent to the rhomboid BF (XL 1. cor.}; 
but the rhomboid EG is equivalent to the triangle ECD 
(II. 6.}, add to each the rhomboid BE, and the rhomboid 
BF is equivalent to the trapezoid ABCD. 

Schol. Hence may be found the area of any rectilineal 
figure, referred to a given base ; for it b equal to that of 
the aggr^te rectangles under the mean of each pair of 
perpendiculars and the interjacent portion of the base. 

This proposition is of great use in surveying, since it 
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abridges the mensuration of the irregular borders of a iieldi 
by help of what are called offsets, or perpendiculars branch- 
ing from the great line to each remarkable flexure of the 
extreme boundary. 



PROP. X. THEOR. 

The square constructed on the hypotenuse of a 
right-angled triangle, is equivalent to the squares 
on the two sides. 

Let the triangle ABC be right-angled at B; the square 
constructed on the hypotenuse AC is equivalent to BF 
and BI the squares constructed on the base and perpendi- 
cular AB and BC. 

For produce DA to K, and through B draw MBL pa- 
rallel to DA (I. 23.) and meeting FG produced in L. 

Because the angle CAK, adjacent to CAD, is a right 
angle, it is equal to B AF : from each of these take away 
the angle 6AK, and there 
remains the angle BAC 
equal to FAK. But the 
angle ABC is equal to 
AFK, both of them being 
right angles. Wherefore 
the triangles ABC and 
AFK, having thus two an- 
gles of the one respectively 
equal to those of the other, 
and the interjacent side AF 
equal by hypothesis to AB, 
are mutually equal (I. 20.), 

and consequently the side AC is equal to AK. Hence 
the rectangular rhomboid AM is equivalent to the oblique 




49JUK (|I. S. cor,), #<» Mkv «tfiad o» cgnaL Iwiet AD 
and AK, and between the same panill^I^iOKi fM}4 ML 
But ABLK 18 (I|. 1. oor.) egtiiyal^t to tl|e ptfwfi rbom- 
l(9id QF» for it 4|^Bdi| on ihfi sftpe bfuis AB avid betwMi 
thf .saRie paralleb FL and 4^* Wlierefare the irectttngle 
AM is equivalent to th^ squjire of AB^ . 

And in like maqperi f>jf dni^iog M9 to meet tbe pro- 
duction of HI» it ipay be proved, <hat tbe reptangle CM 
is equivalent to the ^u^re of BC« Cods^quentfy the whole*, 
square, ADEC, of thctbypotenuae, beiB|( cmnposed of the: 
rectangles AM wd CM, tontaiM tbo same space as both 
the fqiiaies described on ^ two sides AB and BC« 

Cor. Hmcfi tbe aqpara of a side AB of a lighe angled 
triwg^e is fqaiydent to tb^ rectangle under Ae hjpote**' 
njm AC and tb? ndi$cwi s^gipent AN oaade by a perpe»- 
^i(Dular from (be ycplm Q- 

ScM* This proposition is deservedly the most celebra- 
ted of the whole Iftc^meot^ and serves as the pmin link for 
Q^naeetaiig Geomc^.with tbe asodem Algebra. The 
dei^opstrfition may be vaviofisly modified ; but one of the. 
simplest, forms is ih^X in. which OK being joined, the fi* 
g^re CAKO js prov0d to be sqoare^ and the reotaB^. 
NK .eqpivaient to the rhomboid Ah and to the square BF. 
on the one side» while the remaining rectangle NO is equi* 
valent to the rhombpid CL and to the quare BI on the 
other. 

PROP. XL THEOa. 

If the square of one aide of a triangle be eqaiva- 
lent to the squares of both the other sidesy that 
side subtends a right angle. 

Let the square described on AC bp equivalent to the 
two squares of AB and BC ; the triangle ABC is ri{^t«> 
angled at B. 
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For draw BD perpendicular to AB (I. S*.) and equal 
to BC, and join AD. 

Because BC is equal to BD, the square of BC is equal 
to the square of BD, and consequently the squares of AB 
and BC are equal to the squares of AB and BD. But the 
squares of AB and BC are, by hypothesis, 
equivalent to the square of AC ; and since 
ABD is, by construction, a right angle, the 
squares of AB and BD are, by the 4)reced- 
ing proposition, equivalent to the square of 
AD. Whence the square of AC is equal 
to that of AD, and the straight line AC equal to AD. 
The two triangles ACB and ADB having all the sides in 
the one respectively equal to those in the other, are there- 
fore equal (I. 2.), and consequently the angle ABC is equal 
to the corresponding angle ABD, that is, to a right angle. 

Cor. Hence the numbers 3, 4, and 5, will express the 
sides and hypotenuse of a ' right-angled triangle — a pro- 
perty which readily suggests another method of erecting a 
perpendicular at the extremity of a straight line ; for AB 
being made equal to any four parts, the point C will be de- 
termined by the intersection of circles described from A 
and B with radii equal to five and three of such parts. 

PROP. XII. PROB. 

To find the side of a square equivalent to any 
number of given squares. 

Let A, B, and C be the sides of the squares, to which 
it is required to find an equivalent square. 

Draw DE equal to A, and from its extremity E erect 
(I. 3*.) the perpendicular EF equal to B, join DF, and 
again, perpendicular to this, draw FG equal to C, and join 
DG : DG is the side of the square which was required. 
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For nnce D£F is a right-aiigled triaDgIe» 
the square of DF is eqoivalent to the squares 
of DE and EF (IL 10.) or of the lines A and 
B. Add on both sides the square of FO or 
of C, and the squares of DF and FG, which 
are equivalent to the square of DO (II. 10.), 
are equivalent to the aggregate squares of 
A, B| and C. And, by thus repeating the process, it may 
be extended to any number of squares. 

Cor. If four lines A» B» C, and D be all equal, it may 
be easily shown that the resulting line, or side of the qua- 
druple square, is double of each. 

PROP. XllL PROB. 

To find the side of a square equivalent to the 
difference between two given squares. 

Let A and B be the sides of two squares ; it is required 
to find a square equivalent to their difierence. 

Draw CD equal to the smaller line B, from its extre- 
mity erect (I. S4.) the indefinite per- 
pendicular DE, and about the cen- 
tre C, with a distance equal to the 
greater line A, describe a circle cut> 
ting DE in F : DF is the side of 
the square required. 

For join CF. The triangle CDF 
being right-angled, the square of its 
hypotenuse CF is equivalent to the 
squares of CD and DF (II. 10.}, and consequently taking 
the square of CD from both, the excess of the square of 
CF above that of CD is equivalent to the square of DF, 
or the square of DF is equivalent to the excess of the square 
of the line A above that of B. 
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PROP. XIV. THEOR. 

The rectangle contained by two straight lines, 
is equivalent to the rectangles contained under 
one of them and the several segments into which 
the other is divided. 

The rectangle under AC and AB, is equivalent to the 
rectangles contained by AC, and the segments ADt DE, 
and EB. 

For, through the points D and E, draw DF and EG 
parallel and equal to AC (L 23.). 

The figures AF, DG, and EH are evidently rhom- 
boidal ; they are also rectangular, for 
the angles ADF, AEG, and ABH | — ^ '^^ '^ 
are each equal to the opposite angle 
ACF (I. 26.). And the opposite c k" Cr^'n 
sides DF, EG,^nd BH, being equal 
to AC, — the spaces into which the rectangle BC is resol- 
ved, are equal to the rectangles contained respectively by 
AC and AD, DE and EB. 

PROP. XV. THEOR. 

The square constructed on the sum of two 
straight lines, is equivalent to the squares of those 
lines, together with twice their rectangle. 

If AB and BC be two straight lines placed continuous ; 
the square erected on their sum AC, is equivalent to the 
two squares of AB| BC^ and twice the rectangle contained 
by them. 
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Vpt through B draw BI (L 25.) fmM to AD« nu^e 
AF equal to AB, and through F draw FH parallel to DE. 

It is manifest that the spaces AG, GE, DG and CG» 
into which the square of AC is divid- 
edf are all rhomboidal and rectangu- ^ 
lar* And because AB is equal to f 
AFf and the opposite sides equal» 
the figure AG is eqnilateri|l, and ha- 
ving a right angle at A» is h^ce a a 
square. Again, AD being equal to 
ACy tak^ away thc^ equals AF and AB, and there remains 
DF equal to BG^ and cofisequently IG equsl to GH 
(I. 26.) : wherefore IH is likewise a square. The red* 
angle DG is contained by the sides FG and DF, which 
are equal to AB and BC ; and the rectangle CQ is con- 
tained by the sides GB and GH, which are likewise equal 
to AB and BC. Consequently the whole square of AC is 
composed of die two squares of AB and BC, together 
*irith twice the rectangle contained by these lines. 

Cor. If the two lines be equal, the square of Am sum 
will include four squares of each ; the same property that 
was exhibited in the corollary to Prop. 12. 



PROP. XVI. THEOR. 

The square constructed on the difference of two 
straight lines, is equivalent to the squares of those 
lines, diminished by twice their rectangle. 

Let AC be the difference of two straight lines AB and 
BC; the square of AC is equivalent to the excess of the 
two squares of AB and BC above twice their rectangle. 

For let the squares of AB, BC, and AC be completed, 
and produ^ C£ and D£ the sides of tbe latter to H and I. 
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It is evident^ that GE is equal to BL or the square of BC; 
to each add the intermediate rect- 
angle £B, and GC is equal to IL ; 
but the rectangle under AB and 
BC is equal to the rectangle IL, 
which is also equal to DG. From 
the compound surface CAFGBKL, 
or the squares of AB and BC, take X. Cl B 

away the space DFGBKLC, or the 
rectangles IL and DG, that is, 
twice the rectangle under AB and BC, — and there re- 
mains ADEC, or the square of the difference AC of the 
two lines AB and BC. 



PROP. XVII. THEOR. 



The rectangle contained by the sum and diffe- 
rence of two straight lines, is equivalent to the 
difference of their squares. 

Let AB and BD be two continuous straight lines, of 
which AD is the sum and AC the difference ; the rectan- 
gle under AD and AC is equivalent to the excess of the 
square of AB above that of BC. 

For, having made AG equal to AC, draw GH parallel 
to AD (L 23.), and CI, DH, parallel to AE. 

Because GK is equal to KC or IID, and EG is equal 
to CB or BD, the rectangle EK is 
equal to LD (II. 2. cor.) ; and 
consequently, adding the rectangle 
BG to each, the space AEIKLB 
is equivalent to the rectangle AH. 
But this space AEIKLB is the ex- 
cess of the square of AB above IL 
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or the square of BC ; and the rectaogle AH is contained 
by AD and DH or AC Wherefore the rectangle under 
AD and AC is equivalent to the difference of the squares 
ofABandBC. 

Cor. 1. Hence if a straight line AB be bisected in C 
and cut unequally in D, the rectangle under the unequal 
segments AD, DB, together with the square of CD, the 
interval between the points of section, is equivalent to the 
square of AC, the half line. For AD 

is the sum of AC, CD, and DB is evi- ' ^-^ — ' 

dently their difference ; whence, by the Proposition, the 
rectangle AD, DB is equivalent to the excess of the square 
of AC above that of CD, and consequently the rectangle 
AD, DB, with the square of CD, is equivalent to the 
square of AC 

Cbr. .2. If a straight line AB be bisected in C and pro* 
dttced to D, the rectangle contained by AD the extended 
Inie, and its produced part DB» together with the square 
of the half line AC, is equivalent to the square of CD, 
which is made up of this half line and of the part produ- 
ced. For AD is the sum of AC, CD, ^ ^ « ^j 
and DB is their difference; whence ^ ' ' ' 

the rectangle AD, DB is equivalent to the excess of the 
square of CD above AC ; or the rectangle AD, DB, with 
the square of AC, is equivalent to the square of CD. 

Scholiunu If, enlarging our views, we consider the dts* 
tances DA, DB of the point D from the extremities of AB 
as segments of this line, whether formed by iniemal or ex* 
temal section; both corollaries may be comprehended 
under the same enunciation. That, if a straight line be dt-* 
Tided equally and unequally, the rectangle contained by 
the unequal segments is equivalent to the difference of the 
tquaieiof the half lineand of the interval between the points 
of section. 
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PROP. XVIIL THEOR. 

The sum of the squares of two straight lines is 
equivalent to twice the squares of half their sum 
and of half their difference. 

X^et ABy BC be two continuous straight lines, D the 
middle point of AC, and consequently AD half the sum of 
these lines and DB half their difference ; the squares of 
AB and BC are together equivalent to twice the square 
of ADy with twice the square of DB. 

For erect (I. 5. cor.) the perpendicular DE equal to AD 
or DC, join AE and EC, through B and F draw (I. 23.) 
BF and FG parallel to DE and AC, and join AF. 

Because AD is equal to DE, the angle DAE (I. 10.) is 
equal to DEA, and since (I. 30. cor.) they make up toge- 
ther one right angle, each of them must be half a right an- 
gle. In the same manner, the angles DEC and DCE of 
the triangle EDC are proved to be each half a right 
angle; consequently the angle AEC, composed of AED 
and CED, is equal to a whole right angle. And in the 
triangle FBC, the angle CBF being 
equal to CDE (I. 22.) whict is a 
right angle, and the angle BCF being 
half a right angle — the remaining an- 
gle BFC is also half a right angle 
(I. 30.), and therefore equal to the angle BCF; whence 
(I. U.) the side BF is equal to BC. By the same reason- 
ing, it may be shown, that the right angled triangle GEF 
is likewise isosceles. Wherefore, the square of the by- 
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potennie EFj wbich is etp&niaA to tlleltqilttte of ;E6 kid 
GF (IL 10.)} 18 eqaivalent to twke the t^mar^of: Gfi* 4k 
ofDB; and the square of A£» in liite c%ht^gUL trt- 
aogk ADE, is equivalent to fbe s^mi of AD aftd DS, 
or twice the square of ADl Bal; sittcie ABF is V riglkt 
ttHgl^ jthe square of AF is cqomileiit to Ae sqMres of 
AB and BF or BC I and became AEF is 19cewise a right 
iaagley die square 6tibe satne line AF is equiraleilt to the 
«^ares 6f A£ aMi £F, fhist is» to twice the squares of AD 
'«U !df DB; OoBsequtody the squares of AB, BC are to^ 
gedier cqoifident to tivioe the squares of AI^ and DB. 
. ^<hr. Hence if '4t straight line AB be bisected in C and 
cit lifieqaaUjr in D, whether byniu 
^eHaof or ^'a^fi^rsiz/acctionydiesquares ^ CD B. 
of .<tfaeooeqaal segmenu ADand DB A c |B . p 
ase together equhrdent to twice the 
aqaare of thfe half line AQ and* twdoe the square of CD 
die ihterral, between the points et 



PROP. XfX. PRGB. 

To cut a given straight line, such that the 
square of one part shall be equivalent to the rect« 
ai^le contained by the whole line and the re- 
maining part. 

Let AB be the strnght line wbich it is required to di» 
Tide into two sq^ments^ BF and AF, such that the square of 
the one shall be equivalent to the rectangle contained by 
the whole line and the other. 
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Produce AB till BC be equal to 
it, erect (I. 5. cor.) the perpendicu- 
lar BD equal to AB or BC, bisect 
BC in E (I. 7.), join ED and make 
£F equal to it ; the square of the 
segment BF is equivalent to the rectangle contained by 
the whole line BA and its remaining segment AF. 

For complete the square BG (I. 35.), make BH equal 
to BF, and draw IHK and FI parallel to AC and BD 
(I. 23.) Since AB is equal to BD, and BF to BH ; the 
remainder AF is equal to HD : and it is farther evident, 
that FH is a square, and that IC and DK are rectangles. 
But BC being bisected in E and produced to F, the 
rectangle under CF, FB, or the rectangle IC, together 
with the square of BE, is equivalent to the square of EF 
or of DE (II. 17. cor. 2.). But the square of the hypote- 
nuse DE is equivalent to the squares of D6 and BE 
(11. 10.) ; whence the rectangle IC, with the square of BE, 
is equivalent to the squares of DB and BE ; or, omitting 
the common square of BE, the rectangle IC is equivalent 
to the square of DB. Take away from both the rectangle 
BK, and there remains the square BI, or the square of 
BF, equivalent to the rectangle HG, or the rectangle 
contained by BA and AF. 

Cor. 1. Since the rectangle under CF and FB is equi- 
valent to the square of BC, it is evident that the line CF 
is likewise divided at B in a manner similar to the origi- 
nal line AB. But the line CF is made up, by joining the 
whole line AB, now become only the larger portion, to its 
greater segment BF, which next forms the smaller portion 
in the new compound. Hence this peculiar division of 
any line being once obtained, a series of other lines, all 
possessing the same property, may readily be found, by 
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repeated additions. Thus, let AB be so cnt^ that the 
sqaare of BC is equivalent to the rectangle BA» AC : 
Make sucoessiveiy, BD equal to BA, DE equal to DC, EF 

J^C B P E F Gr 

> ! I 1" ■ I 1 ' '■ ' i 

equal to EB, and FG equal to FD ; the lines CD, BE, 
DF, and EG, b^inning in succession at the points C, B, 
D, and E are divided at the pdnts B, D, E, and F, such 
that, in each of them, the square of the larger part is equi- 
valent to the rectangle contained by the whole and the 
smaller part«— Even if the section of AB were assumed at 
first inexact, the series of combinations would always ap- 
proach to greater accuracy. 

The procedure might Ukewise be reversed. If FD, 
EB, and DC be made successively equal to F6, £F and 
DE, the lines DF, BE, and CD wiU be divided in the same 
manner at the poifits E, D and B. 

Cor. 8. Hence also the construction of another problem 
of the same nature ; in which it is required to produce a 
straight line AB, such that the rectangle contained by the 
whole line thus produced and the part produced, shall be 
equivalent to the square of the line AB itself. For, by 
this proposition, divide AB in C, so 

that the rectangle BA, AC shall be i — i • 1 

equivalent to the square of BC, and produce AB until BD 
be equal to BC. Then, from what has been demonstra- 
ted, it follows that the rectangle under AD and DB 
must be equivalent to the sqdare of the whole line AB. 

Ji mil be canvenierUfJbr the sake of conchenesSf to design 
note inJuJtwre this remarkable division of a line^ where the 
rectangle under the whole and one part is equiwlent to the 
square of the other^ by the term Medial Section. 
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PROP. XX. THEOR. 

The square of the side of an isosceles triangle 
is greater or less than the square of a straight line 
drawn from the vertex to the base or its exten- 
sion, by the rectangle contained under its inter- 
nal or external segments. 

1. If BD be drawn from the vertex of the isosceles tri- 
angle ABC to a point D in the base ; the square of AB 
exceeds the square of BD, by the rectangle under the seg- 
ments AD, DC. 

For (I. 7.) bisect the base AC in E, and join BE. Be- 
cause the triangles ABE and CBE have 
the sides AB, AE equal to BC, CE, and 
the side BE common, they are equal 
(1. 2.), and consequently the corresponding 
angles BEA, BEC are equal, and each 
of them (Def. 4.) a right angle. Where- 
fore, in the triangle A EB, the squareof the "^-^ -^ ^ 
hypotenuse AB is equivalent to the squares of AE and 
BE (II. 10.) ; and since AC is cut equally in E and un- 
equally in D, the squat*e of AE is equivalent to the square 
of DE, together with the rectangles AD, DC (11. 17. cor. 
1.) ; consequently the square of AB is equivalent to the 
squares of BE and DE, together with the rectangle AD, 
DC. But the square of BD is equivalent to the squares 
of BE and DE (II. 10.) ; whence the square of AB is 
equivalent to the square of BD, together with the rectangle 
AD, DC. ' 

2. But the square of the straight line BD drawn from 
t^e vertex -to any point in the base prodnced, is greater 
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dMh dib ■()iwio of AB b^ Ibe notitt|k tft^tWinf^ nadir 
JkD MA DC; dw eittriul «^4 
jiiintsof.tkifbMB... 
• I Vmtdsnm BE^mm iMfoniito^bi^ 

DE is eqaiTalent to the square of 

AS»topllMir.wiiliiMe iMa^gle • 

AP». DC« (IL 17* Mr. S^>i to 

i^A of thaie add Ibe eoHlMof 

]&!• wd dM fqpMCM «f DE ttid BE* ibtAk, die, iqui* 

of BD (li. la), at« equivatentto tlMiq|iMm<of iJ£Mi4 

BE| or the iqiiare of BA) togetherwith the rectans^ AD^ 

DC. 

I 

The difference between the squares pf the side^ 
o^ a triangles is e^valent to twice the rectangle 
contained by the base and the distance of its 
middle point from the perpendicular. 

T 

• • • » 

Let the side AB of the triangle ABC be greater thai^ 
BC^ andy hairing let faM the perpeDdicuIar B£^ and hU 
sected AC in D* the excess of the sqnare of AB above 
that of BC is eqnifalent to twice the rectangle contaioed 
lijr the base AC and segment DE. 

For die sqnare of AB is eqaivaknt to the squares of A£ 
and BE (II. 1(K)» toid the square of BG is equivalent to 
the sqnaires CE and BE; wherefi>r% since the square of 
9E occurs in both* the eioess of the square of AB above 
diat of BC is eqnivalcojt Ip the excess ; .3 

of the square of AE above that of CE» 
Bot the excess of the square of AE 
above that of CE is (IL 11.) eqaivaf^i 
lent to the rectangle^(poDtained by their 
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sum AC and their difference^ which is evidently the dou-* 
ble of D£, the distance of the point £ from the middle D ; 
and consequently the difference between the squares of A£ 
and C£y being equivalent to the rectangle contained by 
AC and the double of D£, is equivalent to twice the rect«> 
angle under AC and 0£. 

Cor» The difference between the squares of the sides of 
a triangle is equivalent to the difference between the 
squares of the segments of the base made by a perpendicu'* 
lar J a property likewise easily derived from the preceding 
proposition. 

* 

PROP. XXIL THEOR. 

In any triangle, the sum of the squares of the 
sides is equivalent to twice the square of half the 
base and twice the square of the straight line 
which joins the point of its bisection with the 
vertex. 

Let BD be drawn from the vertex B of the triangle ABC 
to bisect the base $ the squares of the sides AB and BC are 
together equivalent to twice the squares of AD and DB. 

For let fall the perp^drcular B£ (I. 6.); atid if the 
point D coincide with £, the triangle ABC 
being evidently isosceleSi the squares of AB 
and BC are the same with twice the square 
of AB, or twice the squares of A£ and £B, 
orofADandDB(II. 10.). 

But if the perpendicular fall upon C, the triangle is 
right-angled, and the squares of AB and 
BC are then equivalent to the square of 
AC and twice the square of BC, or to 
twice the squares of the two halves AD 
and DC, with twice the square of BC i 
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imty in die ngfat-angled triangle DEB, (IL 10.), twice 
Ae sqnareB of DC and BC are eqaivalent to twice the 
•qnare of DB^ and conseqaently the squares of AB and 
BC are eqniralent to twice the squares of AD and DB. 

In eteiy other case^ whether the perp^dicalar BE fall 
witUn or without the base AC, the 
squares of AE^ EC, the unequal seg- 
ments ti AC are (IL 19. cor.) equiva- 
lent to twice the square of AD and twioe 
the square of DE ; add twioe the square 
lof 'EB to both, and the squares of AEt 
EB and of C£, EB, or the squares ci 
thetwoh7pot6iiilsesAB,BCaieequi. ^ ^ ^ 
▼alcnt to twice the sqimre of AD, and 
twipe the squares of DE, EB» that is, (II. 10.) to twioe 
the square of DB» 



, PROP. XXIIL THEOR. 

, The square of the side of a. triangle is greater 
or less than the squares of the base and the other 
side, according as the opposite angle is obtuse or 
acute, by twice the rectangle contained by the 
base and the distance intercepted between the 
vertex of that itngle and the perpendicular. 

In the oblique-angled triangle ABC, where tbeperpen* 
dlcnlar BD falls without the base j the square of the side 
AB which subtends the oblique angle exceeds the squares 
of the sides AC and BC which contain it, by twice the 
rectangle under AC and CD. 

Tot the square of AD, or tlie square of the sum of Ad 
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and CD is (II. 15.) equivalent to the squares of these lines 
AC, CD, together with twice their rectangle. Add to both 
the square of DB, and the squares of AD, 
DB| or (II. 10.) the square of AB is equi- 
valent to the square of AC, and the 
squares of CD, DB, together with twice 
the rectangle AC, CD; but the squares 
of CD, DB are (II. 10.) equivalent to the square of CB; 
whence the square of AB exceeds the squares of AC, BC^ 
by twice the rectangle under AC and CD. 

Again, in the acute-angled triangle ABC, where the 
perpendicular BD falls within the triangle i 
the square of the side AB that subtends the 
acute angle is less than the squares of the 
containing sides AC, BC, by twice the rect- 
angle under the base AC and its intercepted 
portion CD. 

For the square of AD, or the square of the difference 
between AC and CD, is (II. 16.) equivalent to the squares 
of AC and CD, diminished by twice their rectangle. Add 
to each the square of DB, and the squares of AD and DB, 
or the square of AB, are equivalent to the square of AC, 
with the squares of CD and DB, or to the square of BC, 
diminished by twice the rectangle under AC and CD. 
Consequently the square of AB is less than the squares of 
AC and BC, by twice the rectangle under AC and CD. 

Co7\ If the triangle ABC be isosceles, having equal sides 
AC and BC, the square of the base AB is equivalent to 
twice the rectangle under the side AC, and the adjacent 
segment AD made by the perpendicular BD, whether the 
vertical angle be obtuse or acute. For the square of AB 
is equivalent to the squares of AC and BC, or to twice the 
square of AC increased or diminished by twice the rect- 
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•Dgfe.niider AC and CD ; that isy equivalent to twice the 
rectan^ under AC and AD^ the sum or diflSerence of AC 
and CD.— This might abo be demonstrated from the co- 
rollary to Prop. 10. 

SeAol. When the three sides of a triangle are given, the 
segments of the base made by a perpendicolar may be found 
either by Pn^. 81. or Prc^. 23., and thence the perpen- 
dicular can easily be determined from the qiplication of 
Prop. 10. But half the rectangle under this perpendicu- 
lar and the base will, by corollary to Prop. 5*9 express the 
area of the triangle. These proposidons are hence ex- 
tremely useful in Practical Geometry. 

PBOP. XXIV. THEOR. 

The squares of the sides of a rhomboid are to- 
gether equivalent to the squares of its diagonals. 

Let ABCD be a rhomboid : The squares of all the sides 
AB, BC, CD, and AD, are together equivalent to the 
squares of the diagonals AC and BD. 

For the angles BCE and CBE are equal to the alternate 
angles DAE and ADE, and the 
interjacent sides BC and AD are 
equal : wherefore (I. 20.) the tri- 
angles BEC and DEA are equal. 
Consequoitly CE being equal to 
£A, the squares of AB, BC are (XL 22.) equivalent to twice 
the square of AE and twice the square of BE ; whence 
twice the squares of AB, BC, or the squares of all the sides 
of the rhomboid are equivalent to four times the square of 
AE and four times the square of BE, that is, to the squares 
of AC and BD. 
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DEFINITIONS, 

1. Avr portum of the pir- 
mmfiereiioe of a circle is called 
an arCf and the straight line 
whidh joins the two eztremi* 
ties^ a chrd 

S. The ^Moe indaded between an arc and its chordj is 



S. A sedor is the portion of a circle con* 
lained by two radii and the arc lying be- 
twem them* 




4. The tangent to a drde is a straight 
Une which touches the circnmference^ or 
thoogh extended would meet it only in a 
single pdnt. 
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5. Circles are said to touch 
mutually^ if they meeti but do 
pot cut each othe^f 




6. The point where a straight line touches a circle, or 
one circle touches another, is called the point of contact. 



7. A straight line is said to be inflected 
from a point, when it teiminates in another 
straight line, or at the circumference of a 
circle. 




.1 .. . 
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PROP. L THEOR. 

A circle is bisected by its diameter. 

The Girde ADB£ is divided iiifo two equal portionst 
bj the diameter AB. 

i*or let the portion ADB be reversed and applied to 
the other pordon AEB, the straight 
fine AB and its middle point, or 
idle centre C9 Temafaung the samei 
And since the radii of the ^Jttie 
mre all eqoa]^ or the distance of C 
from an/ point in die hamdiary/ 
ADB is eqoal to ito distfooe ibook 
aoypointof the opposite bonndarjr 
AEBi eveiy poiqt D of the ianamp most find 00 fts ap- 
plication a orarespondipg point of Ae latter, and^ eonse»- 
queotly the two pcvlions ADB and ASB mH oiiirdy 
coincide. . ( . ' ■ 

Cbn TWpbrtkni ADB fimiied by a diametei^ is thus 
fli aniMmIe, andihe arc ADBii aim&^^ 




.1. 



|»ROP. II. THEOR. 

A straight line cuts the circumfe 
cle only in two poiQtSt ' 

If the straight fine AB cut the 
tivcomftrince ofacirde in D, it ' 
van meet it agab xmly in another 

pOHlt£i 

For join D and the centre C i 
and because from the point C on* 
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ly two equal straight lines, such as CD and CE| can be 
drawn to AB (I. 17. cor.) the. circle described from C 
through the point D will cross AB again only at the point £. 



PROP. III. THEOR. 

The chord of an arc lies wholly within the cir- 
cle. 

The straight line AB which joins any two points A, B 
of the circumference of a circle, lies wholly within the fi- 
gure. 

For, from the centre C, draw CD 
to some point D in the chord AB, and 
join CA and CB. 

Because CDA is the exterior an- 
gle of the triangle CDB, it is greater 
(L 8.) than the interior CBD or 
CBA; but CBA, being (I. 10.) e- 
qual to CAB or CAD, the angle CDA is consequently 
greater than CAD, and therefore its opposite side CA is 
(I. 13.) greater than CD, or CD is less than CA, and 
thus the point D must li^ within tl)e cir9le. 

Cor* Hence a circle is concave towards its centre. 

PROP. IV. THEOR. 

A straight line drawn frop) the centre of a cir- 
cle at right angles to a chard, likewise bisects it ; 
and, conversely, the straight line which joins the 
centre with the middle of a chord, is perpendicu- 
lar to it. 




^B^V^^v^^Vft ^m^B^^9 



V. 




. Tbe perpeadieoiiu? let iOI ifa>m the oe^ 
ebord AB» cutf it ialo two eqad:|pairt8 AD» I>B» . . 

For join CA* CB : Ajid» in the triaiigleB ACD» BCD», 
theiideACi8;eqi]alto CB» CD is 
cxMnmon to bothy wd the right angle 
APC is equal to BDC; these trian- 
gles having thas their corre^nding. 
aniglies at A and B both acate» areeqaal 
(I. 81.) and consequently the side AD 
is eqnal to BD. 

Againt let AD be equal to BD \ the bisecUng line CD 
is at right angles to AB. 

For join CAj CB. The triangler ACD and BCD, ha- 
ving the sides AC| AD equal to CB, BD, and the remain- 
ing ude CD common to both, are equal (I. 2.), and con- 
sequently the angle CDA is equal to CDB, and each of 
them a right angle. 

Cbr. Hence a straight line cutting two concentric cir- 
des has equal portions intercepted by their circumfer- 
ences; for the perpendicular from the centre would bisect 
both the chords. 



PROP. V. THEOB. 



A streight line.which bi^ecta a chord at right 
BX^les, passes though the centre of the cirel6. 



If the perpendicuhr FE bisect a 
chord AB, it will pass through O 
the centre of the drde. 

For in FE take any point D, and 
join DA and DB. The triangles 
ADC and BDC, having by hypo- 
thesis the side AC equal to BC, the 
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right angle ACD equal to BCD, and the side CD com- 
mon, are equal (L 3.}f and consequently the base AD is 
equal to BD. The point D is, therefore, the centre of 
some circle described through A and B ; and thus the 
centres of all the circles that can pass though the points 
A and B are found in the straight line EF. The centre G 
of the circle A£BF must hence occur in that perpendicular. 
Cor. The centre of a circle may be found, by bisecting 
the chord AB by the diameter £F (I. T.)) &°^ bisecting 
this line again in G. 

PROP. VI. THEOR. 

The diameter is the greatest line that can be 
inflected in a circle. 



The diameter AB is greater than 
any other chord DE. 

For join CD and CE. The two 
sides DC and EC of the triangle 
DCE are together greater than the 
third side DE (I. \\.)i But DC 
and CE are equal to AC and CB, 
or to the whole diameter AB- Wherefore AB is greater 
thanDE. 




PROP. VII. THEOR. 



If from any eccentric point, two straight lines 
be drawn to the circumference of a circle ; the 
one which passes nearer the centre is greater 
than that which lies more remote. 



MOK III » 



9» 





1401 C b0 Oe cMtve of a toimkb 
l«d A.ft diflbwDl pdiaf^ in» wliieh 

two slni^t linei AD «id A£ ars 
drawn to the circamference ; of 
these lines, AD, which lies nearer 
to B the opposite ^xtt'emity^of llie 
diameter* is greater than AE| which 
lief inore 'DBQotB -firakBL it« 
. FoTi whether the poiiit A oo* 
cars in drcumfisroiGei or within 
or without the circky the triangles 
ADC and AEC have this aid^ CD 
equal to C£, the side CA oomh 
mon to both, but the contaipied 
an^ DCA greater than EOA $ 
wherefore (L 18.) the baee AD i$ 
likewise greater than the base A£» . 

Cor. I. Hence the straight line 
ACB, which passes though the 
centre, is the greatest of all thdie 
lines that can be draaRrn to the cn> 
comferenoe of the drcb fitnn.anjr 
eccentric point A. For it is e^ 
dent from the Propositicm, thattke j 

nearer the point D approaches to B, the greater laADj 
cbnseqnently the point B Ibrma the estreme limit of majo^ 
rkjr, or AB it tlii greatest line diat can be draws fisom A 
to the ctrcoaafere&eew 

Cor. S. Hencea|so^ whetbsr the eccentric point be ivritht 
in or withoot the cirde^ the straight line AH is the short* 
est that can bedrawn Irom A to the dfcnmferenoe. For 
AE is less than AD, and AO less than AF $ and thenearp 
er the terminating point approaches to H> wluch is obvi- 
ously the most remote from B, the shorter must be its dis- 
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tance from A. Wherefore the point H marks the limit of 
minority, and AH is the shortest line that can be drawn 
from A to the circumference of the circle. 



PROP. VIII. THEOR. 



From any eccentric point, not more than two 
equal straight lines can be drawn to the circum- 
ference, one on each side of the diameter. 

Let A be a point which is not 
the centre of the circle, and AD a 
straight line drawn from it to the 
circumference. 

Find the centre C (III. 5. cor.) 
join CA and CD, draw (L 4.) CE 
making an angle ACE equal to 
ACD and cutting the circumfe- 
rence in E, and join A£ : The 
straight lines AE, AD are equal. 

For the triangles ADC, AEC 
having the side CD equal to CE, 
the side AC common, and the con- 
tained angle ACD equal to ACE, are equal (L 3.), and 
consequently the base AD is equal to AE. 

But, except AE, no straight line can be drawn from A 
on the same side of the diameter HB, that shall be equal 
to AD : For if the line terminate in a point F between E 
and B, it will be greater than AE (III. 7.); and if the line 
terminate in G between E and H, it will, for the same 
reason, be less than AE. 

Cor. 1. That point from which more than two equal 
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iti^ l lii lidn»xan:lie 4nmn to (keweamfiaBMtey.k'the 
cabtJMiiofitlMroiid^--- .'^ 

/ Cor^Si Heaorf iicMId wil iMit -cvH aiiotlwr in omm 
than two points. • • . . * ^ . . 



PI^OP. IX. 



A circU; may.be described through thre/s points 
vrKich are' not in the same straight line. 



iiica are not m 




Let Af B| C» tt^dit^e^ points «dt Ijing in the tame di^ 
reetion; the circnmference of a curdb may be made to pass 
flilttegfatheffl. ' 

• Fer (I. X) teseet AB by the per- 
pendicnlar DF^ tuid' BO I7 th« per- 
pencKcular EF. These strai j^t fines 
DF, EF will meet ; because* D£ be- 
ing joined, the angles EDF» DEP 
are less than BDF, BEF, and con^ 
seqnently less than two right angles^ 
and DF, EF are not parallel (I. 8S.), hot ooncnr to form 
A triangle whose Tertex is F. 

Again, ereiy drcle that passes ithrbugh the two points' 
A and B, has its centre in tiie per|>endicBlar D^ (III. 5.) ; 
and, for the same reason, erery-'chi^ that passes through 
B and C has its oentre in EF; consequently the drde 
which would pass throogh all the three pomts must hate 
its centre in F, the point common to both the perpendi- 
cnklri DF and EF. 

It is iardier manifest, that there is only one crrcle which 
can be made to pais through the three points A^ B, C ; 
for the intersection cf the straight lines DF and BF, which* 
marks the centre, is a single point. 
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Cor. Hence the mode of describing a circle about a 
given triangle ABC^ the centre being always found by 
the concurring perpendiculars DF and EF^ which bisect 
the sides AB and CB. 



PROP. X. THEOR. 

Equal chords are equidistant from the centre 
of a circle ; and chords which are equidistant 
from the centre^ are likewise equal. 

Let AB» DE be equal chords inflected within the same 
circle ; their distances from the centre, or the perpendicu- 
lars CF9 CGy let fall upon them^ are equal. 

For the perpendiculars CF and CG bisect the chords 
AB and DE (III. 40» and consequently BF, DG, the 
halves of these are likewise equal. The right-angled tri- 
angles CBF and CDG, which are 
thus of the same characteri having 
the two sides BC, BF equal respec- 
tively to DC, DG, and the corre- 
sponding angle BFC equal to DGC, 
are equal (I. 21.), and consequently 
the side FC is equal to GC. 

Again, if the chords AB, DE be equally distant from 
the centre, they are themselves equal. 

For the same construction remaining: The triangles 
CBF and CDG are still right-angled, or of the same cha« 
racter, and have now the two sides CB, CF equal to CD, 
CG, and the angle BFC equal to DGC ; consequently they 
are equal, and the side BF equal to DG ; the doubles of 
these^ therefore, or the whole chords AB| DE are equal* 
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PROP. XI. THEOR. 

The greater chord is nearer the centre of a 
circle ; and that chord which lies nearer the centre 
is the greater. 

Let the chord DE be greater than AB s its distance from 
the centre> or the perpendicular CG let fidl upon it^ is less 
than the distance CF. 

For^ in the right angled triangle BCF^ the square of 
the hypotenuse BC is equivalent to 
the squares of BF and FC (II. 10.) ; 
and} for the same reason, the square 
of the hypotenuse DC of the right an- 
gled triangled DCO is equivalent to 
Che squares df DG and GC. But the 
radii BC and DC are equal, and so 
consequently are their squares ; wherefore the squares of 
DG and GC are together equivalent to the squares of BF 
and FC. And since DE is greater than AB, its half DG, 
made by the perpendicular from the centrei is greater than 
BF, and consequently the square of DG is greater than 
the square of BF; the square of GC is, therefore, less than 
the square of FC, because, when conjoined with the squares 
of DG and BF, they make the same amount, which is 
the square of the radius of the circle. Hence the perpendi- 
cular GC itself must be less than FC. 

Again, if the chord D£ be nearer the centre than AB, 
it is greater than AB. 

For the same construction remaining : It has been pro- 
ved that the squares of BF and FC are together equiva- 
lent to the squares of DG and GC ; but GC being less than 

a 
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FC) the square of GC likewise must be less than the square 
of FC, and consequently the square of DG is greater than 
the square of BF ; whence the side DG is greater than 
BF> and its doublet or the chord DE, is greater than AB* 



PROP. XIL THEOR. 

In the same or equal circles, equal angles at the 
centre are subtended by equal chords, and termi- 
nated by equal arcs. 

If the angle ACB at the centre C be equal to DCE, the 
chord AB is equal to DE, and the arc AFB equal to 
DGE. 

For let the sector ACB be applied to DCE. The cen- 
tre remaining in its place, the radius CA will lie on CD ; 
and the angle ACB being equal to DCE, the radius CB 
will adapt itself to CE. And be- 
cause all the radii are equal, their 
extreme points A and B must co- 
incide with D and E; wherefore 
the straight lines which join those 
points, or the chords AB and DE, 
must coincide. But the arcs AFB 
and DGE that connect the same points, will also coincide ; 
for any intermediate point F in the one, being at the same 
distance from the centre as every point of the other, must, 
on its application, find always a corresponding point G. 

The same mode of reasoning is applicable to the case of 
equal circles. 

Cor. 1. Hence, in the same or equal circles, equal arcs 
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have equal chords and tarmisate equal angles at the cen- 
tre* 

Cor. %. Hence also^ in the same or equal circles^ equal 
chords must subtend equal arcs of a like kind^ that is, arcs 
which are both greater or both less than a semicircumfe- 

rence. 

Schici. The length of a chord iu a circle is thus insuffi- 
cient alone to determine the magnitude of the angle which 
it subtends at the centre, for AB is the chord both of the 
small arc AFB and of its explement, the large compound 
arc AEB. To remove the ambiguity, it is always requisite 
to know> whether this angle be greater or less than tworight 
angles. 

PROP. XIII. PROB. 

To bisect a given arc of a circle. 

Let it be required to divide the arc AEB into two equal 
portions. 

Draw the chord AB, and bisect it (L 7.) by the per- 
pendicular EF cutting the circumference AB in E : The 
arc A£ is equal to £B. 

For the triangles ADE, BDE, have the side AD equal 
to BD, the side DE common, and 
the containing right angle ADE e- 
qual to BDE $ they are (I. S.) con- 
sequently equal, and have the base 
AE equal to BE. But these equal 
chords AE, BE must subtend equal 
arcs of a like kind (IIL 12. cor. 2.)» 
and the arcs AE^ BE are evidently each of them less than 
a semicircumference. 

^ Qir. The correlative or explemental arc AFB is also 
bisected, by the perpendicular EDF at the opposite point F. 
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PROP. XIV. PROB. 
An arc being given, to complete its circle. 

Let ADB be an arc ; it is required to trace out the cir- 
cle to which it belongs. 

Draw the chord AB, and bisect it 
by the perpendicular CD (I. 7.), cut- 
ting the arc in D, join AD, and from 
A draw AC making an angle DAC 
equal to ADC (I. 4.) : The intersec- 
tion C of this straight line with the 
perpendicular, is the centre of the 
circle required. 

For join CB. The triangles ACE 
and BCE, having the side £A equal 
to £B, the side EC common, and the 
contained angle AEC equal to BEO, 
are equal (1. 3.), and consequently AC 
is equal to BC. But (I. 11.) AC is 
also equal to CD, because the angle 
DAC was made equal to ADC. Wherefore (III. 8. cor. 1.) 
the three straight lines CA, CD, and CB being all equal, 
the point C is the centre of the circle. 





PROP. XV. THEOR. 

The angle at the centre of a circle is double of 
the angle whicli, standing on the same arc, has 
its vertex in the circumference. 



^ct AB be an arc of a circle ; the angle which it termi- 
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nates at the centre, is donble of ADB the corresponding 
angle at the circumference. 

For join DC and produce it to the opposite circurare- 
rence. This diameter DCE, if it lie not on one of the sides 
of the angle ADB, myst either £all within that angle or 
without it. 

First, let DC coincide with DB. And because AC is 
equal to DC, the angle ADC is equal 
to DAC (1. 10.) ; but the exterior an- 
gle ACB is equal to both of these (I. 
SO.), and therefore equal to double of 
either, or the angle ACB at the centre 
is double of the angle ADB at the 
circumference. 

Next, let the straight Une DCE He within the angle 
ADB. From what has been demon- 
strated, it is apparait, that the angle 
ACE is doable of ADE, and the an- 
gle BCE double of BDEj wherefore 
the sum of the angles ACE, BCE, or 
the whole reverse angle ACB, is 
double of that of the angles ADE, 
BDE. or the compound angle ADB at the circumference. 

th* ? ^P?^^. "■"" ''^°"* ** »«^« ^DB- Because 
the angle BCE is double of BDE, and 

the angle ACE is double of ADE; 
the excess of BCE abote ACE, or 
theangle ACB at the centre, is double 
of the excess of BDE above ADE, 
that tt, of the angle ADB at the cir! 
cnmference. 

Cfar Hence if an equal circle be described from any 
point D m the drcnmference, its arc intercepted by7e 
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lines DA and DB will be the half of AB, and the whole 
of the interior arc half of the exterior. 



PROP. XVI. THEOR. 

The angles in the same segment of . 
equal. 

Let ADD be the segment of a cir- 
cle ; the angles AFB, AGB contain- 
ed in it, or which stand on the same 
opposite portion AEB of the cir- 
cumference, are equal to each other. 

For join CA, CB. The angle 
ACB, or its reverse at the centrcy 
and terminated by the arc AEB, is 
double of the angle AFB or AGB 
at the circumference (III. 15.); these 
angles AFB, AGB, which stand on 
the same arc AEB, are, thereforci 
in every case, the halves of the same 
central angle ACB, and are consequently equal to each 
other. 

Cor. Hence equal angles at the circumference must stand 
on equal arcs ; for their doubles or the central angles, be- 
ing equal, are terminated by equal arcs (III. 12.); Hence 
also equal angles that stand on the same base have their 
vertices in the same segment of a circle. 

SchoL Hence the ordinary construction of theatres, the 
seats being disposed in large arcs of a circle, so that the 
stage may to each spectator subtend an equal angle, or 
present always the same visual magnitude. 
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PROP. XVIL THEOR. 

The opposite angles of a quadrilateral figure 
contained within a circle, are together equal to 
two right angles. 

Let ABCD be a quadrilateral figure inscribed in a cir- 
cle \ the angles A and C are together equal *to two right 
angles, and so are those at B and D. 

For join EB and ED. The angle BED at the centre 
is double of the angle BCD at the 
circumference (III. 15.); and for the 
same reason, the reverse angle BED 
is double of BAD. Consequently 
the angles BCD and BAD are the 
halves of angles about the point E| 
which make up four right angles; 
wherefore the angles BCD and BAD are together equal 
t& two right angles. 

In the same manneri by joining EA and EC, it may 
be proved that the angles ABC and ADC are together 
oqnal to two r%ht angles. 

Cor. 1. Hence it is evident from Prop. 1. 16t| that a 
circle may be described about a quadrilateral figure which 
has its opposite angles equal to two right angles. 

Cor. 2; Hence if one side of a quadrilateral figure in- 
scribed in a circle be produced^ it will fpnn an exterior 
equal to the opposite angle. 

Cor. S. Hence the angles at the base of a triangle in« 
scribed in a cirde^ are together equal to an angle contain- 
ed in the segment opposite to its vertex. 
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PROP. XVIII. THEOR. 
Parallel chords intercept equal arcs of a circle. 

Let the chord AB be parallel to CD ; the intercepted 
arc AC is equal to BD. 

For join AD. And because the 
straight lines AB and CD are pa- 
rallel, the alternate angles BAD and 
ADC are equal (I. 22.) ; wherefore 
these angles, having their vertices in 
the circumference of the circlci must 
stand on equal arcs (III. 16. cor.), 
and consequently the arcs AC and BD are equal to each 
other. 

Cor, Hence, conversely, the straight lines which inter- 
cept equal arcs of a circle are parallel \ and hence another 
mode of drawing a parallel through a given point to a gi- 
ven straight line. 

PROP. XIX. THEOR. 

The angle in a semicircle is a right angle, the 
angle in a greater segment is acute, and the angle 
in a smaller segment is obtuse. 

Let ABD be an angle in a semicircle, or standing on 
the semicircumference AED ; it is a right angle. 

For ABD, being an angle at the 
circumference, is half of the angle 
at the centre terminated by the same 
arc AED (III. 15.) ; it is, there- 
fore, half of the angle ACD formed 
by the diverging of the opposite por- 
tions CA, CD of the diameter, or 
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or half of two ri^t angles^ and is conseqaently equal lo 
one right angle. 

Againy let ABD be an angle in a s^^ent greater than 
a semicircle^ or standing on a lets arc AEID than the aemi- 
drcomference ; it is an acute angle. . 

For join CA^ CD. The angle ABD is half of the cen« 
tral angle ACD, which is evidently less than two right 
angles ; wherefore ABD is less than 
one right angles or it is acute. 

But the angle A£D| in the small- 
er sqpnent, is obtuse. For AED 
stands on the arc ABD, which b 
greater tbaa]a semicircumferenoej 
and terminates an angle at the cen- 
tre^ the reverse of ACD9 and greater^ therefor^ than two 
right angles ; AED is hence an obtuse angle. . 

Cor. Hence conversely the arc which contains a right 
angle must be a semicircle. 

Sckoi. From the remarkable propertyt that the angle in 
a semicircle is a right angle, may be derifed an elegant 
method of drawing perpendiculars. 




PROP. XX. THEOR. 

The perpendicular at the extremity of a diame- 
ter is a tangent to the circle, and the only tangent 
which can be applied at that point 

Let ACB be the diameter of a cirde, to which the 
straight Ime EBD is drawn at right angles from the extre« 
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mity B ; it will touch the cir-* 
cumference at that point 

For CB, being perpendicu- 
lar, is the shortest distance of 
the centre C from the straight 
line EBD (I. 17.); wherefore 
every other point in this line 
is farther from the centre than 
B^ and consequently falls without the circle. 

But EBDy drawn at right angles to the diameter, is the 
only straight line which can pass through the point B 
and not cut the circle. For were HBF such a line, the 
perpendicular CG let fall upon it from the centre, would 
be less than CB (I. 17.), and must therefore lie within the 
circle; consequently HBG, being extended, would again 
meet the circumference. 

Cor. Hence a straight line drawn from the point of con- 
tact at right angles to a tangent, must be a diameter, or 
roust pass through the centre of the circle. 

Scholium. The nature of a tangent to the circle is, like 
that of parallel lines, easily discovered from the considera- 
tion of limits. For suppose the 
straight line DE, extending both 
ways, to turn about the extre- 
mity B of the diameter AB; it 
will cut the circle first on the one 
side of AB, and afterwards on the 
other. But the arc AH beini; less 
than a semicircumference, the an- 
gle HBA which the line D'E' 
makes with the diameter is acute 

(III. 19.); and, for the same reason, the angle KBA is 
acute, and consequently its adjacent angle D'BA is obtuse. 
Thus the revolving line DE, when it meets the semicir- 
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euiD&reiioe AHBy makes an acute asg^ with the diame- 
ter ; but when it oomes to meet the opposite semidrcum* 
feranoe^ it makes an obtuse angle. In passing, therefore^ 
through all the intermediate gradations from minority to 
majority, the line D£ must find a certain individual posi* 
tion in which it is- at right angles to the diameter, and cuts 
the drde neither on the one side nor on the other. 



PROP. XXL THEOR. 

If, from the point of contact, a straight line be 
drawn to cut the circumference, the angles which 
it makes with the tangent are equal to those in the 
alternate segments of the circle. 

Let CD be a tangent, and BE a straight line drawn 
from the point of contact, cutting the circle into two seg- 
ments BAE and BFE ; the angle EBD is equal to E AB, 
and the angle EBC to EFB. 

For draw BA perpendicular to CD (I. 5. con), join 
AE, and from any point F in the opposite arc, draw FB 
andFE. 

Because BA is perpendicular to the tangent at B, it is 
a diameter (IIL 20. cor.}, and con- 
sequendy AEFB is a semicircle; 
wherefore AEB is a right angle 
(IIL 19.)f and the remaining acute 
angles BAE» ABE of the triangle, 
being together equal to another right 
angle, are equal to ABE and EBD, 
which compose the right angle ABD. 
Take the angle ABE away from both, and the ang^e BAE 
remains equal to EBD. 
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Again^ the opposite angles B AE and BFE of the qua- 
drilateral figure BAEFi being equal to two right angles 
(III. 17.), are equal to the angle EBD with its adjacent 
angle EBC ; and taking away the equals BAE and EBD| 
there remains the angle BFE equal to EBC. 

Cor. If a straight line meet the circumference of a cir- 
cle, and make an angle with an inflected line equal to that 
in the alternate segment, it touches the circle. 

SchoL A tangent may be considered as only a secant 
arrived at its ultimate position, when the two points through 
which it is drawn come to coincide. Suppose the straight 
line joining B and F were extended, it would make with 
the chord BE an angle EBF, equal to what the arc EF 
subtends from any point in the opposite circumference. 
But, when the point F is brought into the situation B, and 
BF merges into a tangent, the angle EBF passes into 
EBD, and the angle of the opposite or alternate segment 
becomes BAE. 



PROR XXII. PROB. 

To draw a tangent to a circle, from a given 
point without it. 

Let A be a given point, from which it is required to draw 
a straight line that shall touch the circle DGH. 

Find the centre C (III. 5. cor.), 
join AC, and on this as a diame* 
ter describe the circle AGCK, cut- 
ting the given circle in the points 
G, K : join AG, AK ; either of 
these lines is the tangent required. 

For join CG, CK. And the angles CGA, CKA, be- 
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ing each in a lemi c irde^ are right angles (UL 190f and 
oonaeqaently AG, AK, touch the circle DGHK at the 
points G, K (UL 20.). 

Cor. Hence tangents drawn from the same point to a 
drde are equal ; for the right angled triangles ACG and 
ACK having the side CG equal to CK, CA common} are 
equal (L 2\.)^ and consequently AG is equal to AK. 



a-: 
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PROP. XXIII. PROB. 



Ik-. •■' . ..V 

On a given straight line, to describe a segment 
o{ a circle that shall contain an single equal to a 
given angle. 



Let AB be a straight line» on which it is required to de- 
scribe a segment of a circle containing an angle equal to C. 

If C be a right angle, it is evident that the problem will . 
be perfbrmedy by describing a semicircle on AB* But if 
the angle C be either acute or 
obtuse ; draw AD (1. 4.) making 
an angle BAD equal to C, 
erect AE (1. 34.), perpendicu- 
lar to AD, draw EF (I. 5. cor.) 
to bisect AB at right angles 
and meeting AE in E, and» 
from this point as a centre and 
with the distance £A, describe 
the required segment AGB. 

Because EF bisecte AB at 
right angles, the cuxle described through A must also pass 
through (III. 5.) the pomt B % and since EAD is a right 
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angle, AD touches the circle at A (III. 20.), and the an- 
gle BAD, which was made equal to C, is equal (III. 21.) 
to the angle in the alternate segment AGB. 

PROP. XXIV. THEOR. 



Two straight lines drawn through the point of 
contact of two circles, intercept arcs of which the 
chords are parallel. 

Let the circles ACE and A6D touch mutually in A, 
and from this point the straight lines AC, AE be drawn 
to cut the circumferences ; the chords CE and BD are 
parallel. / 

For draw the tangent FAG, (III. 20.), which must 
touch both circles. 

In the case of internal contact, the 
angle GAE is equal to ACE in the al- 
ternate segment, (III. 21.); and, for 
the same reason, GAE or GAD in 
the smaller circle is equal to ABD j 
consequently the angles ACE and 
ABD are equal, and therefore (I. 22.) 
the straight lines CE and BD are parallel. 

"When the contact is exter- 
nal, the angle GAE is still 
equal to ACE, and its vertical 
angle FAD is, for the same 
reason, equal to ABD; whence 
ACE is equal to ABD; and 
these being alternate angles, the straight.line CE (I. 22.) 
is parallel to BD. 
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PROP. XXV. THEOR. 

If through a point, within or without a circle, 
two perpendicular lines be drawn to meet the 
circumference, the squares of all the intercepted 
distances are together equivalent to the square of 
the diameter* 



Let £ be a pomt within or without a circle, and AB, 
CD two stra^bt lines drawn througb it at rigbt angles to 
the drcam&rence; the squares of the four segments EA, 
EB, ED, and £Q are together equivalent to the square 
of the diameter of the circle. 

For draw BF parallel to CD, and join AF, AD, CB, 
and DF. 

Because BF is parallel to CD, the 
arc BC is equal to the arc FD (III. 
18.), ^d consequently the chord BC 
is also equal to the chord FD (III. 12. 
cor. 1.) ; but BC being the hypotenuse 
of the right-angled triangle BECj its 
square^ or that of FD is equivalent to 
the squares of EB and EC (II. 10.), 
and AED being likewise right-angled, 
the square of AD is equivalent to the 
squares of E A and ED. Whence the 
squares of AD and FD are equivalent 
to the four squares of EA, EB, ED, 
and-EC. But since ED is parallel to 
BF, the interior angle ABF is equal to AED (1. 88.}, and 
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therefore a right angle ; consequently ACBF is a semicir- 
cle (III. 19. cor.) and AF the diameter. The angle ADF 
in the opposite semicircle is hence a right angle (III. 19.), 
and the square of the diameter AF is equivalent to the 
squares of AD and FD,,.or to the sum of the squares of 
the four segments, EA, EB, ED, and EC intercepted be- 
tween the circumference and the point £• 

PROP. XXVI. THEOR. 

If through a point, within or without a circle, 
two straight lines be drawn to cut the circumfe- 
rence ; the rectangle under the segments of the 
one, is equivalent to that contained by the seg- 
ments of the other. 

Let the two straight lines AD and AF be extended 
through the point A, to cut the circumference BFD of a 
circle ; the rectangle contained by the segments AE and 
AF of the one, is equivalent to the rectangle under AB 
and AD, the distances intercepted from A in the other. 

For draw AC to the centre, and produce it both ways 
to terminate in the circumference at G and H ; let fall the 
perpendicular CI upon BD (I. 6.)j and join CD. 

Because CI is perpendicular to AD, the difference be- 
tween the squares of CA and CD, the sides of the trian- 
gle ACD is equivalent to the differ- 
ence between the squares of the seg- 
ments AI and ID the segments of 
the base (II. 21. cor.) ; and the dif- 
ference between the squares of two 
straight lines being equivalent to the 
rectangle under their sum and their 
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dSflfisrflDoe (II. 17.), the recCangle 
oontainM by die ram and differ- 
ence of ACf CD is equivalent to 
the rectangle contained by the 
ram and difference of AI> ID. 
Bat since the radius CO is equal 
to CH, the sum of AC and CD 
is AH, and their difference is ' 

AG ; and because the perpendicular CI bisects the chord 
BD (III. 4.), the sum of AI and ID is AD, and their dif- 
ference AB. Wherefore the rectangle AH, AG is equi- 
valent to the rectangle AB, AD. In the same way it . is 
proved, that the rectangle AH, AG is equivalent to the 
tectangle AE, AF; and consequently tberectangleAi^Al?, 
is equivalent to the rectangle AB^ AD. 

Car. 1. If the vertex A of the straight lines lie within 
the cirde and the point I coincide with 
it, BD, being then at right angles to CA, 
IS bisected at A (III. 4.), and the rect- 
angle AB, AD becomes the same as the 
square of AB. Consequently the square 
of any perpendicular AB limited by ihe 
drcumCerence is equivalent to the rectangle under the seg- 
ments AG, AH, into which it divides the diameter. 

Cor. 2. If the vertex A lie without the circle and the 
point I coincide with B or D, the an- 
gle ABC being then a right angle, the 
incident line AB mbst be a tangent 
(UI. 5K),X and consequently the two 
points of section B and D coalesce in 
a single point of contact. Where- 
fore the rectangle under the distances AB, AD become 
the same as the square of AB ; and consequently the 
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rectangle contained by the segments AG} AH of the dia« 
meter, is equivalent to the square of the tangent AB« 




PROP. XXVII. PROB. 

To construct a square equivalent to a given 
rectilineal figure. 

Let the rectilineal figure be reduced by Proposition 6. 
Book 11. to an equivalent rectangle, of 
which A and B are the two contain- 
ing sides ; draw an indefinite straight 
line CE, in which take the part CD 
equal to A and DE to B, on the com- 
pound line CE describe a semicircle, 
and from the point D erect the perpendicular DF to meet 
the circumference in F : this line DF is the side of a square 
equivalent to the given rectilineal figure. 

For, by Cor. 1. to the last Proposition, the square of 
the perpendicular DF is equivalent to the rectangle under 
the segments CD, DEofthe diameter, and is consequent- 
ly equivalent to the rectangle contained by the sides A and 
B of a rectangle that was made equivalent to the rectilineal 
figure. 

PROP. XXVIII. THEOR. 

A quadrilateral figure may have a circle de- 
scribed about it, if the rectangles under the seg- 
ments made by the intersection of its diagonals 
be equivalent, or if those rectangles be equivalent 
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rnal s^ments 




fonned by producing its opposite 



Let ABCD be a qaadrOateral figure, of which AC and 
BB are the diagonals, and such that the rectan^ AE» EC 
is eqiUTalent to the rectangle BE, ED; a drde may be 
made to pass through the four points A, B, C, and D. 

For thioagh the three points 
A, B| C (IIL 9. cor.), describe a 
drde and let it cat BD in G. Be- 
cause AC and BG intersect eadi 
other within a drde, the rectan- 
gle AE» EC is equivalent to the 
rectangle BE, EG (III. 26.) ; but 
the rectangle AE, EC is by hypothesis equiTaknt to the 
rectangle BE, ED. Wherefore BE, EG is equivalent to 
BE, ED ; and these rectangles havinga common base BE, 
their dtitudes EG and ED (IL S. cor.) are equal, and 
hence the point G is the same as D, or the circle which 
was described passes though all the fi>ur points A, B, C, 
and D. 

Again, if the opposite sides CB and DA be produced 
to meet at F, and the rectangle CF, FB be equd to 
DF, FA, a cirde may be described about the figure. 

For, as before, let a cirde be described through the three 
points A, B, C, but cut the side AD in H. From Propo- 
sition 26, the rectangle CF, FB is equiTalent to HF, FA i 
but the rectangle CF, FB is also equivalent to DF, FA ; 
whence the rectangle HF, FA is equivalent to DF, FA i 
and the base HF equal to DF, or the point H is the 
same as D. 
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BOOK IV. 
PEFINITIONS. 

L A rectilineal figure i$ said to be m* 
$eribed in a circle^ when all it| angalar 
points lie on the drcpmfwence. 




8. A rectilmeal figure cfrcumteribes a 
circle^ iprhei| each pf fts sides is a tan? 
gent. 




• A circle is $n$cnbed m a rectilineal 
figure^ when it touches all the sides. 
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4. A circle is described about a rectili- 
neal figure or circumscribes it, when the cir- / / 
cumference passes through all the angular \ 
points of the figure, 

5. Polygons are equilateral^ when their sides, in the 
same order, are respectively equal : They are equiangular, 
if an equality obtains between their corresponding angles. 

6. Polygons are said to be regular, when all their sides 
and their angles are equal. 

7. A figure oijive angles or sides is called a pentagon ; 
a six-sided figure, a hexagon ^ an eight-sid^d figure, an 
octagon ; a ien-sided figure, a decagon ; and a txvelve-sided 
figure, a dodecagon. 
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PROP. L PROB. 

Given an isosceles triangle^ to con9truct ano- 
ther on the same base, but with only half the ver- 
tical i^n^le. 

Iiet ABC be an isosceles triangle standing on AC; it 
fs reqairedy on the same ba8e> to construct another isosce* 
lea triangle, tl^at shall have its vertical angle eq[aal to half 
of the angle ABC. 

Bisect AC in D (I. 7.), join DB, 
nrhich produce till BE bt equal to BA 
or BC, and join AE, C£ : AEC if the 
isosceles triangle required. 

FoTy the straight line BE being e- 
qual to BA and BC> the point B is the . 
oentre of a circle which passes through 
the points A, E, and C $ and consequently this angle ABC 
is the double of AEC at the circumference (III. 15.)f or 
die vertical angle AEC is h^lf of ABC. But the triangles 
AED and CED, having the side DA equal to DC» the 
side DE common to both, and the right angle ADE 
(III. 4.) equal to CDE, are (I. S.) equal, and cpnsequent- 
ly AE is equi|l to Cp. Wherefore the triangle AEC is 
likewise isosceles. 

PROP, II. PBOB. 

Given an acute-angled isosceles triangle, to con- 
struct another on the BfLm^ base^ which shall have 
double the vertical angle. 
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Let ABC be an acute- angled isos- 
celes triangle; it is required, on tlie 
base AC, to construct another isosce- 
les triangle, having its vertical angle 
double of the angle ABC. 

Describe a circle through the three 
points A, B, and C (111. 9. cor.), and draw AD, CD to 
the centre D ; the triangle ADC is the isosceles triangle 
required. For the angle ADC, being at the centre of the 
circle, is ^III. 15.) double of ABC, the corresponding an- 
gle at the circumference. 




PROP. III. THEOR. 

If an isosceles triangle have each angle at the 
base double of the vertical angle, its base will be 
equal to the greater segment of one of its sides 
divided by a medial section. 



Let ABC be an isosceles triangle which has each of the 
angles BAC, BCA double of the vertical angle ABC ; the 
base AC is equal to the greater segment formed by a me- 
dial section of the side AB. 

For draw CD to bisect the angle BCA (I. 5.), and 
about the triangle BDC describe a circle (III. 9. cor.). 

Because the angle BCA is by 
hypothesis double of ABC and has 
been bisected by CD, the angles 
ACD, BCD are each of them equal 
to CBD, and consequently the side 
BD is equal to CD (I. 1 !.)• But 
the triangles BAC and DAC, hav- 
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log the fiQgle ACD eqmd to ABC, and the angle at A 
oommon to botb^ must have also (L 80.) the ranainlng^ 
angle CDA equal to BCA or CAD i whence (1. 11.) the 
triangle DAC is likewise isosceles^ and the side AO equal 
to CD i bat CD being eqaal to BD| therefore AC is alsa 
equal to it And since the angle ACD is equal to'CBD 
in the alternate segment of the eirde^ the straight line AC 
touches the drdumference at C (IIL SI. cor.); wherefore 
the rectangle contained by AB and AD (III. 26. oof. 2.y 
is equivalent to the square of AC» or the squiure of BD ; or 
the side AB is cut by a medial section in D» and its great- 
er segment BD is equal to the base AC of the isosceles 
triangle 

Cor. Hence the interior triangle ACD is likewise isosc^ 
ks and of the same nature with ABCy having the greatem 
9tgakent of AB for its side^ and the smkUer segment for 
its bate. 



PROP. IV. PROB. 

Given either one of the sides, or the base, to 
construct an isosceles triangle, so that each of the 
angles at the base may be double of its vertical 
angle. 

First, )et one of the sides AB be givoi, to construct such 
an isosCbles triangle. 

IXvide AB by a medial section at C (II. 19* )» <uid on 
CB, as a base with the distance AB for each of the sides,, 
describe an isosceles triangle (L !•). 
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Next, let the base AB be given, AC b 

to construct an isosceles triangle of J^ 1^ -^ 

this nature. 

Produce AB to C, such that the rectangle AC, CB be 
equal to the square of A^B (II. 19. cor. 2.), and on the 
base AB, with the distance AC for each of the sides, de- 
scribe an isosceles triangle. 

These isosceles triangles will fulfil the conditions re- 
quired. For it is evident, from the last Proposition, that 
isosceles triangles constituted on CB or AB, with each of 
the angles at the base double the vertical angle, would 
have AB or AC for their sides, and consequently (I. 2.) 
must coincide with the triangles now described. 

Cor, Hence of such an isosceles triangle the vertical 
angle is equal to the f}fth part of two right angles ; for 
each of the angles at the base being double of the vertical 
angle, they are both equal to four times it, and consequent- 
ly this vertical angle is the fifth part of all the angles of 
tlie triangle, or of two right angles. 



PROP. V. PROB. 

On a given finite straight line, to describe a 
regular pentagon. 

Let AB be the straight line, on which it is required to 
describe a regular five-sided figure. 

On AB erect (IV. 4.) the isosceles triangle ACB, hav- 
ing each of the angles at its base double of its vertical an- 
gle, from A as a centre with the distance AC describe an 
arc of a circle, and from B as a centre with the same dis- 
tance describe another arc, and from the vertex C inflect 




the smigl* lioea C£| CD eqaal 
to AB : The points d P> £ 
mark out the pentagon. 

For it is evident from this cob- 
stmction that he isosceles tri- 
angle CAE, CBD are each q£ 
tbem equal to ACB, whence 
the angle CBD is equal to ACB 
or to half of CBA. Wherefore, BF nod AG bisect 
tha aofglea at tbebasegf the triai^le ACB»,and consequenft- 
iy (IV.50 AB is equal to BF and FC» or to AG «nd 
OCX Again, the triangles BAD aad BFC» having the 
aides AB^ BD equal to BF, BQ and the contained an^es 
equal, are themselves equal (I. S.), and consequently AB 
is equal to AD, and the angle BAD equal to BFC, or 
thrice ACB. In the same way it is shown that AB is 
equal to BE, and that ABE is thrice ACB* Also the 
triangles ADB, ABE being isosceles, the angles ADB, 
AEB are each equal to ACB ; but CDB and CE A are 
double of CB ; the whole angles CD A, C£B are each of 
them triple ACB; and thus, consequently, the angles 
round the figure are each equal to thrice the vertical an- 
gle of ibe original isosceles triangle. 

PROP. VI. PBOB. 

On a given finite straight line, to describe a 
regular hexagon. 

Let AB be the given straight line, on which k is re* 
quired to describe a regular six-si<led figura 

On AB construct (L 1.) the equilateral triangle AOB, 
and repeat equal triangles about the vertex O ; these tri- 
angles will U^ether compose the hexagon required. 
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Because AOB is an equilateral triangle, each of its an- 
gles is equal to the third part of 
two right angles (I. 30. cor. 1.) ; 
wherefore the vertical angle 
AOB is the sixth part of four 
right angles, or six of such an- 
gles may be placed about the 
point O. But the bases of the 
triangles AOB, AOC, COD, 

DOE, EOF, and BOF are all equal ; and so are the an- 
gles at the bases, which, taken by pairs, form the internal 
angles of the figure BACDEF. This 6gure is, therefore, 
a regular hexagon. 




PROP. VII. PROB. 



On a given finite straight line, to describe a 
I'egular octagon. 

Let AB be the given straight line, on which it is re- 
quired to describe a regular eight-sided figure. 

Bisect AB (I. 7.) by the perpendicular CD, which ma^e 
equal to CA or CB, join DA and DB, produce CD until 
DO be equal to DA or DB, 
draw AO and BO, thus forming 
(IV. 1.) an angle equal to the 
half of ADB, and about the ver- 
tex O, repeat* the equal trian- 
gles AOB, AOE, EOF, FOG, 
GOH, HOI, lOK, and join 
KB, to compose the octagon. 

For the distances AD, BD are 
evidently equal; and because CA, CD, and CB are all 
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eqnaly the angle ADB is contained in a semicirde^ and 
is therefore a right angle (IIL 19.). Consequently AOB 
is eqnal to the half of a right angle, and eight snch ahgles 
will adapt themselves abont the point O : thus the vertical 
angle of the triangle KOB must be equal to AOB» and 
also the side BK to AB. Whence the figure BAEFOHlX 
having eight eqpal sides and equal angles is a r^pilar 

bibtagbii. 



PftOP. VUL PROB. 

On a given finite straight lime, to describe a 
regular decagon. 

Let AB be the straight line, oti which it is required to 
describe a regular ten-side^ figure. 

On AB construct (IV. 4.) an isosceles triangle having 
each of the aiigles at its base double of the vertical angle^ 
and, about the point O, place 
a series of triangles all equal 
to AOB: A iregula^ decagon 
will resutt from this composi- 
tion. 

For the vertical angle AO^ 
of the isosceles triangle is equal 
to the fifth part of two right an- 
gles (IV. 4. cor.], or to the tenth 

part of four right angles ; whence teA such angles may be 
formed about the pbint 0. The figui*e BACDEF6HIK, 
having therefore ten equal sides and equal angles^ is a 
regoiax decagon. • 
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PROP. IX. PROB. 

On a given finite straight line, to describe a re- 
gular dodecagon. 



Let AB be the straight line, on which it is required to 
describe a regular twelve-sided figure. 

On AB construct (I. 1.) the equilateral triangle ACB, 
and again (IV. 1.) the isosceles triangle AOB, having its 
vertical angle equal to the half of ACB, and repeat this 
triangle AOB about the point 
O; a regular dodecagon will 
be thus formed. 

For ACB being an equilate- 
ral triangle, each of its angles is 
the third part of two right an- 
gles (I. 30, cor. 1.); conse- 
quently the angle AOB is the 
sixth part of two right angles 
or the twelfth part of four right angles, and twelve such 
angles can, therefore, be placed about the vertex O. 

Scholium. Hence a regular twenty-sided figure may be 
described on a given straight line, by first constructing on 
it an isosceles triangle having each of the angles at the 
base double of the vertical angle, and then erecting ano- 
ther isosceles triangle with its vertical angle equal to the 
half of this. And, by thus changing the elementary tri- 
angle, a regular polygon may be always described, with 
twice the number of sides. 
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PROP. X. PROS. 
In a given triangle, to inscribe a circle. 

Let ABC be A triangle) in vhich it la required to in« 
scribe a circle. 

Draw; AD and CD (I. 5.) to bisect tbe angles CAB and 
ACB, and from iheir point of concourse D, with its dis- 
tance D£ from the base, describe th^ circle £FG : This 
circle will touch the triangle internaUjr. 

For let fall the perpendiculars DG and DF upbu the 
sides AB and BC (I. 6.). the 
triangles ADEj ADG, having the 
angle DAE equal to DAG, the 
right angle D£A .equal to DG A, 
and the interjacent side AD com** 
mon, are equal (I. 20.), and there- 
fore the side DE is equal to DG. 
In the same manner, it is proved, 

from the equality of the triangles CDE, CDF, that DE 
is equal to DF; consequently JDG is equal to DF, and 
the circle passes through the three points E, G, and F. 
But it also touches (III* 20.) the sides of the triangle in 
those points, for the angles DEA| DGA, and DFC are all 
of them right angles. 

PROP. XL PROB. 

In a given circlej to iilscribe a triangle equian- 
gular to a given triangle. 

Let GDH be a circle, in which it is required to inaeribe 
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a triangle that shall have its angles equal to those of the 
triangle ABC. 

Assuming any point D in the circumference of the cir- 
cle, draw (HI. 22.) the tan- 
gent EDF, and make the an- 
gles EDG, FDH equal to 
BCA, BAG, and join GH: 
The triangle GDH is equi- 
angular to ABC. 

For EF being a tangent, 
and DG drawn from the 

{)oint of contact, the angle EDG, which was made equal 
to BCA, is equal to the angle DHG in the alternate seg- 
ment (III. 21.)} consequently DHG is equal to BCA. 
And for the same reason, the angle DGH is equal to B AC ; 
wherefore (1. 30.) the reihaining angle GDH of the trian- 
gle GHD is equal to the remaining angle ABC of the 
triangle ACB, and these triangles are mutually equian- 
gular. 




l^ROP. XII. PROB. 

About a given circle, to describe a triangle e- 
qniangular to a given triangle. 

Let GIH be a circle, about which it is required to de- 
scribe a triangle, having its angles equal to those of the 
triangle ABC. 

Draw any radius I^G, and with it make (I. 4.) the an- 
gles GFI, GFH equal to the exterior angles BAE, BCD 
of the triangle ABC, and, from the points G, I, and H 
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dfBW the tangents KM, KL, and LM to form the trianT 
gle KLM: This triangle is eqoianguhir to ABC* 

For all the angles of the quadrilateral figure KIFO be- 
ing equal to four right 
angles, and the angles 
KIF and KOF being 
each a right angle (IIL /T^N,/ ^NEIaT^ ci> 




$Q.)f the remaining an- 
gles. GKI and <3^FI are 
together equal to two 
right angles, and consequently equal to the angles BAO 
and BAQ on the same side of the straight line ED. But 
the angle 6FI was made equal to B AE ; whence OKI is 
equal to CAB. In like manner, it may be proved that the 
angle 6MH is equal to ACB $ and the angles at K and 
M being thus equal to BAC and BCA, the renuuhing angle 
^t L is (L SO.) equal to that at B, and the two tqangleii 
KXiM ao4 Ape are dierefiire 



PROP. XIII. THEOR. 

A straight line drawn from the vertex of an 
equilateral triangle inscribed in a circle to any 
point in the opposite circumference, i^ equal to 
the two chords inflected from the same point to 
the extremities of the base* 

■ • » 

Let ABC be an equilateral triangle inscribed jn a dr- 
c)sb and BD, AO, and CD chords drawn from its tl^ree 
comers to a point D in die circumference ; BD which 
crosses the base AC is equal to AD and CD taken together. 
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For, from BD cut oflF DE equal to DA, and join AE. 
The angle ADB is (III. 16.) equal to 
ACB in the same segment, which, being 
the angle of an equilateral triangle, is 
equal (I. 30. cor. 1.) to the third part 
of two right angles. But the triangle 
ADE being isosceles by construction, 
the angles DAE, DEA at its base are equal (I. 10.), and 
each of them is, therefore, equal to half of the remaining 
two-thirds of two right angles, or equal to one-third part. 
Consequently ADE is likewise an equilateral triangle (1. 1 1. 
cor.), and the angle DAE equal to CAB ; take CAE from 
both, and there remains the angle DAC equal to EAB ; 
but the angle ABD is equal to ACDin the same segment. 
And thus the triangles ADC and AEB have the angles 
DAC, DCA equal to EAB, EBA, and the interjacent side 
AC equal to AB ; they are consequently equal (I. 20.), 
and the side DC is equal to EB. But DE was made equal 
to DA ; wherefore DA and DC are together equal to DE 
and EB, or to DB. 



PROP. XIV. THEOR. 

About and in a given square, to circumscribe 
and inscribe a circle. 

Let ABCD be a square, about which it is required to 
circumscribe a circle. 

Draw the diagonals AC, DB intersecting each other in 
O, and, from that point with the distance AO, describe 
the circle ABCD : This circle will circumscribe the square. 
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Because the diagonals of the 8(}uare 4BCD are equal 
and bisecteach other» the straight 
lines O A, OB, OC, and QD are 
M equal, and consequently the 
circle described through A pass- 
es through the other points B, 
C, and D. 

Again, let it be required to 
inscribe a circle in the square 
ABCD. 

From O the inters^ion ot the diagonals and with its 
distance from the side AD, describe the circle EGHF. 
This circle will touch the square internally. 

For let fall the perpendiculars OG, QH, and QF (I. 6.). 
And because the straight lines AB, BC, CD, and DA are 
equal, they i^re equally distant from the centre O of the 
exterior circle (III. 10.); wherefore the perpendiculars 
OE, OO, QH, and OF are all equal, and the interior 
circlepasses through the points G, H, and F; but (III. 20.) 
it likewise touches the sides of the square, since they are 
perpendicular to the radii drawn from O. 

Cor» Hence an octagon may be inscribed within a given 
square. For let tangents be applied at the points I, K, 
L, and M, where the diagonals cut the interior circle. It 
is evident, that the triangle AQE is equal to DOE, lOP 
to EOF, and EOZ to MQZ ; whence the angles FOE 
and ZOE are equal, being the halves of EO A and EOD, 
and consequently the triangles PEO and ZEO are equal. 
Wherefore PZ, the double of PE, is equal to PQ, the 
double of PI ; and the angle EZM is, for a like reason, 
equal to EPI. And, in this manner, all the sides and all 
the angles about the eight-sided figure PQRSTWYZ are 
proved to be equal. 
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PROP. XV. PROS. 

In and about a given circle, to inscribe and cir- 
cumscribe a square. 

Let EADB be a circle in which it is required to inscribe 
a square. 

Draw the diameter AB, cross it by the perpendicular 
ED through the centre, and join AD, DB, BE, and EA : 
The inscribed figure ADBE is a square. 

The angles about the centre C, being right angles, are 
equal to each other, and are, therefore, subtended by equal 
chords AD, DB, BE, and AE, but 
one of the angles ADB, being in a se- 
micircle, is (III. 19.) a right angle, 
and consequently ADBE is a square. 

Next, let it be required to circum- 
scribe a square about the circle. 

Apply tangents FG, GH, HI, and 
FI at the extremities of the perpendicular diameters: 
These will form a square. 

For all the angles of the quadrilateral figure CG, being 
together equal to four right angles, and those at C, A, and 
D being each a right angle, the remaining angle at G is 
also a right angle, and CG is a rectangle ; but it is like- 
wise a square, since AC is equal to CD. In the same 
manner, CH, CI, and CF are proved to be squares ; the 
sides FG, GH, HI, and IF of the exterior figure, being 
therefore the doubles of equal lines, are mutually equal, 
and the angle at G being a right angle, FH is consequent- 
ly a square. 

Cor, Hence the circumscribing square is double of the 
inscribed square, and this again is double of the square con- 
structed on the radius of the circle. 
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PROP. XVI. PROS. 

« 

In and about a given circle, to inscribe and cir- 
cumscribe a regular pentagon. 

L^ ABODE be a drde in which it is reqaired to in- 
scribe a regular pentagon. 

Cionstmct an isosceles triangle having each of its an- 
gles at the base double of ite vertical angle (IV. 40» and 
equiangular to this, inscribe the triangle ACE within the 
drde (IV. U.)f draw AD, EB bisecting the angles CAE, 
CEA (I. B.), and join AB, BC, CD, and DE : The figure 
ABCDE is a regular pentagon. ^ 

For the angles AEB, BEC are each the half of CEA, 
and therefore equal to ACE ; 
but the angles EAD, DAC 
are. likewise equal to ACE. 
Hence these angles, being all 
equal, must stand on equal 
arcs (IIL 16. cor.) ; and the 
diords of these arcs, or the 
udes AB, BC, CD, DE, and 
AE are equal (III. 12. cor.) 
And because the segments EAB,'ABC,.BCD, ODE, and 
DEA are evidently equal (III. 1 6.), the interior angles of the 
figure are all equal, and it is, therefore, a regular pentagon. 
Next^ let it be required to circumscribe a regular penta- 
gon about the drcle. 

At the points A, B, C, D, and £ apply tangents } these 
will form a regular pentagon. 

For FAK being a tangent, the angle KAE is equal to 
ACE (IIL 21.) ; and in like manner it is shown that the 
angles AEK, DEI, EDI, CDH, DCH, BCG, CBG, 
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ABF, BAF are all equal to ACE. The isosceles trian- 
gles AKE, BFA, having therefore the angles at the 
base equal and the bases themselves AE, AB, are equal 
(I. 20.); for the same reason^ the triangles BGC, CHD, 
DIE, EKA, are equal. Whence the internal angles of 
the figure are equal, and its sidesj being double of those of 
the annexed triangles, are likewise equal : The figure is, 
therefore, a regular pentagon. 

PROP, XVII. PROB. 

« 

To inscribe a regular hexagon in a given circle. 

Let it be required, in the circle FBD, to inscribe a 
hexagon. 

Draw the radius OA, on which construct the equilateral 
triangle ABO (I. 1. cor.), and repeat the equal triangles 
about the vertex O: These triangles will compose a hexagon. 
*For the triangle ABO, being equilateral, each of it^ an- 
gles AOB is the third part oF 
two right angles, and conse- 
quently six of such angles may 
be placed about the centre O. 
But the bases of the triangles 
AOB, BOC, COD, DOE, 
EOF, and FOA form the sides 
of the figure, and the angles at 

those bases its internal angles ; wherefore it is a regular 
hexagon. 

Cor. 1. Tangents applied at the points A, B, C, D, E, 
F, would evidently form a regular circumscribing hexagon* 
An equilateral triangle might be inscribed by joining the 
alternate points ; and, by applying tangents at those points, 
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an equilatefal triangle would be made to dreomicribe the 
circle. 

Cor. S. The side AB of the inicrjibed hexagon is equal 
to the radius; and since ABD is a r^ht-aagled triangle^ 
and'the squares of AB and BD are equal to the square of 
AD» or to four times the square of AO, the square of BD 
the side of an inscribed equilateral triangle is triple the 
square of the radius. 

Cor. 8. The perimeter of the inscribed hexagon is equal 
to ux times the radius, or three times the diameter, of the 
circle. Hence the circumference of a circle being, from 
its perpetual curvature, greater than any intermediate sys* 
tern of straight line% is more than triple its diameter. 

PEOP. XVIII. PROB. 
To inscribe a regular decagon in m given circle« 

Let ADH be a circle^ in which it is required to inscribe 
a regular decagon. 

• Draw the radius OA, and with OA as its side describe 
the isosceles triangle AOB, having each of its angles at 
the base double of its vertical angle (IV. 4.), rq>eat the 
equal triangles about the centre O i These triangles will 
compose a decagon. 

For the vertical angle AOB* 
of the component isosceles tri- 
angle, is the fifth part of two 
right angles (IV, 4. cor.), and 
consequently ten such angles 
can be plated about the point 
O. But the sides and angles 
of the resulting figure are all 
evidently equal ; it is, therefore, a regular decagon. 
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Cor. Hence a regular pentagon will be formed by join- 
ing the alternate points A, C, E^ G, I, and A. It is also 
manifest, that a decagon and a pentagon may be circum« 
scribed about the circle^ by applying tangents at their se- 
veral angular points^ 

iPROP. XIX. THEOR. ) 

The square of the side of a pentagon inscribed 
in a circle, is equivalent to the squares of the sides 
of the inscribed hexagon and decagon. 

Let ABCDEF be half of a decagon inscribed in a cir- 
cle whose diameter is AF) the square of AC, the side of 
an inscribed pentagon, is equivalent to the square of A6 
the side of the inscribed decagon, and of the square of the 
radius AO, or the side of an inscribed hexagon. 

For join AD, and draw OB, OC, and OD. Since the 
arc DEF is double of AB, the angle AOB at the centre is 
(III. 15.) evidently equal to OAD or OAG at the circum- 
ference ; and because the arc BCDEF again is double of 
DEF, the angle O AB at the circumference is likewise e- 
qual to AOG at the centre. Whence the triangles AOB 
and AGO, having the an- 
gles OAB and AOB equal 
to AOG and OAG, and 
the interjacent side AO 
commorij are equal (1. 20.), 
and therefore the base AB 
is equal to OG. Conse- 

qtiently, (IV. 18.) GAO is an isosceles triangle, having 
^ch of the angles at its base double the vertical angles 
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wherefore (IV. 8.) OO is equal to the greater segment of 
the side AO divided by a medial seetioD, and conseqaently 
OC is divided at G by a medial section. But (II. 20.) 
the square of AQ drawn from the vertex to a point in the 
extension of the base of the triangle OAG» is equivalent 
to the square of AG, together with the rectangle under OC 
and COy that is, to the square of OG. Whence the square 
of AC, the side of the ihscrib^ pentagoti, is equivalent to 
the squares of AO and of A6, the sides of the heptagon 
and decagon. 

Ccr. The triple chord AD of the decagon is isqual to 
the annexed sides AO and A B of the inscribed hexagon 
and decagon. For the triangle OAG, being equal to AOB 
or COD, the angle DCO dr DCG is equal to AGO or 
DGC, ind consequently (I. 11.) CD is equal to GD. 
Wherefore AD being equal to AG and GD, Is equal to 
AO together with OG or AB. 

Scholium, Hence the sides of the inscribed decagoii And 
pentagon may be found by a single construction. Fot 
draw the perpendicular dia- 
meters AC and £F, bisect OC 
in D, join DE, make DG e- 
qual to it, and join GE. It 
is evident that AO is cut me- 
dially in G (IL 19.), and con* 
sequently that OG is equal to 
a side of the inscribed deca- 
fgaa. But GOE being a right- 
angled triangle, the square of GE is equivalent to the 
iiquares of GO and OE (II. 10.), or the squares of the 
aides of the decagon and hexagon ; whence GE is equal to 
Ae side of the inscribed pentagon. It also follows, that 
CO is equal to CI or CP, the triple chords of the inscri- 
bed decagon. 
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PROP. XX. PROB. 

In a given circle, to inscribe regular polygons 
of fifteen and of thirty sides. 

Let AB and BC be the sides of an inscribed decagon, 
and AD the side of a hexagon likewise inscribed ; the arc 
BD will be the fifteenth part of the circumference of the 
circle, and DC the thirtieth part. 

For, if the circumference consisted of thirty equal por- 
tions, the arc AB would be equal 
to three of these, and the arc AD 
to five; consequently the excess 
BD is equal to two of these por- 
tions, or it is the fifteenth part of X; ', ^ 

the whole circumference. Again, 

the double arc ABC being equal to six portions, and ABD 
to five, the] defect DC is equal to one portion, or to the 
thirtieth part of the circumference. 

Scholium. From the inscription of the square, the pen- 
tagon, and the hexagon, — may be derived that of a variety 
of other regular polygons : For, by continually bisecting 
the intercepted arcs and inserting new chords, the inscrib- 
ed figure will, at each successive operation, have the num- 
ber of its sides doubled. Hence polygons will arise of 
6, 8, and 10 sides; then of 12, 16, and 20; next of 24^ 
S2, and 40; again, of 48, 64, and 80; and so forth re- 
peatedly. The excess of the arc of the hexagon above 
that of the decagon, gives the arc of a fifteen-sided figure ; 
and the continued bisection of this arc will mark out poly- 
gons with 30, 60) or 120 equal sides, in perpetual succession. 
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The same results might also be obtamed from the differ- 
ences of the preceding arcs. 

Of the regular polygons, three only are susceptible of 
perfect adaptation, and capable therefore of covering, by 
their repeated addition, a plane surface. These are the 
equilateral triangle, the square, and the hexagon. The 
angles of an equilateral triangle are each two-thirds of a 
right angle, those of a square are right angles, and the 
angles of a hexagon are each equal to four^third parts of 
a right angle. Hence there may be constituted about a 
point six equilateral triangles, four squares, and three 
hexagons. But no other regular polygon can admit of a 
like disposition. The pentagon, for instance, having each 
of its angles equal to six-fifths of a right angles would not 
fill up the whole space about a point, on being repeated 
three times ; yet it would do more than cover that space^ 
if added four times,— forming when tripled only three right 
angles and three-fifths, but when quadrupled, four right 
angles, and four-fifths. On the other hand, since each 
angle of a polygon which has more than six sides must 
exceed four-third parts of a right angle, three such poly- 
gons cannot stand round a point. Nor can the space 
about a point ever be bisected by the application of any 
regular polygons, of whatever number of sides $ for their 
angles are always necessarify each less than two right 
angles. 
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OF PROPORTION. 



The preceding Books treat of magnitude as 
cancretef or having mere extension ; and the sim* 
pier properties of lines, of angles, and of surfacesp 
were deduced, by a continuous process of reason^ 
ing, grounded on the principle of superposition* 
But this mode of investigation, how satisfactory 
soever to the mind, is by its nature very limited 
and laborious. By introducing the idea of Num^ 
her into geometry, a new scene, is opened, and a 
far wider prospect rises into view. Magnitude, 
being considered as discrete^ or composed of in- 
tegrant parts, becomes assimilated to multitude ; 
and under this aspect, it presents avast system of 
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relations, which may be traced out with the ut- 
most facility. 

Numbers were at first employed, to denote the 
aggregation of separate, though kindred, ob- 
jects ; but the subdivision of extent^ whether ac- 
tually effected or only conceived to exist, bestow- 
ing on each portion a sort of individuality, they 
came afterwards to acquire a more comprehensive 
application. In comparing together two quanti- 
ties of the same kind, the one may contain the 
other, or be contained by it ; that is, the one may 
result from the repeated addition of the other, or 
it may in its turn produce this other by a process 
of successive composition. The one quantity is, 
therefore, equal, either to so many times the 
other, or to a certain aliquot part of it. 

Such seems to be the simplest of the numerical 
relations. It is very confined, however, in its ap- 
plication, and is evidently, in this shape, insuffi- 
cient altogether for the purpose of general com- 
parison. But that object is attained, by adopting 
some intermediate term of reference. Though a 
quantity should neither contain another exactly, 
nor be contained by it ; there may yet exist a 
third and smaller quantity, which is at once ca- 
pable of measuring them both. This measure cor- 
responds to the arithmetical unit ; and as number 
denotes the collection of units, so quantity may be 
viewed as the aggregate of its component measures. 
But mathematical quantities are not all suscep- 
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tible of such perfect mensuration. Two quantities 
may be conceived to be so constituted, as not to 
admit of any other quantity that will measure 
them completely, or be contained in both of them 
without leaving a remainder. Yet this apparent 
imperfection, which proceeds entirely from the 
infinite variety ascribed to possible magnitude, * 
creates no real obstacle to the progress of ac- 
curate science. The measure or primary elenient, 
being assumed in succession still smaller and 
smaller, its corresponding remainder must be per- 
petually diminished. This continued exhaustion 
will hence approach nearer than any assignable 
difference to its absolute term. 

Quantities in general can^ therefore, either ex- 
actly or to any required degree of precision, be 
represented abstractly by numbers ; and thus the 
science of Geometry is at last brought under the 
dominion of Arithmetic. 

It is obvious, that quantities of any kind must 
have the same composition, when each contains 
its measure the same number of times* But quan- 
tities, viewed in pairs, may be considered as ha- 
ving a similar composition, if the corresponding 
terms of each pair contain 4ts measure equally. 
Two pairs of quantities of a similar composition^ 
being thus formed by the same distinct aggrc^ga- 
tions of their elementary parts, constitute a Fr(h 
portion. 
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DEFINITIONS. 

]« Qaantiiies are homogeneous^ which cai^ be added to* 
gether. 

2. One quantity is said to contain another, when the 
subtraction of the smaller — continued if necessary — leaves 
no remainder. 

S. A quantity which is contained in another, is said to 
measure if. 

4. The quantity which is measured by another, is called 
its multiple ; and that which measures th^ other, its sub' 
multiple. 

5. Like multiples and submultiples are those which 
contain their measures equally, or which equally measure 
their corresponding compounds. 

6. Quantities are commensurable^ which have a finite 
common measure ; they are incommensurable y if they will 
admit of no such measure. 

7. That relation which one quantity is conceived to bear 
to another in regard to their composition, is named a 
ratio. 

8. When both terms of comparison are equal, it is call- 
ed a ratio of equality ; if the first of these be greater than 
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the seoondy it is a ratio otfiufftnityr and if the first be lets 
titan tha seoondi it is a latb otminarky. 

9. A prf^portion or analogy consists in the identity of 
ratios* 

10. Foot quantities are taid to he proporiionalf when a 
snboniUiple of the first is contained in the second as often 
as a like snbmuldple of |he third is coi^^ined in the fourth. 

11» Of propordonal quantities^ the first of eseh pair is 
named the antecedent^ and the second the consequent. 



12. The antecedents, are homologaus terms; and so are 
the 
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19. One antecedent is said to be to ita consequent as 
anot^. antecedent to its consequent* 

< i • 

14. The first and last terms of a proportion are called 

the extremes^ and the intermediate ones, the means. 

15. A ratio is direetj if it follows the order of the terms 
comparedi it is inverse or reciprocal, when it holds a re- 
versed order. 

. Thus, if the ratio of A to B be considered as direct^ the 
nitio of B to A is jrtoerM or recfprocaJL 

16. Quantities form a continued proportion^ when the 
intermediate terms stand in the double relation of conse^ 
quents and antecedrais. 
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17. When a proportion consists of three terms, the 
middle one is said to be a mean proporfio?ial between the 
two extremes. 

18. The ratio which one quantity has to another may 
be considered as compoitndcd of all tlie connecting ratios 
among any interposed quantities. 

Thus, the ratio of A to D is viewed as compounded of that 
of A to B, that of B to C, and that of C to D. 

19. Of quantities in a continued proportion, the first is 
said to have to the third, the duplicate ratio of what it 
has to the second ; to have to the fourth, a fyip)lieate ratio ; 
to the fifth, a quadi-uplicate ratio ; and so forth, according 
to the number of ratios introduced between the extreme 
terms. 

20. If quantities be continually proportional, the ratio 
of the first to the second is called the suhduplicate of the 
ratio of the first to the third, the suhtripUeatc of the ratio 
of the first to the fourth, &c. 



To facilitate the language of demonstration relative to 
numbers or abstract quantities, it is expedient to adopt a 
clear and concise mode of notation. 

] • The sign = expresses cqualifijy -^^ majoritijy and ^^al, 
minon'fr/ : Thus A = B denotes that A is equal to B, 
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▲«:>B tignifies that A is greater than B» and A^alB im- 
l^6he that A is len iban B. 

t. 11iei%nB + aiid-^iiuurktheadditM and sabtnu^- 
tion of the quantitiea <^ wfaiektbqr axe prefistd: Ibni^ 
A «f B denotes that Bit to be joined to A| and A-^B 
aigniflte that B ia to be taken away firott A» Somelunca 
Ihte two aymbola ore rdnfMuid tpgethet: Thv8» AstzB 
xetNreaenta dther the aam 6f A odd B» or the ekoesa of 
A above B 

S* To ttpress miiltiplieatlc^iii the qoantttiea are placed 
ejose together; or ikey maybe eanneoted by the fidl 
pomt (.)9 or the St Aiidrew's eroaa x : Tfans, AB, or A]% 
or A X B^ dttiotes the produet of A by B$ and ABC in- 
dicotea thtf reaeik of the continned mnltiplieatiMi (rf A by 
Bi and 6f thb prodnet ag^ by (X 

4. Whw the same nninber is I'epeotedly nritlpKed, 
the product is terjned its pawer^ and the number itseli^ 
in nferenoe to that power, is called the roof* The nota- 
tion is here still fiurther abridged, by retaining only a single 
letter with a small figure orer it, to mark how often it ia 
understood to be repeated : This figure serves also to dis* 
tinguish the order of the power. 'Thus A A, or A% signi- 
fiea that A is multiplied by A, and that the product is the 
tecond pcmer pi A ; and AAA, or A', in like manner, im- 
porta that AA is again multiplied by A^ and that the result 
ia the third power of A. 

5. The roots are denoted, by prefixmg a contracted r, 

or the symbol V. Thus V A or V A marks the second 
root of A, or that number of which A is the second power $ 

a 

V A signifies the third root of A, or the number which 
has A for its third power. 
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6. To represent the multiplication of complex quantities) 
they are included by a parenthesis. Thus, A(B+C — D) 
denotes that the amount of B+C-— D> considered as a 
single quantity^ is multiplied into A, 

?• Ratios atid analogies ate expressed, by inserting points 
ID pairs between the terms. Thus A : B denotes the ra- 
tio of A to B ; and the compound symbols A : B : : C : D, 
signify that the ratio of A to B is the same as that of C to 
D| or that A is to B as C to D. 

8. The result of the multiplication of two numbers is 
called their product, and, in reference to it, the numbers 
themselves are termed/actors. 

9. A divisor is the number contained in another called 
the dividend, and the quotient expresses how often it is so 
contained. The dividend, or containing number, is hence 
the same as the product of the divisor by the quotient. 
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PROP. 1. THEOR. 

The pcodttct of a niiBiber into the sum or dif- 
ference of twoniunbers^' is equal to die sum or 
difference of its products by those numbers* 

Let A» B^ Add G bd thrae Aumben; the product of the 
sum or difference of B and C by the number A, is equal 
to the aula or dlflfonmce of the separate pjMiducts AB an4 
AC*' 

For th0 product ABis the same as eadi uiiit contamed 
in B repieated A times^ and the product AC is the nme 
ai.^e units in C likewise repeated A times; whence the 
sum'of theproduotd AB and AC is equal to the units con* 
tainedj in both B and C» all repeal A times, or it is 
equal to the jum of the nambers* B and C multiplied by At 
AgaiUf for the same reason, the difference between the 
prodaots AB and AC must be equal to the difference be* 
tween the units contained in Band in C, repeated A times ; 
that isi it must be equal to tfie difference between thennm? 
bers B and C multiplied by A. 

(Dor. 1. Hence a number which measures any two num* 
beKs» will measure also their sum and their diflference. 

Cor. 2* It is hence manifest, that the first part of the 
proposition may be extended to more numbers than two; 
pr that 4B+AP+ AD-t-; &c. :?A(B+C+D+> &c) 

' F • 
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PROP. II. THEOR. 

The product which arises from the continued 
multiplication of any numbers, is the same in 
whatever order this operation be performed. 

Let A and B be two numbers ; the product AB is equal 
to BA. 

For the product AB is the same as each unit in B add- 
ed together A times, or as often as there are units in A, 
which is evidently the same thing as A itself repeated B 
times, that is, BA. 

Next, let there be three numbers A, B, and C ; the 
products ABC, ACB, BAC, BCA, CAB, and CBA are 
all equal. 

For put D= AB or BA ; then DC=CD, that is, ABC 
= CAB, andBACrrCBA. 

Again, put E=AC or CA; then £B=6E, that is, 
ACB = BAC, and CAB=BCA. 

Lastly, put F=BC or CB ; then FA = AF, that is, 
BCA = ABC, and CBA=ACB. 

And thus the several products are all mutually equal. 

It is also manifest, that the same mode of reasoning 
might be extended to the products of any multitude of 
numbers. 

Cor. Hence the permutations of quantities may be easily 
found. Thus AB can be written only two ways; but 
the changes are tripled in ABC, or multiplied to six ; they 
arc again quadrupled in ABCD, which admits of twenty- 
four different arangements ; and the five letters A, B, C, 
D, E, might, for the same reason, be disposed no fewer 
than an liiinilixd t'.vcnty wnys. 
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PROP. HI, limon. 

Homogeneous qtmhtlties are proportional to 
their Kke. multiples or submultiples. ' 

JUt Af B !)• tm> qutatUks i^f the ttone kiodi and pA^ 
^Btheir like mukipleft; then A: B ]^t|iA; jiB* . > 

IWvsifltte A and B are eiqMJbk cfibeuig iBflaaured to 
any reqmxed dqgrae 6f preoUbn^ feupposoa t)» bp il|e»fi»* 
«uv wUoh A ud B ooolain tn and n Vma^tat thatiAs: 
m.a and B=n*a ; consequently j? A =2).ma, aDdpBs|0UMi. 
Bat (V. 2,) p,massm.paf and p,na=:n.pa. Wherefore a 
and ^a are like submultiples of A and of pA, which con- 
tain them respectively m times } and these like suhmnltiples 
are both co^itaioed equally^ or n tiraes^ in B and in pB, 
' Consequently (V. def. 10.} the quantities A, B^ and jiAi 
jpB are proportional ; and A^ pK are the antecedents^ an4 
B^ pB^ the consequents, of the analogy.* 

Again, because the ratio of j^A topB is thus the same 
as that of A to B, which, in reference to|7A and j7J3,' arft 
only like submuUiples, it follows that homogeneous quanti- 
ties are also proportional to their like submultiples. 

* • • • • ■ 1 . * , 
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PKOP. ly. THEQI^. . . , ; , 

m 

' '. > 

In proportional q^uantitiei^ af^cordiog as the 
first term is greater, equal, ior less than the se- 
cond^ the third term i^ greater, eiijual| or less 
than the fourth* " . 

Let A:B: :C:D; if A^r^B, then C^D ; if A=B, 
then C=D; or if A^^B, then C-i^D. 

For, if ^A be greater than B, then the measure or sub- 
multiple of A must be contained cAener in B, and hence 
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the like submultiple of C will be contained oftener in D 
wherefore C is greater than D. 

If A be equal to B, the measure of A is contained e- 
qually in 6| and hence that of C in D, or^C is equal to D. 

But| if A be less than B, the measure of A is not con- 
tained so often in B, and hence the measure of C is not 
contained so often in D, or C is less than D. 

Sc/iolium. On this proposition is grounded the mode of 
stating a proportion in the Rule of Three, while the arith- 
metical operation itself will be found to depend on Propo-^ 
sition Vlf 

PROP. V. THEOR. 

Of four proportionals, if the first be a multiple 
or submultiple of the second, the third is a like 
multiple or submultiple of the fourth. 

Let A : B : : C : D ; if A=;?B, then CzzpB. 

For, suppose the approximate measures of A and C to 
be a and r, and let A=n2p.a, and C=;;2/\c. It is evident, 
from the hypothesis, that A=23B= m^.a, or B=:;w.fl; but 
the consequents B and D must contain their measures 
equally (V. def, 10.)> and therefore Dzzm.c. Whence C 
:=zmp.CTz (V. 2.) p.mc:=:pD. 

Again, if gA=B ; then will jC=D. 

For, let A=wflf, and C^nc ; therefore B=5'A=g«a = 
(V. 2.) nqM^ and, from the definition of proportion, D= 
nqxzz (V. 2.) j,wc=yC. 
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PROP. VI. THEOE. 

• ' . > i • . . • 

If four numbers be proportional, the product 
of the eltremes is 'eqtial io that of the means ; 
and of two equal products/ the factbrs ^e con- 
vertible into an analogy, of which thes^ form jse- 
verally the extreme and th6 mean ternisi 

Let A : B : : C : D; then AD=BC. 

For (V. S.) A.D : B.D : : B.C : B.D ; and the second 
term of this analogy being equal to the fourth, therefore 
(V. 40 ADsBC. 

Again, let AQ^zBC:; tfa^ A : ^ : : C : D. 

For, by identity of ratios, AD : BD : ; BC : BP, and 
heDoe(V* S»).A : B:: C:I)« , r;n,\ 

Cor. I. Hence, the gmttest and least terms of 'g pnopor* 
lion, are either eKtremes or means. 

Cor. 2. Hence also a proportion is not affected, by transr 
posing or interchanging its extreme and mean terms*— 
On this prii^ciple are founded the tw9 followi^^ theoreps. 

PBOP. Va THEOR. 

The terms of an analogy are proportional \f)f 
tnversiofif .Qf Jhe secbiid Is. to jthe iirst, a^ tl^ i^urUi 
to,t|4e0iir4,,. ... ..I .J .. J. 'I 1 . .J s;. .h ■»•. -»• 

Let A : B : : C : D ; then inv^sebf B : A : i D : C. 

For the extreme and mean terms are thus only mutual- 
ly interchanged, and consequently the same equality of. 
products AD ond BC (V. 2.) still obtains. 
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PROP. VIII. THEOR. 

Numbers are proportional by alternation^ or the 
first is tQ the third, as the second to the fourth. 

Let A : B : : C : D ; then alteniaiely A : C : : B : D. 

For the extreme terms being still retained, the mean 
terms are merely transposed with respect to each other ; 
the same equality of products, thcrcforcj likewise here sub- 
sists. 



PROP. IX. THEOH. 

The terms of an analogy are proportional by 
Toniposition ; or the sum of the first and second is 
to the second, as the sum of the third and fdurth 
to the fourth. 

Let A : B : : C : D, then by composition A+B : B : : 
C+D : D. 

Because A : B : : C : D, the product AD=rBC (V. 6.) ; 
add to each of these the product BD, and AD+BD= 
BC+BD. But (V. L) AD+BD=D(A + B), and 
BC+BD=B(C+D) ; wherefore (V. 6.) assuming the fac- 
tors of these equal products for the extreme and mean 
terms, A+B : B : ; C+D : D. 
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PBOP. X; THEOA. 



The tehns of an analogy are proportional by 
dromon ; or the difference of the fiiist and second 
is to the second^ as the difference of the third and 
fourth to the fourth* 

Let A : B : : C ; D; fioppoae A to be greater than By 
then win Cbe greater than D (V. 4.) : It is to be proved 
that A— B : B : : C— D : D. 

For, since A : B : : C : D, the product ADsBC 
(V. 6.}j- and| taking BD from bothi the compound product 
AD^KD 18 equal to BC^— BD ; wherefore, by resolatibn^ 
(A— B)D=B(C— D)» and consequently A~B : B t : 
C5— D:D. 

If B be gceatcr than A» then BD^AD aBD—BC, and, 
by resolutiout (B-A) DsB (D-*-C); when^ B--A : B 
: : D-^C : p. 

PROP. XI. THEOR. . 

The terms of an analogy are proportional by 
cotrversian ; that is^ the first is to the sum or dif- 
ference of the first and second, as tl)e third ti> the 
sum or difference of the third and fourth. 

■ 

Let A : B : : C ; D, and suppose At^B; then A : A=^B 
: : C : CzfcO). 

For, since (V. 6.) the product AD=BC, add or sub- 
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stract these to or from the product AC ; and AC=±=AD 
=AC=±=BC. Wherefore, by resolution, A(C=±=D) = C 
( A=1=:B), and consequently A : AdbB : ; C : C=±=D. 

If A^B, then AD-AC=BC— AC, and, by resolu- 
tion, A(P— C) z= C(B— A), whence A : B— A : : C : D— C. 

Cor. Hence, by inversion, A=t:B : A : : C=i=D : C, or 
B— A : A : : D— C : C. 



PROP. XII. THEOR. 

The terms of an analogy are proportional by 
mixing ; or the sum of the first and second is to 
the difference, as the sum of the third and fourth 
to their differencct 

Let A I B : : C : D, and suppose A-^B ; then A+B : 
A— B : : C+D : C— D. 

For, by conversion, A:A+B::C:C+D, and alter- 
nately A : C : 2 A+B : C+D. 

Again, by conversion, A : A — B : : C : C — D, and al- 
ternately A : C : : A— B : C — D. Whence, by identity 
of ratios, A+B : C+D : : A— B : C— D, and alternately 
A+B : A— B : : C+D : C— D. 

The same reasoning will hold if A be less than B, the 
order of these terms being only changed. 
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PROP.'Xilr. tHEOR. 



• . ■» . • 



-f. . . 

A proportion will subsist, if the homologous 

terms be multiplied by the same numbers. 

J' • I • • • 

Let A : B : : C : D ; ihenpA igBupC: qD. 

Fori smce A : B : : C : D, alteniatdly A ;,C : : B ^ D; 
but the ratio of A to C is the same as^A : jpC (V* 5.), 
and the ratio of B to D is the same as qlS : ;I>. Where- 
fore pA : pC : : qB : jD, ahd, by alternation/;) A iqB: : 
pCiqJ). ' ' 

Cor. The proposition tnay be extended likewise to the 
divirion bf homologous teiins,'by employing sabmultiples. 



ft . » I 



PRDP.Xiy. THEOR, 

» • 

The greatest and least terms of a proportion, are 
together greater than the intermediate ones. 

Let A : B : : C : D; and A being supposed to be the 
greatest term, the other exftreme D is the Irast (V. 6. oor. 
].} : The sum of A and D h greater than the smn of B 
andC. .. 

Because A : B : : G: D,! ^y conversion A : A«^B : : 
C : CU-B, and alternately A : C : : A— B : C— D; but 
A being the greatest tenni js * therefore greater than. C, 
and consequently (V. 4.) A— B is greater than C — D $ to 
each add B+D, and.A-f D is greater than B+C. 
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The same reasoning is applicable, if any other term of 
the analogy be supposed the greatest. 

Cm\ Hence the mean term of three proportionals, is less 
than half the sum of both extremes. 



PROP. XV. THEOR. 

If two analogies have the same antecedents, 
another analogy may be formed, having the con- 
sequents of the one for its antecedents, and the 
consequents of the other for its consequents* 

Let A : B : : C : D and A : E : : C : F; then B : E : : 
D:F. 

For, alternating the first analogy, A : C : : B : D, and 
alternating the second, A : C : : £ : F ; whence, by iden- 
tity of ratios, B : D : : E : F. This inference is named a 
direct equality^ 



PROP. XVI. THEOR. 

If the consequents of one analogy be antece- 
dents in another, a third analogy will arise, ha- 
ving the same antecedents as the former, and the 
same consequents as the latter. 

Let A : B : : C : D, and B : E : : D : F ; then A : E : : 
C:F. 

For, alternating both analogies, A : C : : B ; D, and 
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B : D : : E : F I whenoe^ by identity of niliot» A : C : 
£ : F. This ooncliuion is also named a direct efuaUiy. 



PROP% XVII. THEOR. 



t • 



If two analogies have the same means, the ex- 
tremes of the one^ with those of the other as the 
mean terms, will fom a third analogjr^ 

LetA:B::C:D,andE:B::C:F$ tbm As £:: 
FtD. 

Jfmi tinoe A : B : : C : D| ADtf BC (V^ ««)} wd h^ 
came E : B : .: C : F, EFsBC. Whence AD cEFi. and 
A : E : : F : b. 

Cot. Heoedtbe extrome and tmean t^rsia lieiDg iotior- 
changeable, it likewise foltowBi that»if A : B: : C ; D,and' 
A : E : : F : J)» then B : E : : F i C. 



PROP. XVm. tliEOR.' ' . 

If the ex|;jreme9 of one analogy are ihe. mean 
tenas in an«fther^ a third apalflgy. wiU subsist, ha« 
ving the meftQs of theibrm^r as. its extrenws^ and 

the extremes of the latter as its means* 

> '. • • 

Ul A iB^eC: D, andEsA;:D:F; than Bt E 
: : F: C; 
For, from the ilni analogy ADsBC, and^ firoMi the se- 
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cond, EF=AD; whence BC=EF, and consequently 
B : E : : F : C. 

Cor. Hence also, if A : B : : C : D and B : E : : F : C; 
then E : A : : D : F. The principle of this and the pre- 
ceding Proposition is named mversc, or pertw'batc, eqtia* 
lity. 



PROP. XIX. THEOH. 

If there be any number of proportionals, as one 
antecedent is to its consequent, so is the sum of 
all the antecedents to the snm of all the conse- 
quents. 

LetA:B::C:D::E:F::G:H; then A : B t : 
A+C+E+G : B+D+F+H. 

Because A : B : : C : D, (V. 6.) AD=BC; and, since 
A : B : : E : F, AF=:BE, and, for the same reason, AH 
zzBG. Consequently, the aggregate products AB+AD 
+AF+AH=BA+BC+BE+BG; and, by resolution, 
A(B+D+F+H)=B(A + C+E+G)5 whence A: B: : 
A+C+E+G : B+D + F+H. 

Cor. 1 . It is obvious, that the Proposition will extend 
likewise to the difierence of the homologous terms, and 
may, therefore, be more generally expressed thus : A : B : 
A=t:C=S=E=!=G : BztzEWzFdtH. 

Cor. 2. Hence, in a succession of proportionals, as one 
antecedent is to its consequent, so is the sum or difference 
of the several antecedents to the corresponding sum or diffe- 
rence of the consequents. For, if A : B : i C : D : ; E : F, 
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Qaa, hf oMolUiy 1, A.: :B : : AsirQsbE : Brt~IfcteF, or 
(V. 8.) A : Ad=Cdt:&! : B t B=fc:Dd!:F} wherafofee 
^V, li/> A ^ GsttR I } B i 9ib:F, and (V. 8.) '^ : B : : 



tROFi XX. Ttmon. 

, , ' • 

- - • • • 

tf two analogies have the satme ' antecedents, 
aootliker analogy may be formed with these ante- 
cedents, and the sum or difference of the conse- 

L«A.iBft:C:I), aadA;£;:C:F| then A : BalsE 
: : C : IM?F« For, by idlernaUom these walogies becoitiB 
A : C : : B : D, niid A; C : : £ : F| whence (V. 19. 
eor. 8.) A r C : : BsisE : DsAsF, and altenuftely, A : B=*sE 
; : C : DdfcF. 

Cbr. If A : B :: C : D; and E : B :: F : D} then 
A=i=:E : B : : C:±::F : D* For, by aUeniating the analo- 
gies, A : C : : B : D, and E : F:: B:D; whence (V. 19. 
cor, J.) B ; D n AsfeE : CxJbF, mif by aStemation^and 
invenioB, Ast=£ •* B : : C:±:F : D. 



PROP. XXI. THEOR. 

T 

I 

In continued proportionals^ the difference be* 
twoen the .first avd second is to the first aathe 
diffecedce between the first and last tefms to the 
sum of aH the term cxoepdag the last^ 



146 ELEMENTS OF GEOMETRY. 

Let A:B::B:C::C:D::D:E; then if A-z^^B, 
A— B : A : : A— E : A+B+C+D. 

For (V. 19.), A : B : : A+B+C+D : B+C+D+E, 
and consequently (V. 1 l.cor.), A — B : A : : (A+B + C + D) 
_(B+C+D + E) : A + B+C+D; that is, omitting 
B+C+D in the third term, A-B: A: : A-E : A+B+C+D. 
If A.-1B, then B— A : A : : (B+C+D + E)— (A+B 
+ C+D) : A+B+C+D, that is, B-A : A : : E— A : A 
+ B+C+D. 

The same reasoning, it is evident, will hold for any 
number of terms. 

Scholium. Hence the summation of continued progres- 
sions, such asA:B::B:C:: C:D::D:E, whether as- 
cending or descending, is easily derived ; and hence also 
the limit of a perpetually descending progression may be 
discovered, for it is evidently the fourth proportional to 
the difference between the first and second tertn, the first 
term itself, and the last. 

PROP. XXII. THEOR. 

The products of the like terms of any numeri- 
cal proportions, are themselves proportional. 

Let A : B : : C : D 
E: F: : G: H 
I : K:: L:M; 
then AEI : BFK : : CGL : DHM. 

For (V. 6.). from the first analogy AD=BC, from the 
second analogy EH=FG, and from the third analogy 
IM=KL ; whence the compound product AD.£H.IM= 
BC.FG.KL. But AD.EH.IM = AEI.DHM (V. 2.), 
and BC.FG.KL = BFK.CGL ; wherefore AEI.DHM= 
BFK.CGL, and consequently (V. 6.) AEI : BFK : : 
CGL : DHM. 
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The 8ttne leasoDi it is obiriouf i will aj^fy to any nniaber 
of proportionak. 

Cor. 1. Hence the ^owen of the suooeseire terms of nu- 
merical proportions, are likewise proportional For, if 
A : B : : C : D, and, repeating the anak|[y, A : B : : C : D ; 
then, by mnldpiieation, . AA : BB : i CC :^ DD, or 
A»:B*::C»:D». \ 

Again, let A : B : : C : D,;aiid, repeating, the migiogyi 
' A:B::C>D, 

and A : B : : C : D ; whence,, by mnkiplyiiig die 
corresponding terms, 

A» : B» : : C« : D'. 
And so the induction may be pursued generally. 

Car. 2. Hence also the roots of the terms of a numeri- 
cal propdrtion, are proportional If A : B.: : C : D, then 
VA: VB:: VC: VD. For let VA: VB;; VC: VK, 
and, by the last coroUary, A : B : : C : £ } but A : B 
: : C : D, whence C : £ : : C : D, and consequently 
E=D, or VA : VB : : VC : VD. — In the same man- 
ner, it may be shewn in general that, if A : B : ; C : D, 

• • • 

VA : VB : : VC : ^D. 



PROP. XXIII. THEOR. 

The ratio which is cohceived^to be compounded 
of other ratios, is the same as that of the products 
of their corresponding numerical expressions. 

Suppose the ratio of A : D is compounded of A : B, of 
B : C, and of C : D, and let A ; B : : K : L, let B : C :: 
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M : N, and let C : D : : O : P; then will A : D : : 
KMO : LNP. 

For^ since A : B : ; K : L, 
B : C : : M : N» 
andC:D::0:P, 
kbe products of the similar terms are proportional (V. 22.), 
or ABC: BCD:: KMO: LNP. But A:D:: ABC:BCB 
(V, S.), and consequently A : D : : KMO : LNP. 

The same mode of reasoning is applicable to any num- 
ber of component ratios. 



PROP- XXIV. THEOR. 

A duplicate ratio is the same as the ratio of the 
second powers of the terms of its numerical ex- 
pression, and a triplicate ratio is the same as that 
of the third powers of those terms. 

Let A : B : : B : C : : C : D; then A* : B* : : A : C, 

and A' : B' : : A : D. 
For, since A : B : : B : C, 

and A : B : : A : B, the products of the corre- 
sponding terms arc proportional (V. 22.), or A* : B' : : 
BA : CB. Whence (V. 3.) A* : B» : : A : C. 
Again, since A : B : : B : C, 
and A : B : : C : D, 
and A : B : : A : B, as before, (V. 
22.), A' : B' : : BCA : CDB. And consequently (V. 3.), 
A' : B^ : : A : D. 
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PROP. XXV. THE09. 

The product of the numbers expressing the 
sides of a rectangle, will represent its c|uantity of 
surface, as measured by a square constructed on 

the lipf CTF M ??? tr 

Let ABCD be a rectangle and OP tbe linear measure; 
and suppose the side AB to contain OP, m timesi and the 
aide BC to contain it, n times. 

Divide these sides accordingly -^ ^ 

into such parts (I. d6.), and, 

through the points of section, 

draw straight lines (I. SS.) 

parallel tp AD and DC : the 

vhole rectangle will thus be 

divided into cells, each of them equal to the square of OP. 

It is evident, that there stand on BC, n columns, and that 

each of these columns contains m cells } consequently the 

entire space includes, m.n cells, or is equal to the square 

of OP rqpeated mn times. 

Cor. 1. If mz=n, then AB=BC, and the rectangle be- 
comes a square ; but mn is in that case equal to mm, or m*. 
Whence the surface of a square is expressed by the second 
power of the number denoting its side. 

Car. 2. Rectangles which have the same altitude m are 
as their bases n and^i; for (V. S.)mn:mpi\ni p. And 
triangles having the same altitude, being (II. 5. cor.) the 
halves of these rectangles must likewise be as their bases* 

Cor. d. If two rectangles be equal, their respective sides 
are reciprocally proportional^ or form the extremes and 
means of an analogy. For if mn ^pq% then (V,6,)m :p:: 
q: n. 
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PROP. XXVI. PROB. 

Given two homogeneous quantities, to find, if 
possible, their greatest common measure. 

Let it be required to find the greatest common measure, 
which two quantities A and B, of the same kind, will admit. 

Supposing A to be greater than B, take B out of A, till 
the remainder .C be less than it; again, take C out of B, 
till there remain only D ; and continue this alternate ope- 
ration, till the last divisor, suppose E, leave no remainder 
whatever ; E is the greatest common measure of the quan- 
tities proposed. 

For, the quantity sought, as it measures B, will mea- 
sure its multiple; and since it also measures A, it must 
measure the difference between the multiple of B and A 
(V. 1. cor. ].), that is, C; the required measure, there- 
fore, measures the multiple of C, and consequently the 
difference of this multiple and B^ which it measured, — that 
is D : And lastly, this measure, as it measures the multiple 
of D, must consequently measure the difference of this from 

C, or it must measure E. Supposing the decomposition 
to terminate here, the common measure of A and B, since 
it measures E, must be E itself; and it is also the greatest 
possible measure, for nothing greater than E can be con- 
tained in this quantity. 

By retracing the steps likewise, it might be shown, that 
E actually measures, in succession, all the preceding terms 

D, C, B, and A. 

If the process of decomposition should never terminate, 
the quantities A and B do not admit of a common mea- 
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•are,*— or tliey are, incommensurable. Bat, as the* residue 
of the sabdiyinon is necessarily diminished at each step of 
this operation! it is evident that some element may always 
be discovered* which will measure A and B nearer than 
any assignable limit. . 



PROP. XXVII. PROB. 

To express by numbers, either exactly or ap- ' 
proximatdy, the ratio of two given homogeneous 
quantities. 

j^t A and B be two quantities of the; sapie hindj whose, 
nummcal ratio it is required to discover. 

Findj by *die last proposition, the greatest common mea-> 
sure £ of the two quantities ; and let A a>ntain this mea- 
siuRe K tbptt, and B contain it L times : Then will th^. 
mtio^K : L expr^ theratio of A : K' 

For the numbers K and L severally co^si^t of as many, 
units, as the quantities A and.B contain theue measure £«, 
It is also manifest, since £ is tine greatest possible divisiH*,; 
that K and L are the smallest numbers capable of e^cpcess;. 
ing the ratio of A to B. ;i 

If A and B be incomm^nsurahle quantitieS| their decom* 
position is capably at least of being pushed to an unlimited, 
extent;^ and, consequently, a divisor can idways be found, 
so extremely minute^ as to measure them both to any de« 
gree of precision. 
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PROP. XXVIIL THEOR. 

A straight line is incommensurable with its seg- 
ments formed by medial section. 

If the straight line AB be cut in C, such that the rect- 
angle A6^ BC is equivalent to the square of AC ; no part 
of ABy however small, will measure the segments AC, BC. 

For (V. 26.) take AC out 

of AB, and again the re- A F E p C B 

roainderBCoutof AC. But 

AD, being made equal to BC, the straight line AC is like- 
wise divided in D, by medial section (II. 19. cor. I.) ^ and, 
for the same reason, taking away the successive remainders 
CD, or AE, from AD, and DE or AF from AE, the sub- 
ordinate lines AD and AE are also divided medially in 
the points E and F. This operation produces, therefore, 
a series of decreasing lines, all of them divided by medial 
section : Nor can such a process of decomposition ever ter- 
minate ; for though the remainders BC, CD, DE, and 
£F continually diminish^ they must still constitute the seg* 
ments of a similar division. Consequently there exists do 
final quantity capable of measuring both AB and AC. 

Cor. Since the square of AC is equivalent to the rect- 
angle under AB and BC, it follows (V. 6. and V. 24.) 
that the whole line AB is to its smaller segment BC in the 
duplicate ratio of the same line to its greater segment AC ; 
and therefore the squares of the parts of a line divided by 
medial section arc likewise mutually incommensurable. 
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PROP. XXIX. THEOR. 

The side of a square is incommensurable with 
its diagonal. 

. Let ABCD be a square and AC its diagonal \ AC and 
AB are incommensurable. 

For make C£ equal to AB or BC, draw (I. 5. cor.) the 
perpendicular £F and join BE. 

Because CE is equal to BC, the angle CEB (I. 10.) is 
equal to CBE; and since CEF and CBF are each right 
anglesy the remaining angle BEF 
is e^ual to EBF, and the side EF 
(L 1 1.) equal to BF; but EF is 
also equal to AE, for the angles 
EAF and EFA of the triangle 
AEF are evidently each of them 
half a right angle. Whence, ma- 
king FH equal to the lines FB» 
FE or A£, the excess AE of the 
diagonal AC above the side AB» is contained twice in ABt 
with a remainder AH; and AH again, being the excess 
of the diagonal AF of the derivative or secondary square 
GE above the side AE, must, for the same reason, be con- 
tained twice in AG, with a new remainder AL i and this 
remainder will likewise be contained twice with a corre- 
i^nding remainder in AH, the side of the ternary square 
KH. This process of subdivision is therefore intermina- 
ble, and continually reproduces the same mutual relations. 

4* 
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DEFINITIONS. 

1 . Straight lines drawn from the same point, are termed 
diverging lines* 

2. Straight lines are divided similarly^ when their cor- 
responding segments have the same ratio. 

3. A straight line is cut in extreme and mean ration when 
the one segment is the mean proportional between the 
other segment and the whole line. 

4« A straight line is said to be cut harmoniccdlyy if it 
consist of three segments, such that the whole line is to 
one extreme, as the other extreme to the middle part. 

5. The area of a figure is the quantity of space which 
its surface occupies. 

6. Similar figures are such as have their angles respec- 
tively equal, and the containing sides proportional. 

7. If two sides of a rectilineal figure be the extremes of 
an analogy, of which the means are two corresponding 
sides in another rectilineal figure ; those figures are said 
to have their sides reciprocally proportional. 
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' PRQlFt t THfiOiU 






'• Pftndl^ cut tfivergmg lines proportkmalty. ' 

Tbe parallels DE and 6C cut the diverging lines AB 
and AC into proportional segments. 

Those parallels may lie on the same side of the vertex^ 
or on opposite sides ; and they may consist of two, or of 
more straight lines. 

,1. Let '.the two .parallels DE and BC ihtersect the di« 

• • • 

verging lines AB and AC, on the isme side of the vertex 
A s then are AB and AC cut proportionally, in the points 
DMa*HiWAD:A9':JAE:AC. ' 

For if* AD be commjensurable with AB, find (T. 26.) 
their common measure M*, which repeat from the vertex 
A to 6, an^i from the pQrresponding points of sectioti in 
AD 4nd AB> draw ({. 23.) the parallels FI, GK, and HL. 
It is evident, from Book I. Prop. 36. 
that these ]^arallels will also divide 
tbe straight lines Afc and ACeqiial- 
ly. Wherefore the measure M, or 
AF the submultiple of AD, is 'con- r . ^ ■!> j£ a 

tained in AB, as often as AI, the m 

like sabmultiple of AE, is contained in AC ; consequent^ 
(V. def. 10.) the ratio of AD to AB is the same with that 
of AE to AC. 

Bat if the sq^ents AD and AB be incommensurable, 
they may still be expressed numerically, to any required de- 
gree of precision. For AD being divided (I. 36.) into e- 
qual sections, tfiese parts, continued towards B, will, to- 
l^ether with some residual portion, compose the whole of 
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Let two diverging lines 
AB and AC cut the paral- 
Ids BC and D£; then 
AB : AD : : BC : DE. 

For draw DF parallel to 
AC. And, by the last Pro- 
position, the parallels AC 
and DF must cut the straight 
lines AB and BC proportion* 
ally, or AB : AD : : BC : CF. 
But CF is equal (I. 26.) 
to the opposite side DE of 
the parallelogram DECF ; 
and consequently AB : AD : : 
BC : DE. 

Next, let more than two dircrging lines, AB, AF and 
AC intersect the parallels BC and DE ; the segmenU BF 
and FC luive respectively to DG 
and GE the same ratio as AB 
has to AD. 

From what has been already 
demonstrated, it appears, that 
AB : AD : : BF : DG, and al- 
so that AF : AG : : FC : GE. 
But by the last Proposition, 

AB : AD : : AF : AG ; wherefore AB : AD : : FC : GE. 
The same mode of reasoning, it is obvious, might be ex- 
tended to any number of sections. Whence AB : AD : : 
BF : DG : : FC : GE. 

Cor. 1. Hence the straight lines which cut diverging lines 
equally, being parallel (VI. 1. cor. 2.), are themselves pro- 
portional to the segments intercepted from the vertex. 
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Cot. S. Hence pirallds are cut proporiionBUy by di^er- 
gifiglinei* 

PROP. m. PROB. 

To find a fourth proportional to three given 
straight line^. 

Let A, B^ and C be three straight lilies^ to which it i^ 
required to find a fourth proportionaL 
Drair the dvv^r^g lines 



Ah 



DO and DHy make DE equal bv 
to A^ DF to B^ and DO to ^' 
C» join EF9 and tbroogh G 
draw^ (L 88.) OH parallel to 
EF and meeting DH in H ; 
DH is a fourth proportional 
to the straight lines A, B» and 

a 




For the diverging lines DO and DH are cut propoi^i 
tionally by the panJUs EFand OH (VI. l.\ or D£:DF 

::DO:DH,th«tiB»A:BstC:DH. . 

Cbr> If the mean terms B and C be eqoaly it is obTious 
that DO will become equal to DF, and that DH will be 
fi>Qn4 a thinl proponional to the two given terms A and B. 

PROP. IV. PROB. 

To cut a given straight line into segments, 
which shall be proportional to those of a divided 
straight line. 
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Let AB be a straight line, which it is required to cut 
into segments proportional to those of a given divided 
straight line. 

From the extremity of AB, 
draw the diverging line AC, 
and make AD, D£, and EC, 
equal respectively to the seg- 
ments of the divided line, join 
CB, and draw EG and DF 
parallel to it (I. 23.) and meet- 
ing AB in G and F ; in these points AB is cut propor- 
tionally to the segments of AC. 

For the parallels DF, EG, and CB must cut the diver- 
ging lines AB and AC proportionally (VI. 1.), or AF : FG 
: : AD : DE, and FG : GB : : DE : EC. 




PROP. V. PROB. 

To cut off the successive parts of a given straight 
line; 



Let AB be a straight line, from which it is required to 
cut off successively the half, the third, the fourth, the fifth, 
&c. 

On AB describe (I. 23.) the rhomboid ABCD, with 
any contained angle, and through E, the intersection of its 
diagonals AC and BD, draw EF parallel to AD, join 
DF, and through G, where it cuts AC, draw GH likewise 
parallel to AD, again join DH and draw the parallel IK, 
and so repeat the operation : Then will AF be the half of 
AB, AH the third, AK the fourth, and AM the fifth part 
of it. 

For the triangles AED and CEB are equal (I. 20.), 
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since they have (I. 23.) the angles DAE and ADE equal 
to BCE and GBE^ and the interjacent sides AD and CB 
(I. 26.) likewise equal ; and therefore DE = EB. But AD 
and EP being parallel, DE : EB : : AF : FB (VI. 1.); 
whencQ(V. 4.) AF=:FB, or AF is the half df AB. And 
AD and £F being intercepted parallels^ AD : EF c : 
AB : BF (VI. 2.) ; conseqaentlyi since AB is double of BF, 
AD is likewise double of EP 
(V. 5.). Again, the diver- 
ging lines AGE and DGP 
are proportional to the in- 
tercepted paridlels AD and 
EF (VL 2.), or AD : EF 
:: AO:OE; and OH be- 
ing parallel to EF, AG : GE : : AM : HP (VL 1.), whence 
AD : EF : : AH : HP ; but AD was shown to be double 
of EF, wherefore AH is double of HP (V. 5.), or AH is 
two-thirds of AF, or of the half of AB, and is consequent- 
Ijr the third part of the whole AB. Now, since AF : HF 
: : AD : GH, <VI. 2.) and AF is triple of HF, it is evi- 
dent that AD is triple of GH ; t)ut AD : GH : : AI : IG 
! : AK : KH, and AD being triple of GH, AK must also 
Ibc triple of KH J or AK is three-fourths of AH, which 
was proved to be the third of AB, whence the segment 
AK is the fourth part of the whole line AB. By a like 
process, it is shown that AM is the fifth part of AB. 

Cbr. This construction likewise exhibits another series of 
portions of the line AB. Por, since AF i» the half, and 
AH the third, their difference FH must lie the sixth part. 
Again, AH and AK being the third and fourth parts, the 
interval HK is the twelfth. In like manner, it is shown 
;lhat KM is the twentieth part of AB. 
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PROP. VI. PROB. 

To divide a straight line harmonicallyi and in a 
given ratio. 

Let AB be a straight line, which it is required to cut 
harmonically, in the ratio of K to L. 

Through A draw any diverging line AC, and produce 
it both ways till AC and AD be each equal to K, make 
A£ equal to L, join 
CB, draw EF parallel 
to AB, and FG paral- 
lel to CA, and join 
DF cutting AB in H} 
the straight line AB is 
divided harmonically 
in the points H and G, 
such that K : L : : 
AB:BG::AH:HG. 

For the parallels AC 
and GF, being intercepted by the diverging lines AB and 
CB, it follows, (VL 2.), that AC : GF : : AB : BG. 
Again, the diverging lines AG and DF arc cut by the paral- 
lels AD and FG, whence, by the same proposition, AD or 
AC:GF:AH::HG. Wherefore, AB:BG:: AH: HG; 
and each of these ratios is the same as that of AC or 
AD to GF, or that of K to L. 

Co7\ Hence AG is divided internally in H and exter- 
nally in B, in the same ratio. In like manner, BH is di- 
vided proportionally, by an external and internal section 
in A and G ; for AB : BG : : AH : HG, and alternately 
AB : AH : : BG : HG. 
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PROP. Vll. THEOR. 

If a straight line be divided internally and ex- 
ternally in the same ratio, half the line is a mean 
proportional between the distances of the niiddle 
from the two points of unequal section. . 

Liet the straight line AB be divided in the same ratio, 
uitemaUy and externally at the points C and D, and also 
bisected at E; iu half EB is 

a mean proportional between ' )-- ^ ^ ? ^ 

the distances EC and ED, or 
EC : EB X t EB : ED. 

For since AC : CB : ; AD : DB, by mixing and inver- 
sion AC— CB : AC+CB : : AD— DB : AD+DB, that 
is, 2EC : AB : : AB : 2ED» and, halving all the terms of 
the analogy, (V. 8.) EC : EB : : EB : ED. 

Cor. Hence if a straight line AB be cut internally and 
externally .at C and D, in the same ratioi the square of the 
interval CD between the points of section is equivalent to 
the difference between the rectangles AC, CB, and AD, 
BD, of the internal and external segments. For (II. 17.) 
AD.DB=ED*— EB*, and AC.CB=:EB*— EC*; conse- 
quently AD.DB— AC.CBsED*— 2EB*+ECS or (V. 6. 
and VI. 7.) ED*— 2ED.EC+EC*, which (II. 16.) is the 
square of ED— EC or of CD. The converse of this pro- 
perty must likewise hold. 

PROP. VIIL THEOR. 

If diverging lines divide a straight line harmo* 
nically, they will cut every intercepted stniight 
line also in harmonic proportion. 
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Let the diverging lines EA, EC, EB, and ED termi- 
nate in the harmonic section of the straight line AD ; any 
intercepted straight line FG will be likewise cut by them 
harmonically, or FG : GI : : FH : HI. 

For, through the points B and I, draw (I. 23.) KLand 
MN parallel to AE, and meeting EB and EC produced. 

Because the parallels AE and BL are intercepted by 
the diverging lines DA and DE, AD : DB : : AE : BL 
(VL 2.) ; and for the same reason, the parallels AE and 
BK being intercepted by the cross diverging lines AB and 
EK, AC : CB : : AE : BK. 
And since AD is by hy- 
pothesis divided harmoni- 
cally, AD : DB :: AC ; CB ; 
wherefore AE : BL : : 
AE^: BK, and conse- 
quently (V. 8. and 4.) BL 
= BK. But, KL being 
parallel to MN, BL : BK 
::IN:IM(VL2.cor.2.)5 

consequently, BL being 
equal to BK, IN must also 

be equal to IM ; whence FE : IN : : FE : IM. Again, 
FE : IN : : FG : GI, for the parallels FE and IN are 
cut by the diverging lines GF and GE ; and FE : IM : : 
FH : HI, since the parallels FE and IM are cut by the di- 
verging lines FI and ^M. Wherefore, by identity of ratios, 
FG : GI : : FH : HI; or the intercepted straight line FG 
is cut harmonically in the points H and I. 

Cor. The transverse line FG would be divided likewise 
harmonically, if it bent from F across the cxtentions of 
EC, EB and ED above the vertex E. 
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PROP. IX. THEOR. 

< 

A straight line drawn from the concourse, of 
two tangents to the concave circutnfference of a 
circle, is divided harmonically, by the convex cir- 
cumference and the chord which joins the points 
of contact. 

Let ED and FD be two tangents applied to the citcle 
AEBF ; the secant DA, drawn from their pomt of con^ 
course, will be cut in harmonic proportion, by the cnnvta 
circumference EBF and the chord EF which joins the 
points of contact, or AD : DB : : AC : CB. 

For the tangenu ED and FD are e^aal ({IL 29uCOJP^9 
and £DF being thus 
an isosceles triangle, ^^,^..^:^ 

DE*=DQ»+EaCF(IL 
SO.); (but IJL 26. cor. 2.) 
JilSi* is also equal to 
AD.l!>B, and the chords 

AB and EF, by their mu- . 

toal intersection, make 

the rectangle EC, CF equal to AC, CB. Whence 

AD.DB:5DC*+AaCB^ or DC^=AD.DB— AC.Cik 

and therefore (VI. 7. cor.) AC ; CB : : AD : DB. 

Car. Hence by apidying Prop. 7, it follows, that the half 
of the chord AB 19 a ipeaq proportional between the distan- 
ces of its middle point irom C and D $ and that, when* AD 
passes through the centre of the circle, tb^ square of the 
xadins is ^uhralent to the rectangle under the distances of 
the chord and of the intersection of the tangenU frdpi thp 
centre. 
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PROP. X. THEOR. 

A straight line which bisects, either internally 
or externally, the vertical angle of a triangle, will 
divide its base into segments, that are proportion- 
al to the adjacent sides of the triangle. 

Let the straight line BD bisect the vertical angle of the 
triangle ABC ; it will cut the base AC into segments 
which have the same ratio as the adjacent sides, or 
AD ! DC : : AB : BC. 

For through C draw CE parallel to DB (I. 23.)i and 
meeting tlie production of AB in £• 

Because DB and C£ are parallel, the exterior angle 
ABD is equal to BEC, and the 
alternate angle DBC equal to 
BCE (1. 22.) ; wherefore, the 
angle ABD being equal by hy- 
pothesis to DBC, the angle 
BEC is equal to BCE, and con- 
sequently (I. 11.) the triangle 
CBE is isosceles, or BE is e- 
qUal to BC. But the parallels 
DB and CE cut the diverging 
lines AC and AE proportionally (VI. !.)> or AD : DC : : 
AB : BE; that is, since BE=BC, AD : DC: : AB:BC. 

Again, let the vertical line BD bisect the exterior angle 
CBG of the triangle ; it will divide the base AC into ex- 
ternal segments AD and DC, which are also proportional 
10 the adjacent sides AB and BC. 
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For chrongh C draw CE parallel to DB> and meetiiig 
ABinE. 

The equal angles 
OBD and DBC 
are^ firom the pro* 
perties of parallel 
straight lines, re- 
q>ectively equal to 
BEC and BCE, 
and consequently X C 13 

die triangle CBE is isosoebs, or the side BC ia equal to 
BE. And since the diverging Unes AD and AB are cut 
by the parallels DB and CE proportionally, AD : DC : : 
AB I BE or BC. 

Cor. Hence the converse of the Proposition is likewise 
true, or if a stn^ght line be drawn from the vertex of a 
triangle to cut the base in the ratio of the adjacent sides^ 
it will bisect the vertical angle; for it is evident, from 
VL 6. cor., that a. straight line is capable only of a single 
section, whether internal or external, in a given propor- 
tion. 

Sckclkm. The vertical line BD must bisect the base 
AC of the triangle, when the sid^ AB and BC are equal. 
In the case where BD bisects the exterior angle CBO, if 
AB be supposed to approach to an equality with BC, the 
straight line EC will come nearer to ACj, and conseqoen.t- 
ly the incidence D of the parallel BD with AC will be 
thrown continually more remote. But when the aide AB 
is equal to BC, the straight line BD, being now parallel 
to AC, will never meet it, or there can be no equality of 
external section ; for though the ratio of AD to CD tends 
towards the ratio of equality as the point D retires, yet the 
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constant diifcrence AC between those distances must al- 
ways bear a sensible relation to them. After BD, in tunif- 
ing about the point B, has passed the limits of distance 
beyond C, it re-appears in an opposite direction beyond 
A, when AB, receding from equalityi has become less than 
BC. 



PROP. XL THEOR. 

Triangles are similar, which have their corre- 
sponding angles equal. 

Let the triangles ABC and DEF have the angle CAB 
equal to FDE, CBA to FED, and consequently (I. 30.) 
the remaining angle BCA equal to EFD ; these triangles 
are similar, or the sides in both that contain equal angles 
are proportional 

For make BG equal to ED, and draw GH parallel to 
AC. 

Because GH is parallel 
to AC, the exterior angle 
BGH is equal (I. 22.) to 
BAC, or to EDF; and 
the angle at B is, by hy- 
pothesis, equal to that at 
E, and the interjacent 
side BG was made equal to 
ED ; wherefore (I. 20.) the triangle GBH is equal to 
DEF. But the diverging lines BA and BC being cut 
proportionally by the parallels AC and GH (VI. i.), AB 
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Is to BC as BG to BH> or as ED to SF«. Agfum those 
diTerging lines being proportional to the inter^te4 seg- 
ments AC and GH of the parallels (Vh SOi AB is to 
BG as AC is to GH, and alternately AB is to AC as BG 
is to GH9 or as ED to DF. In the siinie manner, as BC 
is to BH so is AC to GH, and alternately, as BC is to 
AC so is BH or EF to GH or DF. And thqs, the sides 
opposite to equal angles in the triangles ABC and DEF 
are the homologous terms of a proportion. 

Cor. Isosceles triangles are similar which have their Ter- 
tical angles equal. For the supplementary ao£^es at the 
base^ forming (I. 80,) the samp amomit, must conaequentr 
ly be equal to each other. 

Sekolium* It is obvious that die twentieth Propositiop of 
Book I; is but a particular case of this theorem* 



PROP. XII. THEOR. 

Triangles which have the sides about two of 
their angles proportional are similar. 

In the triangles ABC and DEF, let AB: AC : : DE:DF 
and BC : AC : : EF : DF ; then is the angle BAG equal 
to EDF, and the angle BCA equal to EFD. 

For (1. 40 draw DG and FG, making angles FDG and 
DFG equal to CAB and ACB. 

By the last Proposition, the triangle ABC is dmilar to 
DGF, and consequently AB : AC : : DG : DF ; but by 
hypothesis, AB ; AC : : P£ \ DF, and henccj from iden- 
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tity of ratios, DG : DF : : 

DE : DF, or DG is e- 

qual to DE. In the same 

manner, BC : AC : : 

EF:DF,andBC:AC:: 

GF:DF J whence EF.DF 

: : GF : DF, and EF is e- 

qual to FG. Wherefore ^ 

the triangles DEF and DGF, having thus the sides DE 

and EF equal to DG and FG, and the side DF common 

to both, are (L 2.) equal ; consequently the angle EDF is 

equal to FDG or BAG, and the angle EFD is equal to 

DFG or BCA. 

Cor, Hence isosceles triangles which have either side 
proportional to the base are similar. 

Scholium, The second Proposition of Book I, may be 
considered as only a particular case of this theorem. 



PROP. XIII. THEOR. 

Triangles are similar, if each have an equal an- 
gle, and its containing sides proportional. 

In the triangles BAG and EDF, let the angle ABC 
be equal to DEF, and the sides which contain the one 
be proportional to those which contain the other, or 
AB : : BC : : DE : EF ; the triangles BAG and EDF arc 
similar. 

For, from the points E and F, draw EG and FG, ma- 
king the angles FEG and EFG equal to CBA and BCA. 
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The triangles BAG and EGF, having thus their cone* 
gponduig angles eqoal, are similar (VI. 1 1.)» and therefor^ 
AB : BC : t EG : £F. But by hypothedsi AB : BC : : 

ED : EFj wher^ 

fore EG : i;F : : 

ED : EF, and con- 

seqaently EG is e- 

qixal ta.ED. Henoe 

the triangles GFE 

and DFE, haying the side EG equal to ED, EF common 

to bothf and the contained angle OEF equal to ABC or 

DEFy a^e equal (I, S.% and therefore the angle EFG or 

BCA is equal to EFD;' consequently the remaining angles 

BAG and EOF of the triangles ABC and DEF are equal 

(I. 90.)t <ukI these triangles are (VI. 11.) similar. 

Sdolmm. The third IVoposidon of Book I. is merely a 
1 paiticdat ease of this general theorem. 




PROP. XIV. THEOR. 

Triangles are similar^ which have e^cb an equal 
angle, and the sides containing another angle of 
the same character proportionaL 

Let the triangles CAB and FDE have the angle ABG 
equal to DEF, and the sides that contain the angles at C 
and F proportional, or BC : AC : : EF : FD ; while those 
angles are both of them either acute or obtuse, the trian- 
gles ABC and DEF are similar. 

For, from the poinU E and F draw EG and FO, 
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making the an- 
gles FEG and 
KFG equal to 
ABC and BCA. 

The triangle 
ABC is evidently 
sihiilar to GEF, 

and BC: CA : : EF : FG ; but, by hypothesis, BC : CA : : 
EF : FD, and therefore EF : FG : : EF : FD, and FG is 
equal to FD. Whence the triangles EGF and EDF, ha- 
ving the angle FEG equal to FED, the side FG equal to 
FD, and the side EF common, and being both of the same 
character with CAB, are equal (I. 21.); consequently the 
angle GFE or ACB is equal to DFE, and therefore 
(VI. 11.) the triangles ABC and DEF are similar. 

Scholium. This Theorem exhibits the general property 
of which Prop. 21. Book I. is only a particular case. ^ 



PROP. XV. THEOR. 

A perpendicular let fall upon the hypotenuse 
of a right-angled triangle from the opposite ver- 
tex, will divide it into two triangles thatare^imi- 
lar to the whole and to each other. 

Let the triangle ABC be right-angled at B, from which 
the perpendicular BD falls upon the hypotenuse AC; the 
triangles ABD and DBC, thus formed, are similar to each 
other, and to the whole triangle ACB. 

For the triangles ABD and ACB, having the angle 
BAG common, and the right angle ADB equal to ABC, 
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are similar (VI. 1 1.) Again, the 

triangles DBC and ACB are ;ii-* 

milar, since they have the angle 

BCD oonunoni and the right 

angle BDC equal to ABC. The 

triangles ABD and DBC being, 

therefore, both similar to the same triangle ABC, ate eVi* 

dently similar to each other (VI. 11.). 

Cor. Hence any side AB of a right-angled triangle is a 
mean proportional between the hypotenuse AC and the 
adjacent segment AD, formed by a perpendicular let fall 
upon it from the opposite veftex ; and the perpendicular 
BD itself is a mean proportional between those segments 
AD and DC of the hypotenuse. Vox the triangles ABC 
and ADB being similar, AC : AB : : AB : AD ; and the 
triangles ABC and Bl)C being similar, AC : BC : 
BC : CD ; again, the triangles ADB and BDC are sioii- 
lar, and therefore AD : DB : : DB : DC. 

Scholium. This corollary affords an easy demonstration 
of the cdebrated theorem contained in Prop. 10. Book IL 

PROP. XVI. PROB. 

To find the mean proportional between two gi- 
ven straight lines. 

Let it be required to find the mean proportional between 
the straight lines A and B. 

Find C (III. 27.) the side of a 
square which is equivalent to the rect« -^^ 



Bl- 



angle contained by A and B ; C is o 
the mean proportional required. 
Por since C^s AB, it'feUows (V. 6.) that A : C : : C : B« 
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PROP. XVIL PROB. 



To divide a straight line, whether internally or 
externally, so that the rectangle under its seg- 
ments shall be equivalent to a given rectangle. 

Let AB be the straight line which it is required to cut, 
so that the rectangle under its segments shall be equiva- 
lent to a given rectangle. 

From the extremities of AB, erect the perpendiculars 
AD and BE, equal to the sides of the given rectangle, 
and in the same or in opposite directions, according as 
the line is to be cut inter* 
nally or externally; join 
D£, on winch, as a dia- 
meter, describe a circle 
meeting AB or its exten- 
sion in the point C : AC 
and CB are the segments 
required. 

For join DC and CE. 
The angle DCE, being 
contained in a semicircle, 
IS a right angle (III. 19.), 
and therefore, in both 
cases, the angles ACD 
and BCE are together 
equal to a right angle. 
But the angles ACD and 
CD A are likewise toge- 
ther equal to a right angle (1. 30. cor. 1.); and consequent^ 
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ly the angles BCE and CDA are equal. Wherefore the 
right-angled trianglet CBE and (^AD* billing the acute 
angle ADC equal to BCE, are similar (VI. 11.); whence 
AC : AD : : BE : CB, and (V. 6.) AC.CB=AD.BE. 

ScfiMwn. It is obvious that) iq the second case, the cir- 
de, lying on both sides of the given line ABj must always 
intersect its extension in two points C and C^ But, in the 
first case, the circle may either cut AB in two points C and 
C^ or touch it ki a single point, which will hence indicate 
a limitation of the problem. A straight line drawn from the 
i^entre of the circle parallel to AD or BEj^ mu9t (VI. 1.) 
divide AB proportionally, and therefore bisect it \ but that 
parallel would also be perpendicular (L 22.) to AB, and 
thence (III. 4.) bisect the chprd CC^ Cons^uently the 
points C and O are equally distant from the midd}e of AB| 
and the portion AC is equal to BC^ When these points 
come to coincide, they must necessarily pass into the middle 
point of AB, or into that of its contact with the circle. 
When the circle does not reach AB, the problem fails, be* 
cause (II. 17. cor. 1.) no straight line can be divided v^^ 
temally, such that the rectangle under the segments shall 
exceed the square of jts half. Such impossibility is ipti- 
mated by the circle not reaching the straight line AB. 

This proposition furnishes one of the simplest and most 
elegant methods for constructing quadratic equations ; the 
s^ments of the line denoting the roots, and indicating by 
position their distinct character. The first case has two 
additive root^, which may become equal or merge in a 
ungle root, thus limiting the possibility of the equation ; 
the second case has always two unequal roots, the one ad*-^ 
ditive and the other subtractive. In both cases, those roots, 
ooDJiHned in their actual portion, complele the line AB; 
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PROP. XVIIL THEOR. 

The rectangle under any two sides of a trian- 
gle is equivalent to the rectangle under the per- 
pendicular let fall on the base and the diameter of 
the circumscribing circle. 

Let ABC be a triangle, about which is described a cir- 
cle having the diameter BE ; the rectangle under the sides 
AB and BC is equivalent to the rectangle under BE and 
the perpendicular BD let fall from the vertex of the trian- 
gle upon the base Af. 

For join, CE. The angle BAD is 
equal to BEC (IIL 16.), since they 
both stand upon the same arc BC, 
and the angle ADB, being a right 
angle, is (III. 19.) equal to ECB, 
which is contained in a semicircle. 
Wherefore the triangles ABD and 
EBC, being thus similar (VI. 11.), AB : BD : : EB : BC, 
and consequently (V. 6.) AB.BC=EB.BD. 




PROP. XIX. THEOR. 

The square of a straight line that bisects, whe- 
ther internally or externally, the vertical angle of 
a triangle, is equivalent to the difference between 
the rectangle under, the sides, and the rectangle 
under the segments into which it divides the base. 
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In the triangle ABC, let BE bisect the vertical angle 
CBAorits adjacent angle CBF; then B£*=AB.BC— 
AE.EC, or AE.EC— AB,^a 

For (IIL 9, cor.) about the triangle describe a circle, 
produce BE to the circumference^ and join CD. 

The an^ BAEand BDC, 
standing upon the same aire 
BC, are (IIL 16.) equal, and 
the angle ABE is» by hypo* 
thesis, equal to DBC } wherc^- 
fore (VL 11.) the triangkjf 
AEB and DCB are similar^ 
and AB : BE : : DB ; BC 
Cuuequentljr (V6.) 
A6.BC3pBE.BD: M ^ 
the two caaef BE-BDs 
B£.£]p+B£* or BE.EQ 
— B£^ ; and since (III. ifi.) 

B£.£D^A£.EC,tbereroreAB.BC=AE.£C-|-BE*, <^ 
AE.EC— BE* ; oonaeqaently BE*? AB.BCAE.EC,or 
AE.EC^AB.BC. 

Scholium. The two lines which bisect the vertical angle 
both internally and externally will form the sides and the 
interval between the points of section in tl^e bas^ AC will 
constitutethe hjrpotenuse of a right-angled triangle^ whence 
the corollary to Prop* 7. may be easily derived. 

V 

PROP. XX. THEOR. 

The rectangles under the opposite sides of a 
quadrilateral figure inscribed in a circle, are toge- 
ther equivalent to the rectangle under it9 diago- 
nals* 

In the circle ABCD, let a quadrilateral ^figure be iii* 
scribed, imd join the diagonals AC» BD ; the rectangles 
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AB, CD and BC, AD, are together equivalent to the rec- 
angle AC, BD. 

For (1. 4-.) draw BE, making an angle ABE equal to CBD. 

The triangles AEB and DCB, having thus the angle 
ABE equal to DBC, and the an- 
gle BAE or BAC equal (III. 16.) 
to BDC in the same segment of 
the circle, are similar (VI. 11.), 
and hence AB : AE : : BD : CD ; 
whence (V. 6.) AB.CD= AE.BD. 
Again, because the angle ABE 
is equal to DBC, add EBD to 
each, and the whole angle ABD is equal to EBC; and 
the angle ADB is equal to ECB in the same segment, 
(III. 16.); wherefore the triangles DAB and CEB are 
similar (VI. 11.), and AD : BD : : EC : BC, and conse- 
quently BC. AD= EC.BD. Whence collectively the rect- 
angles AB, CD and BC, AD are together equal to the rect- 
angles AE, BD and EC, BD, that is, to the whole rect- 
angle AC, BD. 

PROP. XXI. THEOR. 

Triangles which have a common angle, are to 
each other in the compound ratio of the contain- 
ing sides. 

Let ABC and DBE be two triangles, having the same 
or an equal angle at B ; ABC 
is to DBE in the ratio com- 
pounded of that of BA to BD, 
and of BC to BE. 

For join AE and CD. The 
ratio of the triangle ABC to 
DBE may be conceived as com- 
pounded of that of ABC to 
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I>BC, and of DBC to DBE. But (V. 25. cor. 2.) the 
triftDgle ABC is to DBC, as the base BA to BD ; and, 
for the same "reason, the triangle DBC is to DBE, as the 
base BC to BE $ consequently the triangle ABC is to DBE 
in the ratio compounded of that of BA to BD, and of BC 
to BE, or (V. SS.) in the ratio of the rectangle under BA 
and BC to the rectangle under BD and BE. 

Cor. 1. Hence similar triangles are in the duplicate ra- 
tio of their homologous sides. For, if the angle at B be 
equal to that at E, the triangle ABC b to DEF in the 





ratio compounded of that of AB to DE, and of CB to 
FE s but, these triangles being similar, the ratio of A B to 
DE is the same as that of CB to FE (VL 1 l.}i and con- 
sequently the triangle ABC is to DEF in the duplicate 
ratio of AB to DE, or (V. 24>.) as the square of AB to the 
square of DE. 

Cor. fi. Hence triangles which have the sides that con- 
tain an equal angle re- ' 
ciprocally proportional, 
are equivalent. For, the 
angle at B being equal 
to that at E, the triangle 
ABC is to DEF as 
AB.CBtoDE.F£;but 
AB : DE : : FE : CB, 
and AB.CB=DE.FE; 
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consequently (V. 4. )y the third and fourth terms ^of the 
analogy being equals the first and second mast also be 
equal. 



PROP. XXII. THEOR. 

Similar rectilineal figures may be divided into 
corresponding similar triangles. 

Let ABODE and FGHIK be similar rectilineal figures, 
of which A and F are corresponding points ; these figures 
may be resolved into a like number of triangles which are 
respectively similar. 

For, from the point A in the one figure, draw the 
straight lines AC, AD, and, from F in the other, draw 
FH, FI ; the triangles BAC, CAD, and DAE are similar 
in succession to GFH, HFI, and IFK. 

Because the polygon ABCDE is similar to FGHIK, 
the angle ABC is e- 
qual to FGH, and 
AB:BC::FG:GH; 
wherefore (VI. 13.) 
the triangle BAC is 
similar to GFH. 
Hence the angle 
BCA is equal to GHF ; and the whole angle BCD being 
equal to GHI, the remaining angle ACD roust be equal 
to FHI. But BC : AC : : GH : FH, and BC : CD : : 
GH : HI, consequently (V. 15.) AC : CD : : FH : HI, 
and the triangles CAD and HFI (VI. IS.) are similar. 
Whence, the angle CDA being equal to HIF and the 
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ai^e CDE lo HIK, the angle ADE it equal to FIK; 
•Dd sfaeeCD :DA:: HI:IF,aiid CD : DE : : HI : IK, 
therefore (V. 15.) DA : DE : : IF : IK, and the trianglea 
DAE and IFK are similar. 

The tame train of reatonin^ it it obrioas, mnld apply 
to polygona of any nnmber of ndst. 



PROP. XXUL PROB. 

On a giveu straight line, to construct a rectili- 
neal 0gure similar to a given rectilineal figure. 

Let FK be a straight lin^ on vhich . it is required to 
oonstmct a rectilinealfgare similar to the figure ABCDE. 

Join AC and AD, dividing tbe given rectilineal figure 
into its component triangles. From the points F and K 
draw FI and KI, making the angles KFI and FKI equal 
to EAD and A£D} firom F and I draw FH and IH 
maUng the angles IFH and FIH equal to DAC and 
ADC I and» lastly, from F and H draw FG.ahd HG ma- 
king die angles HFG and FHG equal to CAB and ACB. 
The figure FGHIK u similar to ABCDK 

For die several triangles KFI, IFH, and HFG, which 
compose the figure FGHIK, are, by the construction, evi- 
dently siniibur lo the triangles EAD, DAC, and CAB> in- 




S F K 

to which the figure ABCDE waa resolved. Whence 
FK : KI : : AE : ED} also KI : IF : : ED : DA, and 
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IF : IH : : DA ! DC, and consequently (V. 16.) KI : IH ; : 
ED : DC. Again, IH : HF : : DC : CA, and HF : HG ; : 
CA : CB ; and hence (V. 16.) IH : HG : : DC : CB. But 
HG : GF : : CB : BA ; and the ratio of GF to FK, being 
compounded of that of GF to FHj of FH to FI, and of FI 
to FK, is the same with the ratio of BA to AE, which is 
compounded of the like ratios of BA to AC, of AC to 
AD, and AD to AE. Wherefore all the sides about the 
figure FGHIK are proportional to those about ABCDE ; 
but the several angles of the former, having a like com- 
position, are respectively equal to those of the latter. 
Whence the figure FGHlK is similar to the given figure. 

The same reasoning, it is manifest, would extend to po- 
lygons of any number of sides. 

Scholium, The general solution of this problem is derived 
from the principle, that similar triangles, by their compo- 
sition, form similar polygons. The mode of construction, 
however, admits of some variation. For instance, if the 
istraight line FK be parallel to AE, or in the same exten- 
sion ^ith that homologous side, the several triangles FIK, 
FHI, and FGH may be more easily constituted in suc- 
cession, by drawing the straight lines FI and KI, FH 
and IH, and FG and GH parallel to the corresponding 
sides in the original figure ABCDE; because (I. 29.) a 
corresponding equality of angles will be thus produced. 

But, if FK have no determinate position, the construc- 
tion may be still farther sim- 
plified ; for, having made AK 
equal to that base and joined 
AD and AC, draw KI, IH. 
and HG parallel to ED, DC, 
andCB. The figure AKIHG 
IS evixlcnilysimilar to AEDCB, 
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niBce its component triangles have the same vfertkal wgles 
as those of the original fignrei and the aligles at the bases 
eqaal (L 22.). 

If the given base FK be paraUel to the Gorlres|:M>nding 
side AE of the original 6g;are, a more general construction 
wiU result Join AF, £K». and produce theni to .meet in 
O; join OB, OC» and QD, and draw F6, GH, HI, 
and therefore IK, paraUel to AB, BC, CD, and DE : 
The figure FGHIK thus formed is similar to ABCDE. 
For the triangles t!0F, FOiS, GOH, HOI, and lOK are 
evidently simUar to the . triangles EOA, ACB, BOG, 
COD, and DOE. But these triangles compose severally 




the two polygons, when the point O lies within the ori- 
ginal figure; and when that point of concurrence lies 
without the figure ABCDE, the similar triangles lOK 
and DOE being taken away ftom the similar compound 
polygons FGHIOK and ABCDOE, there remains the 
figure FGHIK similar to the original one. 

It farther appears, from these investigations, that a rec- 
tilineal figure may have its sides Ireduced or enlarged in a 
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given ratioy by assuming any point O and cutting the di- 
verging lines 0£, OA, OB» OC, and OD in that ratio ; 
the corresponding points of section being joined, will ex- 
hibit the figure required. 

On these principles depends the composition of the 
Pantagraphf a very useful instrument in Practical Geome- 
tryi for enlarging, reducing, or copying figures. 



PROP. XXIV. THEOR. 

Of similar figures, the perimeters are propor- 
tional to the corresponding sides, and the areas, 
to their squares. 

Let ABCDE and FGHIK be similar polygons, which 
have the corresponding sides AB and FG j the perimeter, 
or linear boundary, ABCDE is to the perimeter FGHIK, 
as AB to FG, BC to GH, CD to HI, DE to IK, or EA 
to KF ; but the area of ABCDE, or the contained sur- 
face, is to the area of FGHIK, in the duplicate ratio of 
those homologous terms, or of AB to FG, of BC to GH, 
of CD to HI, of DE to IK, or of EA to KF. 

For, by drawing the diagonals AC, AD in the one, and 
FH, FI in the other, 
these polygons will be 
resolved into simil&r 
triangles. Whence 
the several ahalogies 
AB;BC::FG:GH, 
BC:AC::GH:FH, 

AC : CD : : FH : 
AD:DE::FiaK 
tion, AB : FG : 




HI, CD : AD : : HI : FI, and 
wherefore, by equality and alterna- 
BC : GH : : CD : HI : : DE : IK : : 
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AE : FK» and coMEquenUy (V. 19.) as one of the aDfteoe- 
dento AB, BC, CD, DE or AE, is to iu coosequriat FG^ 
GHy HI) IK or FK, so is the amoant of ^ those anteoo- 

« 

drats, or the perimeter ABCDE, to the amount of all the 
consequents, or the perimeter FGHIK. 

Again, the triangle CAB is to the triangle HFO (VL 
2U cor. 1.) in' the duplicate ratio of AB to FO, the tiri- 
angle DAC is to the triangle IFH in the duplicate ratb 
of AC to FH, or of AB to FG, and the triangle EADTis 

Ho KFI in the duplicate ratio of AD to FI or'of AB to 
FGs wherefore (V, 19.) the aggrq^ate of the triangles 
CAB, DAC, and EAD, or the area of the polygim 
ABCDE, is to the aggregate of the triangles HFG« IFH, 
and KFI, or the area of the polygon FGHIK, in the dn- 
pUcate ratio of AB to FG, of BC to GH, of CD to HI, 
or of DE to IK. 

Cor* Hence also the perimeter ABCDE b to the peri- 
meter FGHIK, as any diagonal AD to, the correspond- 

. ing diagonal FI, and the area ABCDE is to the area 
FGHIK in the duplicate ratio of AD to FL 



PROP. XXV. PROB. 

To construct a rectilineal figure that shall be 
airoilar to one, and equivalent to another^ given 
rectilineal figure. 

Let it be required to describe a rectilineal figure similar' 
to A, and equivalent to B. 

On CD, a side of A, describe (II. 8.) the rectangle 
CDF£, equivalent to .that figure, and on DF describe Uie 
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rectangle DGHF equivalent to the figure B ; find 

(VI. 16.) IK a 

mean proportional / 5^ 

between CD and 

DG, and on IK 

construct) in the 

same position, a 

figure X similar 

to the rectilineal 

figure A ; this will be likewise equivalent to Bi 

For the figures A and X, being similar, must (VI. 24'.) 
be in the duplicate ratio of their homologous sides CD and 
IK; and since IK is a mean proportional between CD and 
DG, the duplicate ratio of CD to IK is the same as the 
ratio of CD to DG (V. 24-.) ; consequently the figure A 
is to the figure X as CD to DG, or (V. 25. cor. 2.) as the 
rectangle CF to the rectangle DH ; but the figure A is 
equivalent to the rectangle CF, and therefore (V. 4.) the 
figure X is equivalent to the rectangle DH, that is, to the 
figure B. 



PROP. XXVI. THEOR. 



A rectilineal figure described on the hypote- 
nuse of a right-angled triangle, is equivalent to 
similar figures described on the two sides. 

Let ABC be a right-angled triangle ; the figure ACFE 
described on the hypotenuse is equivalent to the similar 
figures AGHB and BIKC, depcribed on the sides AB 
and BC. 
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For draw BDperpendictthrio the bypoteniuie. Atidriiree 
(VLl5.cor. 1.) AC:AB:: 

AB : AD, therefore AC is 
to AD in the daplicate ra- 
tio of AC to AB, that' is, 
(VI. 24.), as the figure oil 
AC to the figure on AB* 
For the same reason, AC is 
to CD in the duplicate ratio 
of AC to BC, or as the fignre 
on AC to the figure on BC. 

Whence (V. 19. cor. H.) AC is to the twasegmeiita AD 
and CD takm together, as the figure on AC to both the 
figures on AB and BC ; and the first term of the analogy 
being thus equal to the second, the third mnsibe eqnal to 
the fourth (V. 4.), or the figure described on the hjrpote- 
nuse is equivalent to the similar fibres described on th^ 
two sides. 




PROP. XXVII. THfeOR. 



The arcs of a circle are proportional to the an- 
gles which they subtend at the centre. 

Let the radii CA, C6, and CD intercept arcs AB and 
BD ; the arc AB is to BD, as the angle ACB to BCD. 

For (I. 5.) bisect the angle ACB, bisect again each of 
Its halves, and continue the operation indefinitely. An angle 
^Ca will be thus obtained which is less than any assignable 
angle. Let this angle ACa or BC^ (L 4.) be repeat^lv 
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applied about the point C> from BC towards DC; it must 
hence, by its multiplication, fill up 
the angle BCD, nearer than any 
possible difference. But the ele- 
mentary angle ACa being equal 
to BCbf the corresponding arc Aa 
is (III. 12.) equal to B&. Conse- 
quently this arc Aa and its angle 
ACa, ^re like measures of the 
arc AB and the angle ACB, and they are both contained 
equally in the arc BD and its corresponding angle BCD. 
Wherefore AB : BD : : ACB : BCD. 

Cor. Hence the arc AB is also to BD, as the sector 
ACB to the sector BCD ; for these sectors may be viewed 
as composed alike of the elementary sector ACo. 




PROP. XXVIII. THEOR. 

The circumference of a circle is proportional 
to the diameter, and its area to the square of that 
diameter. 



Let AB and CD be the diameters of two circles ; the 
circumference AFG is to the circumference CKL, as AB 
to CD ; and the area contained by AFG is to the area 
contained by CKL, as the square of AB to the square of 
CD. 

For inscribe the regular hexagons AEFBGH and 
CIKDLM. Because these polygons are equilateral and 
equiangular, they are similar ; and consequently (VI. 24*. 
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cor.) thf diagonal AB is to the comgponding diago*^ 
nal CD, as the perimeter AEFBGH to thfs perimeter 
CIKDLM. But this propordon most subsisCy whatever 
be the nmnber of chords Inscribed in either circomference. 
Insert a dodecagon in each circle between the hexagon 
and the circamfeienc^ and its p^imetrr will evidently ap* 

^ JC 



BC 





proach nearer to the length pf that circumference. Pro- 
oeediog thns^ by repeated duplications^ — ^the perimeters of 
the series of polygons that arise in spocession, will conti* 
nnaUy approximate to the cnrvilineal boundary, which 
forms their ultimate limit. Wherefore this extreme term^ 
or the circumference AEFBGH, is to the circumference 
CIKDLM, as the diameter AB to the diameter CD. 

Again, the hexagon AEFPOtl (VL 24. cor.) is to the 
hexagon CIKDLM in the duplicate ratio of the diagonal 
AB to the corresponding diagonal CD, or (V. 94.) as the 
square of AB to the square of CD. Wherefore the suc- 
cessive polygons which arise irom a repeated bisection of 
the intermediate , arcs, and which approach continually tp 
the areas of their containing circles, must have still that 
same ratio. Consequently the limiting space, or the cirple 
AEFBGH, is to the circle CIKDLM, as the square of 
AB to the square of CD. 

Cor. I. It faenoe fi»Uow% that if semicircles be described 
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on the sides AB, BC of a right-angled triangle, and on the 
hypotenuse AC another semicircle be described, passing 
(III. 19.) through the vertex B, the crescents AFBD and 
BGCE are together equivalent to the triangle ABC. For, 
by the Proposition, the square of AC is to the square of 
AB, as the circle on AC to the circle on AB, or (V. 3.) 
as the semicircle ADBEC to the semicircle AFB ; and, 
for the same reason, the square of AC is to the square of 
BC, as the semicircle ADBEC 
to the semicircle BGC. Whence 
(V.8. and 19.) the square of AC 
is to the squares of AB and BC, 
as the semicircle ADBEC to the 
semipircles AFB and BGC. But 

(II. 10.) the square of AC is equivalent to the squares of 
AB and BC, and therefore (V. 4.) the semicircle ADBEC 
is equivalent to the two semicircles AFB and BGC 5 take 

away the common segments ADB and BEC, and there 

remains the triangle ABC equivalent to the two crescente 

or lunes AFBD and BGCE. 

Cor. 2. Hence the method of dividing a circle into 

equal portions, by means of concentric circles. Let it be 

required, for instance, to tri- 
sect the circle of which AB 

is a diameter. Divide the 

radius AC into three equal 

parts, from the points of 

section draw perpendiculars 

DF, EG meeting the cir- 

cumference of a semicircle 

described on AC, join CF, 

CG, and from C as a centre, with the distances CF, CG, de- 
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teribe diiB dfelet FHI| OKL: The circle on AB wOl be 
divided into three eqoid pordonsy by thoie interior eindee. 
For join AF and AO : Because AFQ being in a semicircle^ 
is a rig^t angle.(IIL 190» AC is to CD (VI. 16. cor. 1. 
and V. 84.), as the square of AC to the square of CF| thai 
is, as the circle on AB to the cbcle FHI } but CD is the 
Odtd jmrt of AC ; i^erefore (V. 5.) the circle FHI is the 
third part of the circle on AB. In like manneri it is pfiH 
▼ed, that' the circle OKL is two third-parts of the circle on 
AB. Consequently, the interrening annalar spacer and 
the internal circle FHI, are all equal. 

Cor. 9. Henc^ as in Prop. 25. Bo€k HI., if four circles 
be described on the segments AE, EB, EC and ED of 
two mutual perpendiculars drawn to meet the cirenm- 
ierence of a circle^ those intermediate circles will be tO" 
gether equiralent to the large circle. 

PROP. XXIX. THEOR- 

The area of any triangle is a mean proportional . 
^ between the rectangle under the Bemiperimeter 
and its excess above the basot and the rectangle 
under the separate excesses of that semiperimeter 
above the two remaining sides. 

The area of the triangle ABC is a mean proportion^ 
between the rectangle under half the sum of all the sides 
and its excess above AC, and the rectangle under the ex- 
cess of. that semiperimeter above AB and its excess above . 
BC. 
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For produce the sides BA and BC» draw the stratgbl 
lines BE, AD; and AE bisecting the angles C6A, BAG, 
and CAI, join CD and CE, and let fall the perpend*cti- 
lars DF, DG, and DH within the triangle, and the per- 
pendiculars £I| £K, and EL without it. 

The triangles ADF and ADG, having by construction 
the angle DAF equal to DAG, the angles F and G right 
Angles, and the common side AD, are (I. 20.) equal; for 
the same rea^n, the triangles BDG and 6DH are equaL 
In like manner^ it is proved, that the triangles AEI and 
AEK are equal, and also the triangles 6EI and BEL. 
Whence the triangles CDH and CDF, having the 
side DH equal to DF, the side DC common, and the 
right angle CHD equal to CFD, are (L 21.) equal; 
and, for the same reason, the triangles CEK and CEL 
are equal. Wherefore the segments AF, FC and BG 
are respectively equal to 
AG, CH and BH, and 
compose with them the 
whole sides of the triangle 
ABC. Consequently the 
segments AF, FC and BG, 
or AC and BG, is equal 
to the semiperimeter, and 
BG is thus its excess above 
the base. But the sesr- 
ments BH, HC and AG, 
or BC and AG, being likewise equal to the semiperimeter, 
AG is its excess above the side BC. Again, since the 
segments AK and CK of the base are equal to the produc- 
tions AI and CL of the sides AB and BC, the equal lines 
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Bliltffi^BL'flivi'togfethnr^nl fojlkeivriicae {iMinetee of 
the trktigle^ or.eBchoClheiii is e^udl JtOftbe.iiemiperioielAy 
akid AI b'iuIexpeBa^aboFe the.*ttdd>A&* » • ' ... 

NtMTi bediiue 0Q)iat(LBl/ beiag t>ec|Mndicijlar KyBh 
«^|MraUel» BO i DG: : HI : EI (VI. gf)i^ft«d eonteqa^iit- 
ly (V. 25. con '9.)' BI . combining with the. tworfint 
.lenns. of the antlogy, Aild DG '^ithslfhe.rtwo imU 
BIxBG : BIxDG: :fiGxBI :/IX]^X&I. IrBbC Bb^e 
AD andAE bisect the angle B AC aoditota^iliedilt aioj^ 
CAIi theangles GAD.andEAI a«e.iogelheffi«quaL.to a 
nght aBgle^ffliid eqaal, tk^reforbi talEAand/EAl ; whence 
the ang]e GAD is equal to lEA^inad.iiie cigbt4sngl<d 
triangles D6A and AIE are sirotlAl;«cf Wb^refiHteCVL } K) 
DG : AG : : AI : EI and (V. $.)JPexJEis:.MBxAI; 
oonseqaentl; BI X BG : DO X BI : : i>G:x Bl: >Q X AI- 
But the triangle ABC is composed (>Cth9^^itriMgles ADB» 

BDC, aad CD A^ which have tb^ sinne akitude ; and 

• 

therefore- its :area i^egual to the rect^gle^ undcK tb/^.coni- 
mon perpen^'cular pG and half their .(lases A^B, BC» .and 
AC) or the sefiiperimcter BI. .Whence the ajrea of .tl|e 
triapgle ABC is a mekn proportional between the rect- 
angle Under BI and its excess above AC» and the rect* 
angle -under i^^excess above BC and tl)at above .AB. -] 

Cbr.. Hence the i^'ea of a triangle will be expressed nii- 
merically, by the square root of the continued product of 
the semiperinieter into its several excesses above the three 
sides. 

PROP. XXX. PItOB. 

To convert a given regular polygon into an- 
other, which shall have the same perimeter, bat 
double the number of sides. 
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It is evident that a regular polygon^ by drawing lines from 
the centre of the inscribed or circumscribing circle to all the 
comersj may be divided into as many equal and isosceles 
triangles as it has sides. Let AOB be such a sector of 
the given polygon ; from the centre O let fall the perpen- 
dicular OC, and produce it to D, till OD be equal to OA 
or OB, And join AD and BD. The isosceles triangle 
ADB is therefore (IV. 1.) constructed on the same base 
with AOB, and has only half the vertical angle. Conse^ 
quently twice as many of such angles could be constituted 
about D, as were placed about O. Bisect AD and BD in 
E and F, and the straight 
line joining these points 
must (VI. 2.) be equal to 
half the base AB. Where- 
fore the triangle EDF, re- 
peated about the vertex 
D, would form a regular 
polygon with twice as 
many sides as before, but 
under the same extent of 
perimeter, since each of 
those sides £F has only 
half the former length 
ACB. 

Cor. 1. Hence DG, the radius of the circle which would 
inscribe the derived polygon, is half of CD, that is, half of 
the sum of OC and OA, the radii of the circles inscribing 
and circumscribing the given polygon. Again, since AOD 
is evidently isosceles, AD*r=20A.CD (II. 23. cor.), or 
DE* = OA.iCD, and consequently DE the radius of the 
circumscribing derived polygon is a mean proportional 
between OA and DG, the radius of the circle circum- 
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•eribiiig the giTen pdlygoni and tlw radiiu df tfae drde in- 
•cfibiiig the derivad polygoD. 

Cmr. 9. Henoe tbe area of a cirde b eqniTaleitt to the 
rectangle under its radiiu^ and a tdraight line equal to half 
ka ciroomfiMrenoe* For the iurfiu» of any regular eircum- 
flcfjlnng polygon! beingoompofled of triangles such asEDF, 
which have aU the same altitude DG, is equivalent (II. 5.) 
lo the rectangle under .DO, and half the sum of their 
basesi or the semiperimeter of the polygon. Therefore the 
cirde itsd^ since it ferns the ultimate limit of the polygon, 
nrast have its area equivalent Xp the rectangle under the ra^ 
dios or the Iinit of dl die succesnve dtitudes and the se« 
ttidnmni&fencei which limits also the corresponding semi-^ 
penmeters* 

SMUum. From thb proposition is derived a very sim- 
ple and di^gant meliiod of approximating to the numeri* 
od expression for the area of a drde. Let tbe original po- 
lygon be a squaiBf each side of which is denoted by unit ; 
tfie oomponent sector AOB is therefore a right-angled 
isosceles triangle^ having the perpendicular OC, or the 
radius of the inscribed drdei equal to .5, and the radius OA 
of the circumscribing circle equd to V.6 or .7071067812. 
Bnt DO| the raditu of a drcle inscribed in an octagon of 

tl« -me perimeter. U =-2^±OC ^ i+:707l0681« 

•*00S55SS906 ; and DE the radius of tbe cirde circumscri- 
bmg that octagoni is = V(OA.DG) = V(.60S533906 x 
.707106812)=: .6SSf 8 14824. Again, the radius of the cir- 
cle inscribed in a polygon of 1 6 sides with tbe same peri- 

„^^ J, ^.eoS533906+.65828U8«* ^ .e,g^„«,e, , 

2 

aad the radius of the cirde drcumscribiog that polygon, 
is t: ^(.6284174865 X .653281 4824) = .6407288619. In 
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like manner, the radii of circles inscribing and circnm-' 

scribing the polygons of 32, 6i, 128, &c. sides, under the 

same perimeter, are successively found, by an alternate 

series of arithmetical and geometrical means. 

It may be observed, that these radii mutually ap* 

proximate about four times nearer at each step : 

For, (II. 10.) CA* = OA-— OC*=(II. 17.) (OA— OC) 

(OA + OC); and, for the same reason, GE*= DE* — 

DG' = (DE— DG) (DE+DG). But, CA being double 

of GE, and CA»= 4GES it is evident that (OA— OC) 

(OA+OC)=4(DE— DG) (DE+DG); and since the 

successive radii must approach on both sides to form 

the same amount, or OA+OC=: DE+DG nearly, it 

follows that OA— OC = 4(DE— DG) nearly. In the 

subjoined table, where the computation is carried to ten 

decimal places, this rate of mutual approximation will be 

found true to the last figure, in the expressions for the 

radii of the circles attached to all the polygons beyond 

that of 256 sides. Thus, for the polygon of 512 sides, 

,6S66237671-.63661 17828 ^^^^^«^,,^^ , . , . , 
= .0000029960, which is the 

difference between .6306207710 and .6366177750, the 
radii of the circles described about and within the polygon 
of 1024 sides. 

After five or six terms have been computed, the rest 
may be found by a simple process, because the mean 
proportional between two proximate lines is very nearly 
equal to half their sum, or the arithmetical mean. While 
each number in the first column, therefore, is always equal 
to half the sum of the preceding terms in both columns, 
the corresponding number in the second column may be 
considered as equal to half the sum of that number and 
pf the term immediately above itself. Thus, .6366207710, 
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drdo circuiiiscribiiig the polygon of lO^i 
fuie^ ia.oqmd to half Uie sum of .65661777509 the radius 
ofiiU^i^i^iMcurole, andof.6366M7671, the radium of 
thf CRS^le circumscrilrijig ^e polygon of 5 ) 2 sides* 
^ ;Bot, the 'final term may; be discorered still more eiipedi- 
tiously ; fors since the numbers, in both columns are formed 
t^,takij;ig succesrive means^ those of the second column most 
each ^ime be diminished by the fourth part of the common 
difference* and consequently (V. 21.) the continued dimi- 
nution will accumulate :to one-third of that difference. 
Wherefore the ultimat<^ radius of the inscribed and cir- 
cumscribing circles is the third-part of the sum of a radius 
of inscription and of double the corresponding radius of cir- 
cumscription. Thus, stopping at the polygon of 256 sides, 
.6S665878U1 +2(.6366357516) ^.6366197724, the final 

s 
result. 



Naofiideiof 


Ridiui of Inicribcd 


Radius of Circum- 


the Pdljgon. 


Circle. 


tcribiDg Circle. 


4 


.5000000000 


.7071067812 


8 


-6035533906 


.6532814824 


16 


.6284174365 


.6407288619 


32 


.6345731492 


.6376435773 


64 


.6361083633 


6368755077 


128 


.6364019355 


.6366836927 


256 


.6365878141 


.6366357516 


512 


.63661 17828 


.6366237671 


1024 


.6366177750 


.6366207710 


2048 


.6366192730 


6366200220 


4096 


.6366196475 


. .6366198348 


8192 


.6366197411 


.6366197880 


16384 


.6366197645 


.6366197763 


32768 


.6366197704 


.6366197733 


65536 


.6366197719 


.6366197726 


131072 


.6366197722 


.6366197724 


262144 


.6366197723 


.6366197724 
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Hence the radius of a circle, whose circumference it 
4| or the diameter of a circle whose circumference is 2, 
will be denoted by .6366197724; wherefore, reciprocallyt 
the circumference of a circle whose diameter is 1, will be 
expressed by 3.1415926536, and its area, or that of the 
ultimate polygon, by .7853981434. 

In most cases, however, it will be sufficiently accurate 
to retain only the first four figures. Wherefore S.1416, 
multiplied into the diameter of a circle, will denote its cir- 
cumference, and .7854, multiplied into the square of the 
diameter, will give the numerical expression for its area* 
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APPENDIX. 



The constructions used in ELementary 6eome« 
tiy, were effected by a combina^on of straight 
lines and circles. Many problems^ however, can 
he resolved, by the single application of the 
straight line or of the circle ; and such solutions 
are not only interesting, from the ingenuity and 
resources which they display, but may, in a va- 
riety of practical instances, be employed with 
nsanifest advantagCi This Appendix is intended 
to exhibit a selection of Geometrical ProUems^ 
resolved by either of those methods sepant^y« 
It is accordingly divided inta Two FSarts, corre- 
sponding to the rectilineal and the circular con- 
structions. The first is useful in Castrametation, 
and the second can be employed especially in de- 
lineating the plans of 
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PART L 



Problems resolved by help of the Ruler y or by 

Straight Lines only. 



PROP. I. PROB. 



To bisect a given angle. 

Let BAC be an angle> which it is required to bisect, by 
drawing only straight lines. 

In AB take any two points D and E, from AC cut oiF 
AF equal to AD and AG to AE, draw EF and DG, cross- 
ing in the point H : AH will bisect the angle BAC. 

For the triangles EAF and DAG> having the sides EA 
ond AF equal by construe- . 
tjon to GA and AD, and 
the contained angle DAG 
common to both, are equal 
(1. 3.), and consequently the 
angle AEF is equal to AGD. 
And since AE is equal to 
AG, and the part ADto AE, 
the remainder DE must be 
equal to FG ; wherefore the 

triangles DEH and HGF, having the angle at E equal to 
that at G, the vertical angles at H equal, and also their op- 
posite sides DE and FG, are equal (I. 20.) ; and hence the 
side DH is equal to FH. Again, the sides AD and DH 
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are equal to AF and FH» and AH is common io the two 
triangles AHD and AHF^ which ary^ ^h^efore equal (I. S.)f 
and consequently the angfe DAtl'is equal to FAH. 

. In the field, ihis problem is readOy performed by means 
of strings and pegs* 



PROF. II. PBOB. 

*'. ' ' ' : 

To bisect a given finite straight line. . 

Let it be required to bisect AB, by a rectilineal cbnstruc- 
tion. ' 

Draw AK diverging from AB, and make AC = CD = DE, 
join EB| and continue it beyond B till BF be^ual to BE^ 
and Ustly join FC i which will bisect AB in the point G; 

For draw BH parallel to AE. 
And because BD evidentry bi« 
sett* the sides EC atid^EF of 
the triangle CEF, it is parallel 
to the base CF(VI. l.'coi'. 9.)'; 
wherefore BDCH is a parallelo- 
gram» which has (I. S6.) its op- 
posite sides BH and CD equal. * 
Biit AC being parallel to BM^ 
the angles GAG and OCA are i 
equal to GBH and GHB» and 
the side AC, being nuule equal 

to CDy Is hence equal 10 its oets ' 

sespobdiAg interjacent side . BH | whence the ' trianglee 

AGC and BGH are equal (I. 20.)f and therefore AG is 

eqoiltoBO. 

This GonstfttotiiKn' ia evident^ <ih<iob longer than the 
ordinary process, hat then it requires not the* applkatkm 
of compasses. 
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PROP. III. PROS. 

Through a given point, to draw a line parallel 
to a given straight line. 

Let it be requiredi by a rectilineal construction, to draw 
through C a straight line parallel to AB. 

In AB take any two points D and F, join CD, which 
produce till D£ be equal to it; 
again join E with the point F, 
and continue this till FG be e- 
qual to £F : Then CG, being 
joined, will be parallel to AB. 

For, since AB or DF evident- 
ly bisects the sides EC and EG 
of the triangle CEGy it must be parallel to the base CG 
(VI. I.cor.2.). 

Parallel lines are thus traced on the ground by help of 
a string. 

PROP. IV. PROB. 

From a point in a given straight line, to erect 
a perpendicular. 

Let C be a given pointy from which it is required, by 
help of straight lines merely, to erect a perpendicular to 
AB. 

In AB, having taken any point D, draw DE equal to 
DC and inclined to AB, join EC and produce it until CG 
be equal to CD or DE, make CF equal to C£, join FG 
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wd {wodiioe An tai OH be equal to OC 
life petpMdkmkr to AB. 

Far the trieiigte DCE 
and OCF» haying the lides 
DC9 C£ equal to OC, GF^ 
and die contained angles 
Tertfoal at C» are equal 
<L S.)s whence FOsCD 
sCOsOH. The point 
O it therefcre the centre of 
a aeuicirole which would 
|MM dirough Fy 0| Hy and 
consequently the angle FCH 
is a right angle (IIL 19.), or CH is perpendicuUur to AB. 

PROP. V. PHOR 

To let fall a perpendicular upon a given straight 
line from a point without it« 
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Let C be a given pointy from which it is required^ by a 
rectilineal construodon^ to let &U a pfrpendicular to AB« 

In AB take any ^ 

jpomt D, draw DF pb« 
hquely^ and make D£ 
=DF=DG»join FE 
and produce it until 
EH be equal to EG» 
make EI=EF, join 
HI and (Appendix, 
Fart 1. Prop. S.) draw 
CK parallel to it : CK is the perpendicuUir required. 
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Foi: the point D lieing obviously the centre of a gemi^ 
circle passing through G, F, and E, the angle GFE is a 
right angle; and the triangles EOF, EHI, having the 
sides GE, EF equal to HE, EI, and their contained an- 
gles vertical, — arc equal (I. 3.), and consequently the an- 
gle HIE is equal to GFE, or is a right angle; but since 
CK and HI are parallel, the angle CKA is equal to HIE 
(I. 22.), and therefore is also a right angle, or CK is per- 
pendicular to AB. 

The more usual mode of drawing perpendiculars on the 
ground is derived from Prop. 10. Book II., and consists in 
employing the triangle of cords, the knots being at the in^ 
tervals of 3, 4 and 5 fathoms. 
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Geometrical Problems resolved by means ofCompas- 
ses, or by the mere description of Circles. 

PROP. I. PROB. 

To repeat a given distance in the same direc- 
tion. 

Let A and B be two given points ; it is required to find, 
by means of compasses only, a series of equidistant points 
in the same extended line. 

From B as a centre, with the given distance BA, de- 
scribe a portion of a circle, in which inflect that distance 
three times to C ; from C, with the same radius, describe 
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diBtrmfe cbordi -tOiOt fo>- 

peat that ^p(;f^j^aipJQ!^ ;: , /.Linw^^t ,.Uj;J...-.Jjuo.oaj 

pointa A, B, C, D, E^;*c vUl^ iifin Abe i^iu^ .mw^l 
line. 

For, by this construction, three equilateral triangles are 
formed about the ppiftf B, ai^d coMequently (I. SO. cor* 1.) 
the whole angle ABC, made by the opposite distances 
BA and BC, is equal to two right angles, or ABC js a 
stMight line: ' ^e^samerek^ondpi^li^s to tfie si!it6eisive 
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To find the direction ofi 41 perpendicidvJQrpm 
a given point to the straight line joiniilg it with 
another given point. * : 



I « :• ■ . < 



•i '. /. 
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Given the pointo A and B : ^ find a third poMtj aaoh 
that the straight line conneotug ttwfth B shall be atriglit 
angles to BA. 

From A and B, with any eonve* 
nieot distancei describe' two area in* 
teneclipg in C, from irlnch, with the 
same radius, describe a portion of 
a circle passing through the poinU 
A and B, and insert that radius three 
times from A to D : BD is perpen* 
dicular to BA. 
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For It IS evident, from the last Ptopcmtion, that the arc 
ABD IS a semicircumference, and consequently (III. 19 ) 
the angle ABD contained in it is a right angle. 

The construction would be somewhat simplified, by 
taking the distance AB for the radius. 



PROP. III. PKOB. 

To find the direction of a perpendicular let fall 
from a given point upon the straight line which 
connects two given points. 

Let C be a point, from which a perpendicular is to be 
let faU upon the straight line joining A and B. 

From A as a centre, with the 
distance AC, describe an arc, 9 

and from B as a centre, with the 
distance BC, describe another 

BTCf intersecting the former in ^ b 

the point D : CD is perpendicu- 
lar to AB. 

For CAD and CBD are evi- 
dently isosceles triangles, and consequently (L 7.) their 
vertices must lie in a straight line AB, which bisecte their 
base CD at right angles. 

It wiU be perceived that, in assigning the point D, this 
construction differs in no respect from the mode employed 
in Prop. 6. Book I. ^f the Elements. 



t 



PART II. 



809 



PROP. IV. PROB. 



To bisect a given distance. 

Let A and B be two given points ; it if required to find 
fh^ middle point H in the same direction. 

From B as a centre, with the radius BAj describe a se- 
micirdey by inserting that distance successively firom A to 
Cf D| and E ; from A as a centre, with the distance AE, d^ 
scribe a portion of a circle FEG, in which, from the point 
E^ insert the chords £F and EG equal to EC } and from the 
points F and G, with the same 
radius ECdescribearcsfntersect- \^ 



ing in H: This point bisects 
the distance AB. 

t*or, by the first Fh>position, 
the points A, B, and £ extend 
in a straight line; but the trian- At;- -><.— -I- •- 
glesFAG, FHG, and FEG, be- " '* ® 
ing by construction isosceles^ 
theur vertices A, H, and E 
(L 7.) must occupy in a straight 
line I whence the point H lies 
in the direction AB. Again, because EFH is an isosceles 
triangle, AP— HF^sEA.AH (11. 20.), that is, 
AE*— ECS or(III, J 9.and II. 10.) AC*or AB* = EA. AH. 
Wherefore, since EA is double of AB, the segment AH 
must be one half of that distance. 
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PROP. V. PROB. 



t: /- 



To trisect a given distance^ 

Let it be required to'find two intermediate points that 
are situate at equal intervals in the line of communication 
AB. 

Repeat (App. II. 1.) the distance AB on both sides to 
C and D ; from these pointsi with the radius CD, describe 
the arcs EDF and GCH, from D and C insert the chords 
DE and DF, CG and 
CH, all eqiJal to DB, 
and| with the same dis- 
tance and from the 
points E and F, G and 
H, describe arcs inter- 
secting in I and K: 
The distance AB is tri- 
sected by the points I 
and K. 

For it may be de- 
monstrated, as in the 
last proposition, that 
the points I and K lie 
in the same direction 

AB. In like manner, it appears {II. 20.) that DG»— 
KG*=:CD.DK, or 9AB*— 4AB» or 5AB' = 3AB.DK; 
and consequently 6AB=3DK, or2AB = 3AK, and AB = 
SBK. But, for the same reason, AB=3AL 










PROI». VI. PJROB. 

f 

To cut off any aliquot part of ft given distance. 

Suppose it were required to cut <dr the fifth pait df tbe 
distance between the points Aand B« 

Repeat (App. IL 1.) the disUAce AB fbur times, to P-; 
from F, with the radius FA» describe the arc OAH ; ia« 
fleet the chords AG 

G/ 

and AH equal to AB, n ^ 

and, with that radius 

andfromthepointsO A ?^ 6 c; ii i f 

and H, describe arcs JL 

iatersecttiig in I : AI 

IS \ke fifth part of the Kne of communication AB. 

For, as before, the point I is situate in AB. But since 
AOI is evidently an isosceles triangle, and AF is equal' to 
FO, it follows {II. 89. cor.) that AGPs AF.AI, and con- 
sequently AB*=5AB.AI; whence AB=:5AI. 

PROP. VII. PROB. 
To divide a given distance by medial section. 

* 

Let it be required to cot the distance AB, such that 
BH*=BAAH. 

Prom B describe a circle with the radius BA, which 
insert successively from A to D, E, C, and F; from 
the extremities of tbe diameter AC and with the chord 
A£^ .describe two arcs intersecting in G ; and, from the 
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points £ and F with the distance BG, describe other two 
arcs intersecting in H : This is the point of medial section. 
For it is evident that this point H lies in the straight line 
AB. And because the trian-^ 
gles AGB, COB have their 
sides respectively equals the 
angle ABG (I. 2.) is a right 
angle, and consequently (II. 
10.) AG*=AB*+BG*5 but 
AG=AE, and AE* = 3AB* 
(IV. 17. cor. 2.); wherefore 
SAB* = AB* + BG% and 
BG* = 2AB*. Now since 
BE=EC, it follows, (11. 20.) 
that HE* — BE* = CH.HB 
BG» — BE* = ABS and therefore AB* = CH.HB. 
Whence CH is cut by a medial section at B, and conse- 
quently (II. 19. cor. 1.) its greater segment BC or AB is 
likewise divided medii^lly at H by the remaining portion 
BH* 




but HE* — BE* = 



PROP. VIII. PROS. 



To bisect a given arc of a circle. 

Let it be required to bisect the arc AB of a circle whose 
centre is C. 

From the extremities A and B with the radius AC, de- 
scribe opposite arcs, and from the centre C of the circle 
insert the chord AB to D and £ ; from these points, with 
the disti^nce DB describe arcs intersecting in F ; and from 
D or E, with the distance CF, cut the given arc AB in 
G : AB is bisected in that point. 







PART II. 8^5 

For the fignret ABCD and ABECbebg didently rfaomi* 
boidty DC and CE are both parallel to A^ andlieiioe oon^ 
•dtote one straight 

line; consequently ^ 

the triangles DFC 
and EFC haying 
their correspond* 
ing sides equal, the 
angle PCF is a 
right angle, and b> 
(11. 10.) DF ;s ^^'^..^^^^^^^^ 
DC*+CP. But, 

in the rhomboid ABCD, DB*+CA«3:SDC*+SCB^ 
(II. SS.)» or BI>sSDC*+CB*s and since DB;?DF> 
iDO + CB^s^De+CP, whence DC»+CB» s? CP, 
or DC^+CG^ssDO*, and therefore (XL 11.) DCO is a 
ri|^t angle. And because CO is peipendicnlar tp DQ it 
Is likewise (L S2.) perpendicular to AB^ and the triangles 
CAP and CBP aie equal. (L21.)f and the angle AQQ 
fqual to SCO ; whence {UL IS.) the arc AOsBQ, 



PROP. IX. PROB. 
To find the centre of a drcle* 

Assume an arc AB greater than a quadrant, and from 
one estremitjr B, with the distance BA, describe a semi* 
circle ADCi cutting the ^ven circumference in D ; from 
the poiqu B and Q with the distance CD, describe arcs 
intersectuig in E, and, from that point with the same dis- 
tance, describe an arc cutting AJ>C in P; and lastly^ from 
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the polnta A and B, with tbe distance AF, describe arcs 
intersecting in G : This point Is the centre of the circle 

ADB. 

For the isosceles triangles EEC, BEF, being evidently 
equal, the angle FBC is equal to both the angles at the 
base ; but FBC is (I. S2. El.) equal to the interior angles 
BAF and BFA of the iso- ^ 

sceles triangle ABF, and ^ .^\^ 

hence that triangle is simi- -' ; \ 

lar to BEF. Wherefore . '' / \ 

BE : BF : : BA : AF, or 
CD : BD : : BA : AG? 
consequently the isosceles 
triangles CBD and BGA 
(VI. 12. cor.) are similari 
and the angle BCD is e- 
qual to GBA ; BG is, therefore, parallel to CD, and hence 
(L 30. El.) tbe angle BDC, or BCD, is equal to GBD, 
The triangles BGA and BGD, having thus the side BA 
equal to BD, BG common. And equal contained angles 
GBA and GBD, are (I. 3. EI.) equal, and therefore the 
side GA is equal to GD. The point G being thus equi- 
distant from three points, A, D, and B in the circumfe- 
rence, is hence (III. 8. cor.) the centre of the circle. 




PROP. X. PROB. 



To divide the circumference of a given circle 
successively into foiu:, eight, twelve, and twenty- 
four equal pd.rts. , 
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U litorl th* mdlos A& three tiuiee fran Aio D, E, 
«Bd C \ ftoA the eytremitf e* of the diaoeier AO, a«d with 
a distance equal to the chord AE| describe arcs intep- 
secting in the point F ; and from A, with the distance BF, 
cut the circumference on opposite sides at G and H : AG} 
GC, CH, 9nd HA are quadrants. 

For, as before, AF»=AE*=SAB*; and the triangle 
ABF being right-angled, 3AB',= AF'=AB +BP, and 
therefore BF«=AG*=2AB*i whence (IL 12.) ABG is 
4 right angle* and AG a q^i^rant* , 

$, Froip the poi^ F wiib 
|he radius AB* cot the circle ia 
X#nd Ki and froni Aam) C U»- 
fert tba chord Al. to I4 ^ and 
M ; the circumference is divided 
ipto eight equal portions by the 
pointo A, I, G^ K, Q M, H, 
and L. 

For BP» being equivalent to 
2AB*, is equiyalent to the 
sqoares of BI and IF, and oosiseqQeatly.BIF Is « right 
angle ;. but the triangle BIF is also iaow^eles, and thevefore 
the angle IBF at the base is half a right angle; whence 
the arc IG is an octant 

S. The arc DG, on being repeatedi wiO (brm twelve e* 
qnal sectioos of the cireumference, 

For the arc AD ia the sixth or two4welfth parU of the 
eircorafere^oe, and AO is the fourth or three-tweUUis 9 
iDonsequently the dHlferenoe DO is ene-tweifth. 

4. The arc ID U the twenty-fpurth part of the circum- 
ference* 

For the octant AI is equal to three twenty-fourths, und 
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the «extant AD is equal to four twenty- fourths ; their dif- 
ference ID is hence one twenty-fourth part of the circum- 
ference. 



PROP. XI. PROB. 

To divide the circumference of a given circle 
successively into five, ten, and twenty equal parts. 

Mark out tlie semicircumference ADEC, by the triple 
insertion of the radius, from A anc} C, with the double 
chord A£, describe arcs intersecting in F, from A, with 
the distance BF, cut the circle in G and K, insert the 
chords GH and GI equal to the radius AB, and, from the 
points H and I, with the dis- -v^ 

tance BF or AG, describe *!., 

arcs intersecting in L. ^l^ ^^"^^^ 

It is evident from App. II. ^ \ - 

7, that BL is the greater / \ 

segment of the radius BH a[ f -U 

divided by a medial section ; \ I 

wherefore (IV. 23. cor. 2. EI.) V V / 

AL is equal to the side of ^SC^^.^^-^^ 

the inscribed pentagon, and M K 

BL to that of the decagon inscribed in the given circle. 
Hence AL may be inserted five times in the circumfe- 
rence, and BL ten times ; and consequently the arc MK, 
or the excess of the fourth above the fifth, is equal to the 
twentieth part of the whole circumference. 

Scholium. This proposition, and the preceding, include 
the happiest application of the circle to the solution of 
such problems. 



PART If. sn 

PROP. XU. PROB. 
Erom a given side to trace out a square. 

^Let the points A snd B tmnioate the side of a squarty 
which it is required to traoe. 
Fh>in B as a centre describe ^ 

the semicircle ADEQ from A , . ^ 

and Cf with the distance AE, i 

describe arcs intersecting in Ft 

from A» with the distance BF^ 

cat the circumference in 0> 

and from A and O, with the 

radios AB» describe arcs intersecting in H t The points 

H and G are corners of the required sqpar^ 

For (App. IL 10«) the angle ABO is a right ang^ and 
the distances AB^ AH, HGf and GB» ^re^ bj oonstruon 
tbui all eqoaL 



PROP. Xin. PEOB. 

Given the side of a regular pentagon^ to find 
tiie traces of the figure. 

From B describe through A the drde AD£CF« in 
which thti radius is inflicted four timesi from A and C 
with the double chord AE describe arcs Intersecting in O9 
from E and F, with the distance BG, describe arcs inter- 
sectbg in H» from A, with the radius AB, describe a por* 
tion of a ctccle^ inflect BH thrice from B to L and from 
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A to Of and lastly from L and O, with the radius AB, 
describe arcs intersecting in P: The points A, L, P, O, 
B mark out the polyj^n. 

For, from App. II. 7, it is evident that BH is the greater 
segment of the distance 
AB divided by a medial 



K-k 



K :n 




section. Consequently 
(IV. 3. El.) the isosceles 
triangles BAI, lAK, 
KAL, ABM, MBN, 
and NBO, have each of 
the angles at the base 
double their vertical an- 
gle. Wherefore the an- 
gles BAL and ABO are 

each of them six-fifths of a right angle (IV. 4. cor.), and 
hence (L 39. cor.) the points L and O are corners of the 
pentagon ; but P is evidently the vertex of the pentagon 
since the sides LP and OP are each equal to AB. 

Scholium, The pentagon might also have been traced, as 
in Bt>ok IV. Prop. 5., by describing arcs from A and B 
with the distance HC, and again, from their intersection 
P, and with the radius AB, cutting those arcs in L and O. 
It is likewise evident, from Book IV. Prop. 8, that the 
same previous construction would serve for describing a 
decagon, P being made the 0entre of a circle in which AB 
is inserted ten times. . 
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, PROP. XIV. PROB. 

The side of a regular octagon being given, to 
mark out the figure* 

Let the aide of an octagQn tfenniaate in the p^ii^s ^ und 
B ; to find the remaining corners of the figure. 

From the c^tres A i|nd B| with tlie radios, A6^ de- 
scribe the two semicircles AEFC and BEGDi with 
Ae double diord AF, asfl from A> C ii«d B, £) de- 
scribe arcs intersecting. ill Hf I; fix>oi these pomlMf witlt 
the radios ABt| cut the semicircle* in K9 L : oil HI dot 
scfibe the square HMNI» by making the diagooais HN# 
IM equal to BH, and 
the sides equal to AB; 
and, on MH and NI, 
describe the rhombus- 
sesMOKHandNPLI: 
The points A, B, K, O, 
M, N, P, and L, are 
the several comers of 
the octagon. 

For (by A{ip« II. 
JVop« 10.) BH» AI are both of tb^m pefp^odkohc to 
BAt and BKH» ALJ aile r^bt-ai^gled i$^^ ttianglei; 
HI is therefore parallel to BA, and HMNI, consisting of 
triangles equal to BKH, is a square ; whence all the sides 
AB, BK, KO, OM, MN, NP» PL, and LA of the octa- 
gon are equal : But they likewise contain equal angles ; 
for ABK^ composed of ABH and HBK^ is eqoal to three 
half right angles, and BKO, by reason of theparallel^.BH 
and KO, being the supplement of HBK| is also equal to 
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three half right angles. In the same manner, the other 
angles of the figure may be proved to be equal. 



PROP. XV. PROB. 
On a given diagonal to describe a square. 

Let the points A and 6 be the opposite corners of a 
square which it is required to trace. 

From B as a centre describe the semicircle ADEC, 
from A and C with the double chord AE describe arcs 
intersecting in F, from C with the distance BF describe 
an arc and cut this from A with the radius AD in G, 
and lastly from B and A with the jj. 

distance BG describe arcs inter- ^ 

secting in H and I : ABHI is ^ ^ ^,v 

the required square. /^^^ \ 

For, in the triangle AGC, the / ' *. \ 

straight line GB bisects the (.' *\ \ 

base, and consequently (II. 22.) ^' .^ /' 

AG* + CG» = 2 AB» + 2BG* ; ^>^ 

but, (by App. IL Prop. 10.) 

CG*^ BF*=: 2AB» ; whence AG»= AB'= 2BG*, and 

(II. 11.) AHB is a right angle ; and the sides AH, HB, 

BI, and lA, being all equ^l, the figure is therefore a 

square. 

PROP. XVI. PEOB. 

Two distances being given, to find a third pro- 
portional to them. 
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Let it be required to find a third, proportional to the 
distances AB and CD. 

From any point F ^^ j^i* At«.t ••••••. 43 

With the distance AB, /\ *'--.C* ^ 

describe a portion of 

a circle^ in which in* 

sert FO equal to CD, i.- . . 

and from O, with that y--^ ^^ 

distance, describe the ^ j ^^ 

semicircle FHI; HI Ci- — iJ> 

is the third propor- 

tional required. / /'JT* 

For the angles drEH 
and IGH are each of I'S;.^_i:.>^g: i 

them double the angle OFH or IFH at the drcumfereiioe 
(III. 17. £1.) i whence the triangles OEH and IGH must 
also have the angles at the base equal, and are consequent* 
ly simikr : Wherefore (VI. 12. El.) EG : GH : : GH : HI. 

If the first term AB be less than half the second term 
CD, this construction, without some help, would e?ident« 
]{y not succeed. But AB may be previously doubled, or 
assumed 4, 8, or 16 times greater, so that the circle FjGrH 
s1»a11 always cut FHI j and in that case, HI, being like* 
wise doubled, or taken 4, 8, or 16 times greater, will give 
the true result. 




PROP. XVII. PROB. 



To find a fourth proportional to three given 
distances. 
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Let it be required to find a fourth proportional to the 
distances AB, CD, and EF. 

From any point G, de- 
scribe two concentric circles 
HI and KL with the distan- 
ces AB and EF ; in the cir- 
cumference of the first insert 
HI equal to CD, assume any 
point K in the second cir- 
cumference, and cut this in 
L by an arc described from I 
with the distance HK; the 
chord LK is the fourth pro- 
portional required. 

For the triangles ILG and HKG are equal, since their 
corresponding sides arc evidently equal ; whence the an- 
gle IGL is equal to HGK, and taking away HGL, the 
angle IGH remains equal to LGK ; consequently the iso- 
celes triangles GIH and GLK are similar, and GI : IH : : 
GL : LK, that is, AB : CD : : EF : LK. 

If the*third term EF be more than double the first AB, 
this construction, it is obvious, will not answer without 
some modification. It may, however, be made to suit all 
the variety of cases, by multiplying equally AB and the 
chord LK, as in the last proposition. 



PROP. XVIIL PROB. 



To find the linear expressions for the square 
roots of the natural numbers, from one to ten in- 
clusive. 
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. This problem^ ib eti<kntly the Bame as, to flod the sidet 
oF squares which are equivalent to the successive tnultiple§ 
of ihe square constructed on the straight line representing 
the oniU Let AB9 therefore, be ttiat measifre : And from 
B as a cehtre, describe a circle, in which fnflect the radial 
fbur times, from A to C,. D, £, and F; from tile' opposite 
points A and % with the dolible chord AD, describe arci 
mtersectihg iti G and H,-^with the same distance, and 
from the points D, F, describe arcs intersecting in !,->«• 
and, with still the same distance and from E, cut the cir* 
cumference in K ; ^ 



^ 



and from A and 


K, with the ra- 


dios AB describe 


arcs i 


intersecting 


io L 


: Then wUl 


AK» 


= 2AB*, 


AD» 


=r SAB», 


AE» 


= *AB*, 


IK» 


= 5AB», 


IG» 


=s 6AB», 


1C» 


ss 7AB», 


GH» 


= 8AB», 




¥ 



I A* = 9AB*, 
and IL* = 10AB». 

For, in the isosceles triangles ACB and BDE, the per- 
pendiculars CO and DP must bisect the bases AB and 
BE -, and the triangle ADI being likewise isosceles, IP= 
AP, and consequently IB=AE=2AB. But from what 
has been formerly .shown^ it is evident that AK*=2AB* 
and AD'sSAB*; and since AE=:2AB, AE> = 4AB'. 
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In the right-angled triangles IBK and IBO, IK'z IB'-f- 
BK> = 4EB«+BK*=5AB%IG*=IB*+BG* = 4AB»+ 
2AB»=6AB*; but (II. 23.) IC» = IB* + BC* + IB.2BO 
=4AB*+AB»+2AB*z=7AB*. Again, GH being double 
of BG, GH* = 4.2AB* = 8ABS and AI being the triple 
of A£» AP = 9AB* ; and lastly, lAL being a right-an- 
gled triangle, IL* = IA*+AL* = 9AB»+AB»= lOAB*. 
If AB, therefore, denote the unit of any scale, it will 
follow, that AK = V2, AD=V3, AE= \^4, 1K=V5, 
IG= V6, IC=rV7, GH= VS^ IA= V9, and 1L= \^10, 
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PLANE TRIGONOMETRY. 



Triookombtbt is the science of calculating the 
sides or angles of a triangle* It grounds its con- 
clusioiis on the aipplication of the principles of 
Geometry and Arithmetic. 

The sides of a triangle are measured, by reftr- 
rlng them to some definite portion of linear ex« 
tenty which is fixed by convention. The mensu- 
ration of angles is efiected, by means of that uni- 
versal standard derived from the partition of a 
circuit. Since angles were shown to be propor- 
tional to the intercepted arcs of a circle described 
fimn their vertex, the subdivision of the circumfe*. * 
rence will therefore determine their magnitude. A 
quadrant, or the fourth-part of the circumference, 
as it corresponds to a right angle, forms hence 
the basis of angular measures. But these mea- 
sures depend on the relation of certain orders of 
lines connected with the circle^ and which it is 
necessary previously to investigate. 
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DEFINITIONS. 

1. The complement of an arc is its defect from a quadrant ; 
its supplement is its defect from a semicircuniference ; and 
its explement is its defect from the whole circumference. 

2. The sine of an arc is a perpendicular let fall from 
one of its extremities upon a diameter passing through the 
other. 

3. The versed sine of an arc is the portion of a diame- 
ter intercepted between its sine and the circumference. 

4. The tangent of an arc is a perpendicular drawn at 
one extremity to a diameter, and limited by a diameter , 
extending through the other. 

5. The secant of an arc is the straight line which joins 
the centre with the termination of the tangent. 

In naming the sine, tangent^ or secant^ of the complement of an 
arc, it is usual to employ the abbreviated terms of cosine, cotau" 
gent and cosecant. A farther contraction is frequently made in 
noting the radius and other lines connected with the circle, by 
retaining only the first syllable of the word, or even the mere 
initial letter. 

Let ACFE be a circle, of which the diameters AF and C£ 
are at right angles; having taken any arc AB, produce the 
radius OB, and draw BD, AH perpendicular to AF, and BG^ 
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CJ perpendicular to CB. Of this aMumed arc AB, the 
plemeni ii BC, the iuppUment is 
BCF. and the explement ii 
BCFEA : the sine is BD, the co- 
sine BG or OD, the versed sine.AVt 
the coversed sine CG, and the 
supplemental versed sine FD ; the 
tangent of AB is AH, and its co- 
tangent CI ; and the secant of the 
same arc is OH, and its cosecant • 
01. 



com' 




Several obvious consequences flow from these defini- 
tions : — 

1. Since the dian\eter which bisects an arc bisects also 
the chord at right angles, it follows that half the chord of 
any arc is equal to the sine of half that arc. 

2. tn the right-angled- triangle ODB, BD*+OD^ = 
OB* ; and hence the squares of the sine and cosine of .an 
arc are together equal to the square of the radius. 

S. The triangle ODB being evidently simibr to OAH, 
OD : DB : : OA ! AH ; that is, the cosineof an arc is to 
the sine, as the radius to the tangent. 

4. From the similar triangles ODB and OAH, OD : OB 
t : OA : OH i wherefore the radius is a mean proportional 
between the cosine and the secant of an arc 

5. Since BD*= AD.FD, it i»evident that the sine of an 
arc is a mean proportional between the versed sine and the 
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supplemental versed sine, or between the sum and differ* 
ence of the radius and the cosine. 

6. Hence also the chord of an arc is a mean proportional 
between the versed sine and the diameter; for AB* = 
AD.AF. 

7. The triangles OAH and ICO being similar, AH : OA 
: : OC : CI i and hence the radius is a mean proportional 
between the tangent of an arc and its cotaugent. 

8. Since OD* = BG* = CG.CE, it follows that the cosine 
of an arc is a mean proportional between the sum and dif- 
ference of the radius and the sine. 

The circumference of the circle is commonly divided 
into 360 equal parts, called degrees, each of them being 
subdivided into 60 minutes, and these ao:ain beincr each 

' DO 

distinguished into 60 seconds. It very seldom is required 
to carry this subdivision any farther. Degrees, minutes, 
seconds, or thirds, are conveniently noted by these marks, 
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Thus, 23° 27' 43" 42''', signifies 23 degrees, 27 minutes, 
43 seconds, and 42 thirds. 

Scholium. To discern more clearly the connexion of the 
lines derived from the circle, it will be proper to trace their 
successive values, while the corresponding arc is supposed 
continually to increase. Let the arc AB', on the opposite 
side, be made equal to AB, draw the diameter FOA, ex- 
tend the diameters fi'OB', and bOW, join BB' and bb\ and 
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at A apply tba doable tangent H AH^ It is e?ideiit that 

BE=:fe» or that the sine of the arc AB is eqaal to the sine 

of its tuppleoient A BL But B'E and Vt^ or the sines of 

k&YV and ABFA'B' ifUch lie on the opposite ode of the 

diameter^ are likewise equal to 

BE I that is, the ioTerted sine 

of as vpt, is eqoal to the aiae of 

that arc or of its supplenent* 

angnsented, each by a sem* 

drcvmiercace. The arc ABi 

and its explement ABFB^ have 

both the asneoosioeOE; and 

the supplaassiitat are ABi, and 

its deieet from a whole circiun* 

ftrence, have likewise the saaie cosniet althoagh with on 

inferted posiiioa. AH and OH are respectively the tan* 

gevt awl secant not only of AB, but of the arc ABftCb^, 

#bich is conpoonded of the original are and a semidr* 

ennferenee ; awd the similar lines AH' and OH'^ on the 

opposite side^ are at once the tangent and secant of the 

sopplemcntal arc AB^ and of hSUWVH^ Uhewiae cooh 

pounded of that arc and a semicircamferenoe. 

As the prdoaged d ia as o ter i^OBH» therefore^ tomsfrom 
right to left aboot the centre O, the lioe and tangent BE 
and AH bosh increase, tiH the are attains 90^, when the Am 
becomes equal to the radios OA, and the tangent Taniihes 
imo onlloMted extsnt. Between 90* and 180% the sine 
le again dioMnishes^ and tiie tangent AH' re-appearing 
in the opposite diredionf likewise contracts by soooessive 
dimbutions. In the dnrd gnsdrsaT "SV^ the sine Vt 



merges witfi a contrary pasitton, and incrsasa till it be- 
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comes equal again to the radius ; while the tangent AH, 
resuming its first position, stretches out till it vanishes a- 
way. Between 270** and 360% the opposite sine B'E 
again contracts, and the tangent AH', re- appearing on the 
same side, shrinks also gradually to a point. In the first 
and fourth quadrants, the cosine 0£ lies on the same side 
of the centre, while the secant stretches from it in the di- 
rection of the extremity of the arc ; but, in the second 
and third quadrants, the cosine Oe shifts to the other 
side, and the secant shoots from the ctntre in a direction 
opposite to the termination of the arc. 

The same phases are thus repeated at each succeedingre- 
volution. Hence, if w denote any integral number, the sine 
of an arc a is equal to the sine of the arc (2w — 1) 180° — a, 
and to opposite sines of (2w— 1 ) 1 80*^ + and of 27w,l 80°— a ; 
the cosine and secant of an arc a are equal to the cosine 
and secant of 2;72.180^ — a, and to the opposite cosines and 
secants of (2ot— 1) 180o— aand of (2m — 1) 180°+a; and 
the tangent or cotangent of an arc a is equal to the tangent 
or cotangent of the arc (27w — 1) 180*"+ a, and to the op- 
posite tangents or cotangents of the arcs (2m— 1) 180 — 
and 2m. 180— a. 

An arc may, by a simple extension of analogy, be con- 
ceived to comprehend innumerable other arcs. Thus, the 
arc AB, in fact, represents all the arcs which have their 
origin at A and their termination ai B ; it therefore in- 
cludes not only the small arc AB, but that arc as aug- 
mented by successive revolutions, or the repeated addition 
of entire circumferences. Hence the sine of an arc a is 
the same with th^sine of any arc n.360^+a. 

It may be farther observed, that the tahgent of any arc 
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ending at B is th« same as the tangent of any other axt^ 
which terminates at the distance of a semidrcumferenoe 
beyond the former; and consequently the. tangent of A 
represents the tangents of all the arcs nASO^+a. 



PROP. L THEOB. 

The rectangle under the radius and the sine of 
the sum of two arcs, is equal to the sum of 
the rectangles under their alternate sines and co- 
sines. 

Let A and B denote two arcs, of which A is the great- 
er ; then^ J^»sin{A+B):=sinA.cosB+cosAMnB> 

Of the two arcs AB and BC, it is evident that AC will 
represent the sum, and that BC being made equal to BC, 
their difference will be expressed by AC Join OC, 
Oe, OB and CC ^ and draw HFH' parallel, and CEt 
FO, BD, and H'C'E' perpendicular, to the radius OA. 

The triangles COF and COF, are equal, since they have 
the side.CO equal to CO, OF common, and the contained 
angles FOC and FOC, measured by 
the equal arcs BC and BC, equal $ 
wherefore the angle OFC is equal 
to OFC, and OF bisects CC at right 
angles. But the triangles OBP and 
OFG being simSar, OB : BD ; : 
OF : FG or HE, and consequently , ,, 

OB.HEsBD.OF. The triangles 
OBD and CFH are likewise similar, for the right angle 
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CFO being equal to HFG, if HFO be taken from both, 
the remaining angle CFH is equal to OFG or OBD; 
whence OB : OD : : CF : CH, and OB.CH = OD CF. 
Wherefore OB HE + OB.CH, or OB.CE=BDOF+ 
OD.CF. But BD and OD are the sine and cosine of the 
arc AB, CF and OF are the sine and cosine of BC, and 
CE is the sine of the compound arc AC. Consequently, 
Ii.sinAC=zshiAB,cosBC+cosAB^inBC. 

Cor. 1. Hence, likewise, the rectangle under the radius 
and the sine of the difference of two arcs, is equal to the 
difference of the rectangles under their ahernate sines and 
cosines 5 or R.si7iAC^=sinAB.cosBC — cos AB. sinBC. 

Cor, 2. If the two arcs A and B be equal, it is obvious 
that R,sm2A=:sinA.2cosA» 

Cor, 3. Let the arc A contain 45® ; then 
R.sid^5^z±zB)=zsin^5''(cosB^±=sinB)=V\R^icosBdtzsinB) 
or R.sin{4!5'':±zB)=:RVi{cosBz±zsinB). 

Cor. 4. Let 2A=C, and, by the second corollary, 
R,5inCzzsiniC,2cos\C. 



PROP. IL THEOK- 

The rectangle under the radius and the cosine 
of the sum of two arcs, is equal to the difference 
of the rectangles under their respective cosines 
and sines. 
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Let A and B denote two arc8» of which A is the great- 
er; then iZ.c95(A+B)=sco5A.<o56-— ^tuA^inB. 

For, in the preceding figure, the triangles OBD and 
OFG being simiFar, OB : OD : : OF : OG, and OB.OG= 
OD.OF, and the triangles OBD and CFH being likewise 
similar, OB : BD : : CF : FH, or GE, and consequently 
OB.GEsrBD.CF. Wherefore OB.0O~OB.GEk 
OB.OE=OD.OF— BD.CF; that is, 

ItcosAC = cosAli.cosBC — sinA'B.sinBC 

Cor. 1. Hence, likewise, the rectangle under the radius 
and the cosine of the difference of two arcs is equal to the 
sura of the rectangles under their respective cosines and 
sines; or M.cos AO ^cosABxosBC + sin A'SmuBC. 

Cor, 2. If Aand B represent two equal arcs, it wiH follow, 
that B. cos2 A = cosA^-sin A? = (cos A + si» A)(cai A— jfit A} \ 
or» since cos A* = E^ — stn A% 

JLcosSA =iP— ««mA*= 2cosA*— iP. 

Cor. S. Since, imA'=:(iZ(/2— ^os2A), and 
smB''=:iiZ(J{— cosSB); therefore 
Sf n A*~sf i»B* = iiI(cos2B--coi2 A). 

Cor. 4. Let the arc A be equal to 45% and 
JB cos(45<'=i=B)=:sin45'^(casB:^=ftnB}. 



Cor. 5. Let SAsrCy and by the second eoroUafjt 
JLcotCsJS'— 25fn|C*=:2co5iC*--if. 
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PROP. III. THEOR. 

Of three equidifferentarcs, the rectangle under 
the radius and the sum of the sines of the ex- 
tremes, is equal to twice the rectangle under the 
cosine of the common difference and the sine of 
the mean arc. 

Let A — B, A, and A + B represent three arcs increasing 
by the common difference B ; then 

jR(5zw( A+B) +5fw{ A— B)) =2cosB.sinA. 

The property is easily deduced by combining the preced- 
ing theorems \ but it 
will be more easily 
perceived, by refer- 
ring immediately 
to the original fi- 
gure. The trian- 
gles OBD and 
OFG being simi- 
lar, OB : BD : : 
OF : FG, that is 
OB : BD : : 20F 
: 2FG or CE+ 
C'E', andOB(CE 
+ CE0 = 2OF.BD; 
that is, R{sinAC+sinAC)=:2cosBC.sinAB. 

Cot\ 1. Hence, likewise, of three equidifiFerent arcs, the 
rectangle under the radius and the difference of the sines 
of the extremes, is equal to twice the rectangle under the 
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line of the oommon diflferenee and the cosiiie of the mean 
arc ; or Bfsin{A + B)— st n( A-^B)^ = 2niiB.ci>5A. 

Cor. 2. HenceJfi(co«(A— B)+co5(A+B))=2cosB.awA, 
and «(cas( A— B)-^oi( A + B)) = 2sinB.sinA. 

For OB : OD : : OF : OO : : 2QF: 20G or OE'+OE, 
and OB(OE'+OE)=20F.OD; that ii, 

jR(c(» AC'+cosAC) s 2cosBac0iAB. 

Again. OB : BD : : CF : FH : : 2CF : 2FH» or 
OE'— OE, and OB(OE'— OE)=2CF.BD j that is, 

M[€osAC'^co8AC) = 2sinBC.sinAB. 

Cor. S. Let the radius be expressed by nnit, and the arcs 
B and A denoted by a and na ; then coUectivelyt 
2jfft a\eos na=:5in(fi+l}ff— ^n(n— *l)a, 
2cos a.$in na^sin{n+ \)a+$in{n — 1)119 
2sin a.8in napz eos{n — I )a — cos{n + 1 )a^ and 
2cos a^co$naszcos{n'^l)a+coi{n+i)a. - 

Cor, 4. Sincft fyriB=:7?> — rosB^ it follows that 
B[8in{A + B) + 5in( A - B}) = 2BsinA'-2versBMnA, 

and consequently iZ If ii( A +B)=:2jRstit A— i{(tii( A— B)— 

2ofriB.ffiiA, or B($in{A+BysinA)szM(sinA;-sin{A^B)\ 

*-ftimB.ijnA.' 

In the same way> it may be shown that JZ(co«(A<— B)*-€0sA) 

s: B(eoiA'^co$(A + B)\ — 2versBxotA. 

Cor. 5. If the mean arc contain 60'', then 22^^111(60'' +B} 
— Wli(60''"-B)^ =2{iiiB.au60'', or 5iiiB.2iinS0«. But twice 
the sine of 80'' being (cor. 1. def.) equal to the chord of 
60'' or the radius, it is evident Aat tin(60'' + B}-^ 
Wfi(60''— B)=jfnB, or 
5in{9ff + B)^sin{60''^B)+sif/B. 



SS6 ELEMSNTS Of 

Cor. 6. Produce CE to the circumference, join CI 
meeting the production of FG in K, and join OK. Since 
FK is parallel to CI and bisects CC/ it likewise bisects 
IC ; and hence OK is perpendicular to KC, which is, 
therefore, the sine of half the arc lAC, or of half the sum 
of the arcs AC and AC, as CF is the sine of half their 
difference. But(IL21. EI.)IC'— CC'' = IC.2CF, or C'K» 
— CF*=CE.C'E'; consequently «VAB— $m»BC = sin 
ACsiVzAC, or employing the general notation, 

5mA*— 5mB* = 5m( A + B) . «n( A — B) = (2. cor. S.) 
\R{cos2l&—cos2k.) 

Scholium, By help of this proposition, the sines and co- 
sines of multiple arcs are easily determined ; but the ex- 
pressions for them will become simpler, if, as in cor. 2. 
the radius be supposed equal to unit. For A, 2 A and 3 A 
being three equidifferent arcs, 
sinA+«w3A=2i:o5A,5in2A— 2co5A.2co5A.5ZftA, or 
5i«3A=4co5A*.s/«A--5mA ; and 
cos A + cos3 A=2co5A.r(/52 A=: ^cw* A(2t(y* A' — ! )— 
4co5A* — 2co5A, or 
casSA=4cosA* — ScosK, 

Again, since 2 A, 3 A, and 4>A are equidifferent arcs, 
5m2A+52w4A=2cosA.s/n3A=8cosA'.5/nA — 2€osA^nAf 
or 5m4A=8a>f A*. 5/«A— 4C05A. sinA ; 
cos2A + cos^A=2cosA.cos3A^2cosA{^cosA* — SrasA), 
or cos^AziScos A* — 8cosA* + l, In like manner, assum- 
ing the equidifferent arcs 3 A, 4A, 5 A, the sine and cosine 
of 5 A are found ; and this mode of procedure may be con- 
tinually repeated. To abridge the notation, however, it 
will be proper to express the sine and the cosine of the arc 
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Sin 2a sites. 
Sfii Sa =: 4(^1 — «. 
Sin %a zs Be^s — ^. 
(1.) Sfii 5tf =2 16c*« — ISc«« + s. 
Sin 6a = Std^s — S9(^s + 6cs. 
Sin la = 04c*s •— BWs -(- M ci^-x. 

&c &c» ftc. 

a» Sa = Sc* — 1. 
Cm 8a =s 4c> — $c. 
(«.) Ow 4tf = 8c* — 8tf» + 1. 
Cbf 5a s= 18e'— 20<r' +5c. 
Cos 6a = S94:«— 48c*+18c*— 1. 

&c. ftc &c. 

If in these ezpressioosi i— s^ be sabstitated for c*, in 
the sines of the odd multiples of a, and in the cosines of 
the even multiples, the sines and cosines of such multiple 
arcs will be represented merely by the powers of the sine a. 

Sin ^a s 85-«4« . 
(SO Sin 5a = 6s^20i^ + ies. 

Sin7ass 7s— 56s^ +112$'— SW. 

&0. &c. &C. 

(hs2a ss + 1 — 2s». 
(4.) C<w 4fl = + 1 — Ss*+Ss^. 

€bi6a = + Iw. 18*»+48^~925*. 

8cc. &c &c. 

If the terms of the first table be repeatedly multiplied 
by 2Sf and those of the second by 2Cf observing the sub- 
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stitutions of cor. 2, there will result expressions for the 
sines and cosines. Thus, 25m fl*= 2s.s = — cos 2a + 1, 
4 sin a' = — 2s.cos 2a + 2^ = — sin $a+sin a + 25 = 
—5m 3a + 35, and 8 sin a*=i — 25.5m 3a + 25.35 =+co5 4a 
— cos 2a —Scos 2a + 3 = cos 4a — ^cos 2a + 3. Again, 2 cos a* 
= 2c.c = C05 2a + 1 ; 4 co5 a^ =: 2c.co5 2a + 2c = cos 3a + 
cos a + 2c = C05 3a+ 3 cos a, and 8 co5 a ' = 2c.cos 3a + 
2c.Scos a=cos 4a+co5 2a+3co5 2a + 3=:co5 4a+4cc?5 2a+S. 
In this manner, the following tables are formed. 

Sin a z= s. 
2 Sin a* = — cos 2a + 1. 
4 S/n a* = 7— 5m 3a + 35. 
(5.) 8 Sm a* = + co5 4a — 4 co5 2a + 3. 
16 Sin a^ = + sin 5a — 5 5m 3a + 105. 
32 Sin a^ = — cos 6a + 6 cos 4a — \5cos 2a+ 10. 
64 Sin a'' = — sin 7a + 7 sin 5a — 21 sin 3a +355. 

&c. &c. &c. 

Cos a = c. 
2 Cos a* = cos 2a + 1. 
4 Cos a' = cos 3a + Sc. 
(6.) 8 Co5 a* = C05 4a + 4 co5 2a + 3. 
16 Cos a' = cos 5a + 5 cos Sa + lOc. 
32 Co5 a^ — C05 6a + 6cos 4a + 15 t:05 2a + 10. 
64 Cos a'' ^ cos la + 7 cos 5a + 21 cos 3a + 35^. 

&c. &c. &c. 

PROP. IV. THEOR. 

The sum of the sines of two arcs is to their dif- 
ference, as the tangent of half the sum of those 
arcs to the tangent of half the difference. 
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If A and B doiote two arcs; «iiiA+imB : 



•^5fnB 






ta9i 



A+B 



tan 



A—B 



For» let AC and AC be the sum and difference of the 
arcs AB and BC or BC i 
draw the perpendiculars 
C£ and C'E', extend the 
chord CC, and apply at 
B the parallel tangent 
HBL, meeting in K and 
L the diameter produced^ 
and draw OCH, OFB 
^dOC'H'. Because CE 

is parallel to C'E', and CK to HL, CE : OE' : : CK : C'K 
(VI. 2. El.) HL : H'L ; and consequently CE + C'E^ : 
CE^C'E' : : HL+ H'L : HL— HL', that is, 2BL : 2BH, 
or BL : BH. But CE and CE' are the sines of the arcs 
AC and AC, and BL and BH are the tangenU of AB 
and BQ or of half the sum and half the difference of 
those arcs. Wherefore sin AC +sin AC : sin AC — sin AC 




O K 



lu-V 



• • 



tan 



AC+AC , AC— AC 

— : tan — 



2 2 

Car. 1. The sines of the sum and difference of two 
arcs are proportignal to the sum and difference of their 
tangents. For CE : CE' : : HL or BL+BH : H'L 
or BL — BH; that is, resuming the general notation, 
$in{A+B : iin(A— B) : : tanA+tanB : tanA—tanB. 

Cor. 2. Let the greater arc be equal to a quadrant ; and 
JZ+5fi|B : JZ— 5inB : : te»(45«+JB) : tan (45*»— JB) or 
cat {^5''+ B.) But, the radius being a mean proportional 
between the tangent and cotangent of any arc, and the 
cosine ot an arc being a mean proportional between the 
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sam and difference of the radius and the sine, U fol- 
lows that R + sinB : cosB : i B : tan{^5** — JB), and 
R — sinB : cosB, or cosB : R+sinB : : R : tan{^5'^ +\B.) 

Or if, instead of B, there be substituted its complement, 
these analogies will become R+cosB : sinB : : R : taniB, 
and 22 — cosB : sinB : : R : cot\B. 

Cor. 3. Since cosB : R : i R^sinB : tan{^5'' — .JB), and 
cosB :R:: R+sinB : ^an(45°+iB), therefore (VI. 19. El.) 
cosB : R : : 2R : /a«(45**— xB)+/aw(4.5« + iB) ; that is, 
supposing B to be the complement of 2C, 5in2C : 2R : : 
R : tanC+cotC. But(Prop. 1. cor. l.)i?.s/>i2C=2co5C.5/nC, 
and consequently cosCMnC : R* :: R: tanC+cotC. 

Cor. 4. Since (4 cor. def.) cosB : R : : R : secBf 
and (3 cor. def.) cosB : sinB : : R : fanB, therefore 
cosB : R+sinB i - R : tanB+secB^ and consequently 
(2. cor. def.) tan{^5'^+l^B)=: tafiB+secB. — This also ap- 
pears clearly from the figure, on supposing 0H'= H'L', 
or the angle LOH' equal to OLH', and consequently the 
arc AC equal to the complement of AB. 

PROP. V. THEOR. 

As the difference of the square of the radius 
and the rectangle under the tangents of two arcs, 
is to the square of the radius, so is the sum of their 
tangents, to the tangent of the sum of the arcs. 

Let A and B denote any two arcs ; then, 
JB» — tatiA.tanB : JR* : : tanA+fanB : /^w(A+B.) 
In reference to a diagram, let AB and BC be the two 
arcs, AD and BE their tangents, and AF consequently 
the tangent of their sum IIC. From the centre O, draw 
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fiii 



U> meet the fsxUmkon of this ungen^ dn^v Qlf P^HlMin* 
dienlar to OD and OG middiig the 
ani^e AOG equal to BQC;. and 
frem D dfBW DI pandM to BB» 
or (I. 2S. EL) OH* 

The triangle AOG JUait ef'v- 
dentlybe ^ual (L 20. SI.}toBOE» 
and tberefifl^ AQ fi ^qnal to BR 
T|ie paralleb BEand DI cot the 
diverging lines OD and OI} and 
thanfereC VI. 9. EL) BEor AB: DI 
: : OB or OA : OD i bat th^ 
ir%bt an^ed trian^ DOH being 
(VL 15. EL) divided by the per- 
peadicqlar OA into similar trl^ 
angles, OA: OD: : AH:OH| and 
consequently AG: DI::AH;OH, 
or by alternation AG : AH : : 
PI : OH. Again* since the parallels DI and OH ar^ 
intercepted by the diverging lines FH and FO^ ( VL fl. El.) 
DI : OH : : FD : FH; whence AG : AH : : FD : FH, 
9nd (V. 10. El.) GH: AH : : DH ;FH; : (V. 19. l.tor. 
EL)DO:AF. Consequently <V. 2^, cor. «/El.)eH. AD: 
AH.AD::DQ:AB^ but(VL 15.cor.EI.)iVf3LADsK)A% 
and hence GH.AD = OA? — AD JiG 8 wherefore 
OA^AD.BE : OA« : : DG : AF. Now OA is the 
radins, AD and BE are the tangents of tjie ares AB and 
BC, DG being their sum, and AF is the tangent of die 




compound are AC ; the proposition is therefore establbhed. 

Cor, 1. Hence itfoUowsi by changing the position of the 
%urei^Tb^t the sum fff the. square of^thej^dlu^^ ilnd^ 
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die rectangle under the tangents of two arcs, is to the square 
of the radius> as the difference of their tangents is to the tan- 
gent of the difference of the arcs. If A and B denote the two 
arcs, then R^+tan Atan B : R* : : tan A-tan B : /an(A-B.) 

Cor. 2. Let the two arcs be equal } and 
.jB»— /awA^ : B* : : 2tanA : tanSA. 

Cor. S. Let the greater arc contain 45*^, .whose tan- 
gent is equal to the radius, then R* z^ R.fanB : R* 
: : Rztztan B : /an(45o=4=B), or Rz^an B : Udt/anB : : 
R : ^an(45^z±zB). 

Scholium. Assuming the radius equal to unit, expressions 
are hence easily derived for the tangents of multiple arcs. 
Let t denote the tangent of an arc a ; then, by the proposi- 
tion, 

i—t» : I : :2/ : tan2azz and i^t : i :: i+'—r. : 

I — t^ I — <* ' 1 — r 

tanSasi^^^^^ In like manner, it will be found that 
i—Stt 



Tan ^asz — -r-. 



C7.) r»5«=.3zl^. 



&c. &c. &c. 



These/ormula might ako be derived from expressions for 
the sine and cosine of the multiple arc which involve the 
powers of the tangent. Thus, from (1), ««2a=2cs= 

c* (2-\=c\2t, and sinSa = ic^s—s = Sc*s—{j—c*)s = ' 
t» /?£— *I.)=c»(S<_/'); again, from (2), cos2a=2c'— 1= 
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c»_Sc(i— r»);?:c* ( 1— 3-^)=cs(i— S/»). In thw woy,ibe 
following tables are formed : 
Sin 2a sz ^AU 

(8.) Sin 4fl 55 c* {«— 4^'/. 

Sin Saszc" {St—\Ot^+t\ 

8(c &c. &;e, 

aw24 = c*(l— ^*)/ 
Cbi Sfl = c»(l— 3/*). 
. (9) Cto* 4fl = c*{l— 6/* + /*). 
Cos 5a = c»(I— 10/» + S^). 
Cbi 6a s= c^(l-^15<* + 15/*— /•)• 

Sec. &C. SiC 

The first set of expressions being divided bj the second, 
will evidently give the same res^ilfs for (he t^gent of tl)e 
multiple ar^. 



PROP, VI, THEOR, 

The supptemental chord of half an arc, is a 
mean proportional between the radius, and the 
sum of the diameter and the supplemental chord 

■ 

of the whole arc. 
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This property! which is only a modification of con 2. to 
Pr. 2. will admit of a more direct demonstration. For draw 
the chord AB, the semichords AE and BE, and the supple- 
mental chords CB and 
CE, and the radius 
OE. The isosceles 
triangles AEB and 
COE are similar, for 
the angles OCE and 
EAB at the base ^ ^ .X) X z A. 

stand on equal arcs AE and EB ; consequently AE : AB 
: : CO : CE. But, ACBE being a quadrilateral figure 
contained in a circle, CE.AB = AE.CB+EB.CA = 
AE (CA+CB), or AE : AB : : CE : CA+CB; wherefore 

CO : CE : : CE : CA+CB, or CE* = CA(£A+^V 

Cor. Hence, in small arcs, the ratio of the sine to the 
arc approaches that of equality. For, let the semi-arcs AE 
and EB be again bisected in the points F and G ; and, 
continuing such subdivision indefinitely, let the successive 
intermediate chords be drawn. The ratio of the sine BD 
to the arc AB may be viewed as compounded of the ratio 
of BD to the chord AB, of this chord to the two chords 
AE and EB, of these chords again to the four chords AF, 
FE, EG, and GB, and so forth. But those ratios, it has 
been shown, are the same respectively as the ratios of the 
supplemental chords CB, CE, CF, &c. to the diameter 
CA. And since each of the ratios CB r CA, CE : CA, 
CF : CA, &c. approaches to equality, it is evident that 
their compounded ratio, or that of the sine to its corre- 
sponding arc, must also approach to equality. 
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' SdMium» Hence the rado of the ftine BD to the arc 
AB ii eiprened nainerically, by the raUo of the oontmned 
product of the series cS sopplemental chords CBf CE, CF, 
&c to the rehtive continned power of the diameter CA« 
The ratio mayt therefoe, be determined to any degree of 
eKactnesSy fay the rqpeated application of the proposition 
in computing those derivatiTe chords. But a Tery con<> 
iKenient approximation is more readily assigned. Make 
CD to CI as CB to CA, CI to CK^ CE to CA, CK to 
CL as CF to CA, and so forth, the sections at I, K, L, &c. 
tnding always towards the limit Z i then the ratio of CD 
toCZ» being oompoonded of those ratios, must express the 
iwtio of the sine BD to its eDrreqx>nding arc AB. l9ow 
CD : CB : ; CB ; CA; consequently, CIsCB, and 
CD : CI : : CI : CA, or the point I nearly bisects DA« 

Again, CE^sCA ( ^^'^^° \ and therefore CE differs 

from CA, by nearly the fourth part pf the difference be* 
tween CB and C A. These differences being small in com- 
parison of the quantities themselres, the series of supple- 
mental chords may be considered as forming a r^lar pro- 
grsiiion, eadi succeeding term of which approaches four 
tiflMs nearer to the length of the diameter. Wherefore 
IKsiDI, KLs ilK, and so continually. But (V. dl. 
JSL) as the diflbrence between the firstand second term, is 
to the first, so is the difference between the first and last 
term, or DI itsd^ <o the sum of all the terms, or the ex« 
treme limit DZ; that is, d : 4 t : Dl : DZ; and eonse- 
quently DZsJDA. The ratio of the sine BD to the ar« 
AB is. therefore, nearly that of CD to CD+|DA, or of 
3CD to CD+SCA 
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This approximation may be diiFerently modified^ Since 
3CD=60A— 3DA, and CD+2AC=60A— DA, it fol- 
lows that BD is to AB, as 60A— SDA to 60A— DA. 
But this ratio, which approaches to equality, will not be 
sensibly affected, by annexing or taking away equal small 
differences. Whence the sine is io the arc, as 60 A — 6DA 
to 60A— 4DA, or SOD to 0A+20D. But OD is to 
OA, as the sine of AB is to its tangent; and consequently 
the triple of that arc is equal to its tangent together with 
twice its sine. 

Again, both terms of the ratio increased by the minute 
difference DA become 60A— SDA, and 60A ; wherefore 
BD is to AB, as 30A— DA to SOA, or as 20C+0D to 
SCO. Hence, if the ex- 
tension CP be made e- 
qual to the radius CO, 
and PBH be drawn to 

meet the tangent, the P C 6 ^A 

arc AB will be nearly equal to the intercepted portion AH. 
For BD : AH : : PD : PA, or 20C+OD : SOCj that 
is, as the sine BD is to its arc AB. 

Another approximation, of much higher importance^ 
may be hence derived ; for PD : PA : : BD : AH, or as 
the sine to its arc nearly. But (V. S. El.) PD.CD is to 
PA.CD in the same ratio, and PA.CD=PD.CD+ 
AD.CD = (IIL 26. cor. 1.) PD.CD+BD»; whence 
PD.CD is to PD.CD + BD% as the sine to its arc nearly. 
If the arc be small, it is evident that OD will be very 
nearly equal to AO, and consequently PD may be as- 
sumed equal to SAO,"and CD equal to 2AO. Where- 
fore 6A0* : 6AO*-|-BD» : : BD : AB nearly; or, the ra- 
dius being unit, and a and s denoting a small arc and its 
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Bine) 6 : 6-)-^ :: s:a^ and heaCea'=:s ^— nearty^ But 

tiace^a and i am ToysBiaBf a" will approach €a[|feinallr 
jiearto«% anditmajy tliet«fi)re» be iii&nred'iN»v«r*%b 

that s = a — -- , 

A oonvenient apprMittiatieii for th0 ven^ ma. pf w 
jupc u entily^ derived from the.fiiodaintanUdi pi!0|^W^ oC ^ 
lines themseWesi for 2A0*AD±sAB*s$ :^D^.-f AD^.^cfr 
employing o to deootd the v^Md sine^ Si;a5^4-o% .and 



p=— +•— • 10 therefore, the arc be small, it may beiitfit- 

2 2 . '. . •» 

ciently near the tmth to reject^-, imd assume t;=: — ; bttt 
» • 2 • . ; ^2 I 

•shodd grmter aocuiaqr be required, subltitotlB thin valqe 

^f 9 in the second term of the compldle expufssioQ, BXf^ 

v=^+--,which win form a very dese approximation* . ^ 

2 D 



-*— ^-* *— 1 *■- I — ' ' & 



Calctdatim of the TrignometricaU Lines* ^ 

The preceding theorems contain all the princiirfes Xja- 
quired for constructing Trigonometrical Tables. The ra- 
dius being denoted by unit, the several lines .connected 
with the circle are reforred to this standard, and are.ge- 
nerally computed to seven decimal places. 

The first object is to compute the Sines for every arc 
of the quadrant. 

Since the semicircumference of a circle whose radius is 
unit was found, by the scholium tp Prop. SO. Book VI, of 
the Elements, to be S. 1415926586, the length of the arc of 
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one minute ia the 180^ part of this number again subdl* 
vided by 60» or .0002909, which, in so small an arc, may 
i)e assumed as eqiial to the sine^ and consequently the ver- 
.fied sine of a minute = ^(.0003909)^ = .000000042308* 
Whence, by cor. 3. to Prop. 3. sin{K + 1') = 2sinK^^ 
25mA X .000000042308 — 5m(A — V)i and therefore, by 
a series of repeated operations, the intermediate arc being 
successively 1', 2', 3', 4', &c. the sines of 2% 8', 4', 5', &c. 
in their order will be calculated. 

The numbers thus obtained will at first scarcely differ 
fifom an uniform progression, the versed sine of 1', which 
forms the multiplier of deviation, being so extremely small. 
It is hence superfluous to compute rigidly all those mi- 
nute variations. The labbur may be greatly shortened, 
by calculating the sines for each degree only, and employ- 
ing some abridged process for filling up the sines, corre- 
sponding to the subdivision in minutes. 

The arc of one degree being equal to .0174533, it fol- 
lows from the scholium to Prop. 6., that the sine of 
1O--.0174533— ^(.0174533)' = .0174524, and hence the 
versed sine of l^=i(.0l74524)* =.0001523. Wherefore 
5/n(A+l*')=2smA— 25mA X .0001523— 5m(A—l^)j or, j/* 
front twee the sine of any arc^ diminished by its 6566^ party 
or Jy its product into .0001523, the sine of an arc one de^ 
gree Urjoe?- be siibtracted, the remainder will exhibit the sine 
of an arc 'which is one degree higher. Thus, 

5/^2*^ = 25ml--25ml X.0001523ii.0349048— .0000053 

= .0348995. 
Sm3^=25m2° — 2sm2° X .0001 523 — 5mlo = .0G97990— 

.0000106— .0174524=.0523360. 
Sm4<^ = 25m3° — 25m3<'X. 0001523— 5m2^ z= .1046720— 

.0000160 — 0348y95.=:0G97565. 



TftlOOMOMETlElY. 249 

Jklkiir Oil nuuuM^y die that finr teftch degteft ia oonpated 

Bttt'lhe 8Im» ttiay be found) independently of the pre- 
.TKKift ^piadratnre of fbe drcte. Asguming an arb whose 
chbrd is already known, it is easy, from Prop. 6. to deter« 

t 

infne the successive chords and supplemental chords of its 
^tatttinned bisection. Let that are be 60^; its chord ik 
equal to the radius, and (IV. 17. con 2.) its supplemental 
^ehord er ^Sss h7SS0508076. Whence the supplemental 
diordo^Stf -V^(S+1.7820508O76)r:1.9S18516525. In 
•this way, by continued extractions, the supplbmental chords 
of 15*, 7o S&fS^ 45^ and 1^ 58'| are successively compo- 
ied» the last one being equal to 1.9997S22758; Again, the 
dKNtls theajiarives are dedqoed by a s^ies of analogies ; 
lor IjPd 18516525 : 1 ^: 1 : .5l768809004=chord of 80% 
and so repeatedly, till the chord of 1<> 5$^!, which is 
•OSS7£84688. Hence, taking the halVes of those nunif 
bers, the sine of 56'2=:.OI6S6l7S17 and the cosine of 
56^1:^9998661879, and therefore (cor. S. defin*) the tan- 
gent of that arc is.0I6d689215 ; consequently the arc itself 
)(2X.01686I7317+.016S639215) = .0163624616, and 
thence the length of the arc of a minute is .0002908882086. 
Wherefore the sme of r=.0002908882^t(.0002908882)* 
==.00029088826046, and the versed sine of 1'= 

j (.00029088826046)^=000000042808. 
Employing these data, therefor^ 

8fn2'=25inl'-25inr K .0000O0O42S08S.0O05817763845 | 
&'nd'=25f n2^-25/n2' X .000000042308— sml's: 
.0008726645152; and so forth. 
But it is very seldom requuite to push the estimation 
to such extreme nicety. The sihes being calculated ,for 
each degree, those corresponding to the subdivision in 
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mmutcS) may be found by a more expeditious method^ 
founded on the theory of approximations. If the sines 
increased uniformly^ the sine of A^+^' would exceed that 

of A by the quantity («» A+l** — 5mA— 1<>)=B. But 

the rate of this augmentation, being continually retarded^ 
occasions a defect, equal to n" X 5/»Ax .OOOOOOO^SSOSzrC. 
Again, since the retardation itself gradually relaxes, it re- 
quires a small compensation, which may be estimated at 
(60'— w'JBx. 00000 13=D. The sine of A°+w' is then 
very nearly =smA-j- B — C+ D. Thus, the sines of 81°, 32o> 
and 33° being respectively .5150381, .5299193, and 
•5446390, let it be required to find the sine of 32"" 40^ 

40 

Here B = ^r5m33°-^m31<>^ = .0098670, 

C = 1 600 X 5/»32 X .0000000423 = .0000359, 
and D=20 X .0098670 X .0000013 = .0000003. 
\Vhence5m32° 40' =z .5299193 +.0098670 — 0000359+ 
.0000003 = .5397507. 

After the sines are calculated up to 60^, the rest are de- 
duced from cor. 4. Prop. 3. by simple addition. Thus, 
5m6r=5m59'+5/»r =.8571673+ .0174524 = .8746197. 

The Versed Sines and supplementary versed sines are 
only the difference and sum of the radius and the sines. 

The Tangents are easily derived from the sines, by help 
of the analogy given in the third corollary to the definitions. 
Thus, c:o532° : 5^32 : : 5 :^aw32% or, .8480481 : .5299193 
: : 1 : .6248694=/an32. Beyond 45°, the calculation is 
simplified, since the radius (cor. 7. defin.) is a mean pro- 
portional between the tangent and cotangent, or the co- 
tangent is the reciprocal of the tangent. 
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The SccAVTS are dedooed by oor. 4. to fhe definitioiiSy 
binoe they are the reciprocals of the cotinei. 

. From the lowertangentsiuidaecantSf the tangeota of arcs 
* that eacceed ^S^'are moat easily derived ; for (oor. 4. Prop. 4.) 
ian(K5''+a)=sec2a+tania. thus, tan^6''=sec2''+tan2^ 
or 1.0d55S0S = 1 .0006095 ^ .0849208. 
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tn a right angled triangle, the radius is to the 
lune of an oblique angle, as the hypotenuse to the 
opposite side. 

Let the triangle ABC be right angled at B; then 
R:sinCABi:AC:CB. 

For, in the base AB, assume AR equal to the given ra- 
dius, describe the arc RIH 
and let fall the perpendicular 
RS. The triangles ARS 
and ACB are evidently simi«^ 
lar, and therefoae AR : RS 
::AC:CB. Bnt^ARbebg 
the radius, RS is' the sine of 
the arc RD which measures the angle RAD or CAB ; 
and consequently JS : siiiA : : AC : CB. 

Cor. Hence the radius is to the cosine of an angle, as 
the hypotenuse to the acljacent side ; for R : sin C or casA 
: : AC : AB. 




25'i 



ELEMENTS OF 



PROP. VIIL THEOR. 

In a right angled triangle, the radius is to the 
tangent of an oblique angle, as the adjacent side 
to the opposite side. 

Let the triangle ABC be right angled at B ; then 
R : tanBAC : : AB : BC. 

For, assuming AR as before equal to the given radius, 
describe the arc RD, and erect 
the perpendicular RT. The 
triangles ART and ABC be- 
ing similar, AR : RT : : AB 
: BC. But, AR being the 
radius, RT is the tangent of 
the arc RD which measures 
the angle at A ; and therefore 
B : tanA : : AB 2 BC. 

Cor. Hence the radius is to the secant of an angle, as 
the adjacent side to the hypotenuse. For AT is the se- 
cant of the arc RD, or.of the angle at A 5 and, from simi- 
lar triangles, AR : AT : : AB : AC. 




PROP. IX. THEOR. 

The sides of any triangle are as the sines of 
their opposite angles. 

In the triangle ABC, the side AB is to BC, as the sine 
of the angle at C to the sine of that at A. 




TitiaoMOMETaY. 95^ 

For kl a cirde be described about the triangle; and tbe 
•idee AB and BC» being chords 
of tbe intercepted arcs or of the 

angiles at the oentne,are(oor.def.) 
eqnal to twice the sines of the 
balTetf of those angles, or the 
angles ACB and CAB at the . 
drcumferenee. Bat| of the same 
angles, the chords or unes] {VI. 
11. cor; EL) are proportional to the radiusi and conse- 
quently AB : BC : : 5iitC : jf » A 

Cor* Shoe die straight lines AB and BC are chords^ 
not only of the arcs AB and BQ but of the arcs ACB ami 
BAC, or the defects of the former from the drcnnfisrenccy 
it Iblloirs that the sides of the triangle are proportTonal aba 
to the sines of half these compound arcs, or to the sines of 
the supplements of their opposite an^es. A like inference 
results from the definition, for the sine of an arc and tha^ 
supplement are the sunob 



PROP. X, THEOR. 



In any triangle, the dum of two sides is to the 
difierence, as the tangent of half the sum of the 
angles at the base, to the tangent of half their dif- 
ference. 

In the triangle ABC, 

AB+AC : AB-AC : : tan^^ : ian^=^. 
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From the vertex A, with a distance equal to the great- 
er side AB, describe the semicircle FBD, meeting the o- 
ther side AC extended both ways to F and D, join BD and 
BF, and produce the latter to meet a straight line D£ 
drawn parallel to CB. 

Because the isosceles 
triangle DAB, has the 
same vertical angle with 
the proposed triangle 
CAB> each of its remain- 
ing angles ADB and 
ABD is (I. 30. El.) equal to half the sum of the angles 
ACB and ABC ; and therefore the defect of ABC from 
that mean, that is the angle CBD, or its alternate angle 
BDE, must be equal to half the difference of those angles. 
Now FBD being (III. 19. El.) a right angle, BF and BE 
are tangents of the angles BDF and 6DE, to the radius 
DB, and hence are proportional to the tangents of those 
angles with any other radius. But since CB and DE are 
parallel, CF or AB+ AC : CD or AB— AC : : BF : BE ; 

consequently AB+AC : AB— AC : : tan^^:t^^ 



: /flnA25z:AM!9, or AB+AC : AB— AC : 
: cot{B+iA)f or-cot{C+iA.) 



cot^A 



Cor, Suppose another triangle abc to have the sides ab 
and ac equal to AB and AC, but containing a b 

right angle : It is obvious that tan-—^ : tan^^ 
::.an^£^+ABC^^^„ACB-ABC 



or 



R=<a.(450-6): :/.»^2g±^g^:^.„ ACB-AB C^ \ 
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R : toi(45— i) : : «rf4 A : co^B+iA), or— a>/(C+JA}. 
Now, in the right angled triangle abc, the base ab or AB, 
is to the perpendicalar ac, or AC, as the radius^ to the 
tai^^t of the iuigle at 6. 

PROP. XI. THEOR. 

In any triangle, as twice the rectangle under 
two sides, is' Jto the difference between thdr 
squares and the square of the base, so is the ra- 
dius to the cosine of the contained angle. 

in the triangle ABC, SAB. AC: AB> AC«— BC* : : 
ft t eosB AC ; the angle BAC being acute or obtuse, 
according as BC* is less or 
greater than AB*+ AC*. 

Fbr let fall the perpendicu- 
lar BD. In the right angled 
triangle ADB, AB : AD : : 
RtWnABDorco^BAC; con- 
sequently, by taking like mul- 
tiples, 2AB.AC ; aAD.AC 
itRicosBAC. Bnt(IL23. 
£1.) twice the rectangle under 
AD and AC is equal to the 
diflSsrence of the squares AB 
and AC from the square of BC. MHience 
2AB.AC : AB*+ AC*-BC» : : R : wBAC. 

Cor. The radius being denoted by unit, it follows (V.S. 
EL) that AB»+AC*^BC«=2ARACu:o5 BAC, and con- 
sequently BC»=AB«+ AC»_2AB.AC.co5BAC, or BC= 
V(AB»+AC*— 2AB.AC.rasBAC). 
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PROP. XII. THEOR. 

In any triangle, the rectangle under the semi- 
perimeter and its excess above the base, is to the 
rectangle under its excesses above the two sides, 
as the square of the radius, to the square of the 
tangent of half the contained angle. 



In the triangle ABC, the perimeter beiDg denoted by 
P, xP(.jP_AC) : (5P— AB) (iP— BC)': : R* : tan |B*- 

For employing the construction of Prop. 29. Book VI. 
of the Elements ; since the triangles BIE and BGD are 
right angled, BI : IE : : R : tanlBE, or /an^B, 

and BG : GD : : R : tanGBD, or /awJB; 
whence (V. 22. EL) BI.BG : lE.GD : : R* : ta7ilB\ 

But it was proved that 
IE.GD=rAI.AG; where- 
fore BI.BG : AI.AG : : 
R* : tan^B*. Now BI is 
equal to the semiperime- 
ter, BG is its excess above 
the base AC, and AI, AG 
are its excesses above the 
sides A Band BC; conse- 
quently the proportion is 
established. 
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PROP. Xin. THEOR. 

I . 

I 

In any triangle^ the rectangle under two sides^ 
is to the rectangle under the semiperimeter, and 
its excess above the base» as the square of the ra- 
dius, to the square of the cosine of h^ the coii- 
tained an^e. 



In the triangle ABC, the perimetef being denoted by P9 
AB.BC : }P(iP— AC) : : R» : cosjB*. ' 

For, the same construction remaining; in the right- 
angled triangles Bl£ and B6D, 

BE : BI : : R : sinBEh orcosiB^ 
and BD : BO : : R : sinBDG^ or caslBi 
whenc^ BE.BD : BI.B6 : : R* : coslB\ 

But the quadrilateral figure EADC> being right angled 
at A and C, is (III. 17. EL) contained in a circle, and 
cbnaequently (III. 16. EL) the angle AED or AEB is 
equal to ACD or to DCB } wherefore^ since by conscroe- 
tion the angle ABE is equal to DBC, the triangles BAE 
and BDC are similar, and BE : AB : : BC : BD, or 
BKBD = AB.BC. Hence AB.BC : BLBG : 
R* : cos^B*. Now BI is the semiperimeter, and BG its 
excess above IG or AC ; wherefore the proposition is de- 
monstrated. 



a 
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PROP. XIV. THEOR. 

In any triangle, as the rectangle under two sides 
is to the rectangle under the excesses of the semi- 
perimeter above those sides, so is the square of 
the radius, to the square of the sine of half their 
contained angle. 

In the triangle ABC, the perimeter being Btill denoted 
by P, AB.BC: (iP— AB) (JP-BC) : : R* : sinhB\ 

For, the same construction being retained, in the right- 
angled triangles BIE and BGD, BE : IE : : R : sin^B, 

andBD:GD::R:««iB; 
whence BE.BD : IE.GD : : R'; siniB\ 

But it has been proved 
that BE.BD= AB.BC, or 
the rectangle under the con- 
taining sides of the trian- 
gle ; and IE.GD =AI. AG, 
or the rectangle under the 
excesses of the semiperi- 
meter above the sides A B 
and BC. Wherefore the 
proposition is establish- 
ed. 

Scholium. The three last propositions are demonstrated 
here by an independent process ; but they are only modi- 
fications of the same principle, and might consequently be 
derived from a comparison with the first of the train. 




The eight preceding theorems contain the grounds of 
trigonometrical calculation. A triangle has only five va- 



rntoovamnmr* ffit 

riable parts -the three sides and two angles, the remain- 
ing angle being merely sappkmental. Now, it is a gene- 
ral prindplei that, three of those parts being pven, the 
rest may be thence determined. But the right-angled tri- 
angle has necessarily one known angle; and, consequently, 
the opposite side is dednciblefrom the containing sides. In 
right-angled triangles, therefore, the number of parts is 
reduced to four, atiy two of which being th^ assigned, the 
others may be innd* 



PROP. XV. PKOB. 

Two variable parts of 8 rigfit^angled triavgle 
being given, to find the rest. 

This problem divides itself into four distinct cases, ac- 
oordiBg to Ae difieffCBt eemUnationt of the data. 

1. Wkm th€ h/poiifmse and a »de are ghefu 

2. When tie two sides coniaining the right atigk are given. 
3* When the hfpotenMU and an angle are pxxn. 



4. When other qf the sides and an angle are g^ven. 

The first and third cases are solved by the application' 
of Proposition 7, and the second and fourth cases receive 
their solution from Proposition 8. It may be proper, 
however, to exhibit the several analogies in a tabular 
form. 
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SOLUTION. 


1. 


AC, 
AB, 


A, or C, 
BC, 


AC : AB : : 11 : 5i;*C, or cos A. 
R zsinA : : AC : BC. 


11. 


AB, 
BC, 


A, or'c 
AC, 


AB : BC : R : tanAy or cot C 
cos A : R : : AB : AC, or 
R : secAh : AB : AC 


III. 


AC, 
A, 


AB, 
BC, 


R : cosA : : AC : AB. 
R : sinA : : AC : BC. 


IV. 


AB, 
A, 


BC, 
AC 


R : tanA : : AB : BC. 
co&A : R : : AB : AC, or 
R : secA : : Aft : AC 



tn the first and second cases, BC or AC might also be 
deduced, by the mere application of Prop. 11. Book 11. of 
the Elements : 

For AC» = AB»+BCS or AC= V (AB'+BC*), 
and BC*=AC»-AB*=(AC+AB) (AC—AB), 
or BC= V (AC+AB) (AC— AB). 

Cor. Hence thie first case admits of a simple approxi- 
mation. For, by the scholium to Proposition 6, it appears, 
that, AC being made the radius, 2 AC+AB is to SAC, as 
the side BC is to the arc which measures its opposite angle 
CAB, or alternately 2AC+ AB is to BC, as 3 AC to the 
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flic covr^ponding to BC. Bat the radius is equal to an 
arc of £7 17 M 48, or 574 nearly; wherefore SAC is to 

^ * ill » ■ 



•' I I 



the arc which corresponds to BC, as S X 61\f or 1 72o, tothe 
number of degrees contained in the angle CAB, and con- 
sequently; SAC +AB : BC : : ns^' : the expression of the 
angle at A, or AC+^AB : BC: : 86^ : number of degrees 
in the angle at A« - \ 

This approximation wiD be the more correct, when the 
side (^posite to the required angle becomes small in com- 
parison with the hypotenuse ; but the quantity of errof 
qui ne?er amount to 4* minutes. 



PROP. XVI. PROB. 

Three variable parts of an oblique angled tvu 
angle being giyen, to find the other two. ^ 

I 

This gener^ problem iqdudes three djstinct cases, one 
of which again is branched into two subordinate divisions. 

1. When aU the three.sides are given* 

S. fVhen two sides and an angle are gi'Oen ; which angle 
may either {^•)ie contained h/ these sides f or (8.) subtmded 
hjf one of them. 

8. When a side and two of the angles are given. 

I- 

The first case admits of four difierent solndons, derived 
from Propositions 11, 12, 13, and 14, and which have 
or several advantages. . The second case^ consisting of 
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two bratichei, is resolved by the application of proposidons 
9 and 10 ,• and the resolution of the third case flows imme- 
diately from the former of these propositions. 






/\ 



/ 



\ 




c 



u 



a 



«2 

-S. 

9 



SOLUTION. 



AB» 
BC» 

and 

AC. 



B. 



AB.BC 

JP(JP-AC) 

AB.BC 

2AB . BC 



(JP-AB) (4P-BC) : : R» : sin\W 
(|P*AB) (JP-BC) : : /2* :/a»iB» 
jP(4P-AC)::ie^t:o4B* 
AB* + BC* -AC* : : /? : co*B. 



AB, 
BC, 

and 

c. 



and 

AC, 



II. 



\ 



AB, 
BC, 

and 

B. 



A, 

or 

c, 

and 

AC. 



AB : BC : : sinQ, : dnK ; whence B, and 
««C : «»B : : AB : AC 



AB + BC : AB-BC : : co/jB :co^(A + .JB), 

or-co^(^C+JB). 

CABrBC \\R\ianh\ and 

^ or-co/(C+JB). 

sink : 5/«B : : BC : AC, or 
•AC=-/ (AB^+BC*— 2AB.BC cosB.) 



III. 



AB, 
A 
B, 

and 
thence 

c. 



BC, 
AG. 






««C : «»A : : AB ; BC. 
sinZ : 5mB : : AB : AC. 



1 
2 
3 

4 

5 
6 



8 

9 
10 



II 
12 



, . 1 TRfooiioiiBraf* t6S 

A- 

For the reiolotion of the first CsBe, the analogy let 
down first, is on d^e jriiole the .most (oairenient, particu- 
larly if the angle sought should not be very obtuse. The 
second apalogj may hp i^ppliad wi|}r . oVvions fidvjUB^^;e 
throug]^ the entire extent of angles. .'jThefthirjcl and fourth 
analogies, especially the latter, are qot adapted for thp 
calculation of very acute angles; they will, however, 'an- 
swer the l^t when the angle sought JU obtuse. It is to be 
observed, that the cosines of an angle and of its supple- 
ment are the same^ only placed in opposite directions; 
and hence the second term of the analogy, or the differ; 
ence of AB*+BC* firpm AC*, is in excess, or defect, ac- 
cording as the angle at B is acute or obtusp- These re* 
marks are founded on the unequal variation of the sine an4 
tangent, corresponding to the uniform increase of an arc 

The first part of Case II. is ambiguous, for an arc and 
its supplement have the same sine. This ambiguity, how- 
fsver, is remove^ if the character of the triangle, as acute 
pr obtuse^ be previously known. 

For the solution of the second part of Case IL the first 
analogy is the most usual, but the double analogy U the 
best adapted for logarithms. In astronomy, this mqdp of 
calculation is particularly commodious. The direct ex- 
pression for the side subtending the given angle is very 
convenient, where logarithms are not employed. 
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PROP. XVII. PEOB. 



Given the horizontal distance of an object and 
its angle of elevation, to find its height and abso- 
lute distance. 

Let the angle ABC, which an object A makes at the 

station B with an horizontal line, and also the distance BC 

of the perpendicular AC, to find 

* that perpendicular, and the hy- 

potenusal or aerial distance BA. 

In the right angled triangle 
BCA, the radius is to the tan- 
gent of the angle at B, as BC to AC ; and the radius is 
to the secant of the angle at B, or the cosine of the angle 
at B is to the radius^ as BC to AB. 




PROP. XVIII. PROB. 

Given the acclivity of a line, to find its corre- 
sponding vertical and horizontal lengths. 

In the preceding figure, the angle CBA and the hypo- 
tenusal distance BA being given to find the height AC 
and the horizontal distance BC of the extremity A. 

The triangle BCA being right angled, the radius is to 
the sine of the angle CBA as BA to AC, and the ra- 
dius is to the cosine of CBA as BA to BC. 
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Scholium* If the acclivity be sxnalli and A denote the 



measare of that angle in minutes } then AC=BA X ' 



S458 



nearly. Bat the expresBion for AC, wiKbe rendered 
.^nioje accurate^ by sobtracting from it, as thus foand, the 
^.. AC* 

In most cases when CAB is a small angle, the horiaontal 
distance may be computed with saflfeient exactne8s,,by de- 

ducting fgL, or BA X A» X .000,000,0423, from tKe by- 
potenusal distance. 



PROP. XIX. PROB. 



Given the interval between twc> stations, and 
the direction of an ol^ect viewed from them,* to 
find its distance from' each. 

Let BC be given, with the aUgles ABC and ACB, to 
calculate AB and AC. 

In the triangle CBA, the angles ABC and 
ACB being giveii, the remaining or supple- 
mental angle BAC is thence given; and 
consequently, sInBAC t^'nACB : : BC : AB, 
and sihBAC : stn ABC : : BC : AC. 

Cor.- If the observed angles ABC and 
ACB be each of them 60*, the triangle will 
be evidently equilateral ; and if the angle at 
the station B be right, and that at C half a right angle, 
the distance AB will be equal to the base BC. 
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PROP- XX. PROB. 

Given the distances of two objects from any 
station and the angle which they subtend, to find 
their mutual distance. 

Let AC, BC, and the angle ACB be 
given I to determine AB. 

In the triangle ABC, since two 
sides and their contained angle are gi- 
ven, therefore, by corollary to Propo- 
sition 10. AC + BC : AC— BC : : 
cotiC : co^(A+ JC), then sin A : sifiC : : 
BC : AB; or (from the cor. to Prop. 1 1 .) 
AB= V (AC'+BC*— 2AC.BC. cosC.) 

Cor. By combining this with the preceding proposition, 
the distance of an object may be found from two stations, 
between which the communication is in- -^ 

terrupted. Thus, let A be visible from / 1 

B and C, though the straight line BC / I 

cannot be traced. Assume a third sta- / I 

tion D, from which B and C are both / J^ \ 

seen. Measure DB and DC, and ob- //^ >v^^l 

serve the angles BDC, ABC and ACB. d" c 

In the triangle BDC, the base BC is 

found as above; and thence, by the preceding proposition, 

the sides AB and AC of the triangle ABC are determined. 
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PROP. XXL FBO& 



^ Given the interval between two stationsi and 
the directions of two remote objects viewed from 
them in the same plane^ to find the mutual disp 
tance, and relative position of those objects. 

Let the pobts A, B represeot the two objects^ and C> 
D the two stations from which these are observed s the in* 
•terval or base CD being ineasuredt and also the angles 
CDA, CDB at the first statioos and DCA» DCB at thf 
seoond ; it is tbence required to detennine the transvene 
distance ABt and its direction* 

Itii obvious that each of die points A and B would be 
'assigned geometricaDj by the intersectkm of two strai^^ 
lines^ and conseqaently that the position of the olgects will 
not be detennbed^ unless each of them appeals ia a diffip^ 
rent direction at the successive stations* 

1. Suppose one of the statiofis C to lie in the direction of 
ike teoo olgects A and B. 

At C observe the angle BCD, and at 
D die angles CDA and BDC. Then 
by Prop. 9. «f nCAD : smCDA : : CD : 
CA, and sinCBD : sinCDB : : CD : 
CB ; the di£Eerence or sum of CA and 
CB is AB, the disUnce sought. 

■ 

2. When neither station lies in the direction qfthe twQ 
o^fectSf and the base CD has a transverse position. 
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Find by Prop. 19. the distances AC and BC of both ob- 
jects from one of the stations A. 
C ; then the contained angle 
ACB, or the excess of DC A 
above DCB, being likewise gi- 
ven, the angles at the base AB 
of the triangle BCAj and the 
base itself, may be calculated, 
from the analogies exhibited 
for the solution of the second 
branch of Case second. For AC+BC : AC — BC : : 
cot^ACB : cot{\ACB+CAB)j and thus the angle CAB is 
found. Or more conveniently by two successive opera- 
tions, AC : BC : : R : fan by and R : ;fflw(45''— J) : : 
cothkCB : cot{iACB+CAB. Now, 5mC AB : sinACB : : 
BC : AB, or ABzz V(AC*+BC»— 2AC.BC cos ACB). 

The inclination of AB to CD in the first case is given 
by observation, and in the second case it is evidently the 
supplement of the interior angles CAB and DCA. A pa- 
rallel to AB may hence be drawn from either station. 



Co7\ Hence the converse of this problem is readily sol- 
ved. Suppose two remote objects A and B, of which the 
mutual distance is already known, are observ^ed from the 
stations C and D, and it were thence required to deter- 
mine the interval CD. Assume unit to denote CD, and 
calculate AB according to the same scale of measures ; 
the actual distance AB being then divided by that result, 
will give CD : For the several triangles which combine to 
form the quadrilateral figure CABD, arc evidently given 
in species. 
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PBOP. XXIL PROB. 

Given the (Urections of two inaccessible objects 
viewed in the same plane from two given stations, 
to trace the extension of the straight line con- 
necting them. 

. Let the angles ACD, ,BCD be obseryea at C, and 
ADC,. BDC at D, with the base CD ; to find a point E 
in the straight line ABF produced through A and B. 

Bj the last proposition, find 
AD and the angle DAB, and 
assume any angle ADE. In 
the triangle DAE, the angles 
at the base AD, and conse*. 
quently the vertical angle 
AED, being known, it fol- 
lows, by Prop. 9,, that sin AED : 5mE AD : : AD : DR 
Wherefore, measure out DE on the ground, and its ex- 
tremity^ will mark the extension of AB 

PROP. XXIII. PROB. 

Given on the same plane the direction of two 
remote objects separately seen from two stations 
and their direction as viewed at once from an in- 
termediate station, with the distances of those 
stations, from the middle statioa,— to find the 
mutual distance of the objects. 
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Let object A be visible from the station D, and B from 
E, and both of them be seen at once from the station C ; 
the compound base DC, CE be- 
ing measured, and the angle DCA, 
ACB and BCE, with ADC and 
BEC, observed, — to determine AB. 

In the triangles DAC, CBE, 
the sides AC and BC are found 
by Prop. 19., and in the triangle 
ACB, the base AB is thence fonnd 
by the application of Prop. 20. 

It is evident that the mode of investigation will not be 
altered, if the three stations D, C and E should lie in the 
same straight line. 

PROP. XXIV. PROB. 




Given four stations, with the direction of a re- 
mote object viewed from the first and second sta- 
tions, and the direction of another remote object 
viewed from the third and fourth stations, all in 
the same plane, — to find the distance between 
the objects. 

Let the bases EC, CD, and DF be given, with the an- 
gles ECD and CDF, and suppose that at the stations E 
and C the angles CEA and ECA are observed, and the 
angles BDF and BFD at D and F; to find the transverse 
distance AB. 
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Ift die tttangleB EAC md ^^ 
bBF, find, by Prop. 19-, the 
Bides AC and BD i and in the 
tmngle iCAD, the ndes AQ 
OD, mfk Omreontoined an- 
gle ACD, being given, the base 
DA and the- angle CDA are 
fimnd by Ciise II. But the 
fiitances DA, DB bang now given, widi thdir contained 




angle ADB, the base AB is found by Pr<^. 80. 



PROP. XXV. PROR 

iThe mutual distances of three r^note objects 
being given, with the angles which they subtend 
iat a station in the same plane, to find the relative 
place of that station. 

Let the three points A, B^ and C, and the aag^ ADB 
and BDC which they form at a fourth point D, be given s 
to determine the position of that point 

, 1. Suppose the station Dio be situate in ike directum if 
two qfthe objects A, C. , 



AU the sides AB, AC and BC of the triangle ABC be- 
ing given, the angle BAC is 
found by Case I. ; and in the 
triangle ABD, the side AB with 
the angles at A and D being 
given, the side AD is found by 
Case III., and consequently the 
position of the point D is 
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2. Sttpposc the three objects A, B and C to lie in the same 
dii^ection. 

Describe a circle about the extreme objects A, C and 
the station D, join DA, DB and DC, produce DB to meet 
the circumference in £, and join AE and C£. 

In the triangle AEC, the side AC is given, and the an- 
gles EAC and EGA, being equal (III. 16. El.) to CDE and 
ADE, are consequently given ; wherefore the side AE is 
found by Case III. The triangle AEB, having thus the 
sides AE, AB, and their contained angle EAB or BDC 
given, the angle ABE, and its 
supplement ABD are found by 
Case II. Lastly, in the triangle 
ABD, the angles ABD and 
ADB, with the side AB, are 
given ; whence BD is found by 
Case III. But since the angle 
ABD and the distance BD are 

assigned, the position of the station D is evidently deter- 
mined. 

3. Let the three objects form a triangle^ and the station 
D lie either Kioithmit or ^within it. 

Through D and the extreme points A and C describe a 
circle, draw DB cutting the circumference in E, and join 
AE and CE. 

1. In the triangle AEC» the side AC, and the angles 
ACE and CAE, which are equal (III. 16. El.) to ADB 
and BDC, being given, the side AE is found by Case III- 
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e. AU the ftidds of tbp trian« 
gle ABC bdoggiveiii the angle 
CAB is found by Case I. 

8. In the trian^e BA£» the 
sides AB and A£ are given, and 
their contained angle EAB, di* 
the diflferenceof CAEand CAB, 
are given, whence, by Case II., 
theangle ABEor ABD is found. 

4. Lastly, in the triangle 
DAB, the side AB and the angles ABD and ADB being 
given, the side AD or 'BD is found by Case III., and con- 
sequently the position of the point D with respect to A and 
B is determined, 'fiy a like process, the relative poution 
of D and C is deduced ; or CD may be calculated by Case 
IL from the sides AC, AD, and th^ angle ADC, which 
are given in the triangle CAD* 

» 

It is obvious that the caiculation will fail* if the points B 
and E should happen to coincide. In fact, the circle then 
passing through B^ any ^int D whatever in the opposite 
arc ADC wiU answer the conditions required, since the 
angles ADB and BDQ being now in the sam^ segment^ 
must remain unaltered. 



t^RORXXVI, THEOR. 

The mutual distances of three remote objects, 
of which only two are seen at once from the same 
station, being given,^ with the angles observed at 
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two stations in the same plane, and the interme* 
diate direction of these stations, — to find their re. 
lative places. 

Suppose the three points A, B 
and C are given, with the angle 
AEB which A and B subtend at 
E, and BFC, which B and C 
subtend at F, and likewise the 
angles AEF and EFC j to find 
the relative situation of each of ^, 

those stations E and F. 

Produce AE and CF to meet in D, and conceive BD 
to be joined. The angle EDF, being equal to the excess 
of the exterior angles AEF and CFE above two right an- 
gles, isgiven. Now, in the triangle EBF, 5inBFE : «wEBF 
: : EB : EF ; and in the triangle EDF, smEDF : smDFE 
: : EF : ED; whence, (V. 23. El.) 5/nBFE.smEDF : 
5/wEBF.smDFE : : EB : ED, and consequently the ratio 
of EB to ED is found. Again, the angle BED, being the 
supplement of AEB, is given ; wherefore (Prop. 10. cor.) 
smBFE.5mEDF : smEBF.smDFE : : R : tan i, and R : 
tan (45— i) : : cotiBED :— cot {iBED + EBB), or ^o^(I80** 
— jBED— EBD)j whence the angle EDB is given. 
The angles which the three objects A, B, and C subtend 
at the point D are therefore all given, and hence the posi- 
tion of D is determined by the preceding proposition. 
But BD, being found, the several distances BE, ED, and 
BF, FD are tlience obtained, and consequently the posi- 
tion of each of the stations E and F is determined. 



TBtooatoiaTRr. 
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FBO& XXVII. 

• ■ 

Given the angles of elevation at which an ob- 
ject 18 aeeD from three known pofaits in a horizoa- 
tal plao^ to £nd its position and altitude. 

Let At By and C be ite three points of observatioDt an^ 
J) the foot dT the perpendkular from the giyen object to 
the horizontal. planeu Itis:evident from Proposition 17^ 
that the horiaontal distances AD| BD and CD are pm- 
portional to tke co-taagents of the vertical angles at the 9tar 
tions A| B, C ; let these co-taqgents be reipectiyely dei^ot; 
ed by tba lines L» Mp and N. Divide AB» the base of the 
triangle ADB, 

internally and ^^ ^ ^ 

eacternaUy« at 
the poiiits E 
and F, in the 
ratio of* L to 
Mt and the 
lines DE and 
DFjokm^tlie 
wtSK D teost 
(VL 10; oor. 
£L) Wsecc in* 

temally and externally the angle ; whence EDF is a right 
angfey and (IIL 19. £L) contained in a semioirde. In 
tiM same manner» divide CB intei^iaUy and externally at 
Oaad H in the ratio t>f M to G> and oo,GH describea 
semicircle. The point D> being common to both semicir* 
desy most occur in their intersection. 
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From this construckioiii the trigonometrical calculation 
is readily deduced. For L+M : M : : AB : BE, and 
L— M : M : : AB : BF j whence EF and its half DE, or 
the radius KE, is found. In like manner, N+M : M : : 
CB : BG, and N— M : M : : CB : BH ; consequently DI = 
BG + BH jjj ^j^g triangle IBK, the sides BI and BK, 

with their included angle, are given, and therefore (Prop. 
10.) the angle 6KI and the base IK are found. Again, 
all the sides of the triangle IDK being given, the angle 
IKD (Prop. 14.) is found. Hence, in the triangle ADK, 
the whole angle AKD and its containing sides are given, 
and therefore the base AD, or the horizontal distance of 
the object from the station A is found, and consequently 
its altitude. 

It is obvious that the opposite semicircles will, likewise, 
by their intersection, give,^on the other side, a second po- 
sition for that point. In practice, however, this ambiguity 
could easily be removed. 

If the object be seen at the same elevation from all the 
three points, the arcs of the circles will evidently merge in- 
to tangents which bisect at right angles the sides of the 
triangle ABC. The projection D of the object on the ho- 
rizontal plane will then be the centre of the circle circum- 
scribing that triangle, and therefore the radius, or the dis-> 
tance AD, will be found by Prop. 18. Book VI. of the Ele- 
ments. 

If the three poiftts of observation should lie in the same 
straight line, the centres of the determining circles will 
likewise occur in that line or its extension, and hence the 
process of calculation will be greatly abridged. 

General Scholiwn, In all the foregoing problems, the an- 
gles on the ground are supposed to be taken by means of 
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a theodoliU ; which, being adjusted b; means of q>irit-le^ 
reUf measures only horizontal and ▼ertical angles, or de- 
composes other angles into these elements. If the sexUnU 
or the repeating cirde be employed for the same purpose, 
such angles, frtien oblique^ must be reduced by calqttlation 
to their prqeotions on the horizontal plane. 

In surveying an extensive country, a base is first care- 
fully measured ; and the directions of the prominent dis* 
tant objects being observed from both of its extremities, 
they are all connected with it -by a series of triangles. To 
avoid, in practice, the multiplication of errors, these trian? 
glcs should be chosen, as nearly ^s possible, equilateral. 
After a similar method, large eitatiss are the most oor* 
rectly planned and measured ; the ordinarjt practice of 
carrying the theodolite with a phain merely round the ex« 
treme boundary being subject to much inaQCuracy. ! 

If the inequality of the surface of the ground will not 
admit of the measurement of a base of a sufficient length, 
a sm^ler one may be selected at first, and another base 
derived from this, by combining with i.t one .or more tri"- 
angles. These triangles, to preclude the multiplication of 
errors, should |tw as nearly as possible right-angled, and si* 
n^ilar^ having tl^ei^ sides increasing in a continued propor- 
tion. When this rate of increase is not less than the ra- 
tio of the radios to the side of an inscribed equilateral tri- 
At|gl«» the number of intermediate triangles between the 
measured and the computed base may be shown to l|e ra- 
ther favourable, on the whole, to the accuracy of th^ r^iilt. 

The vertical angles employed in the n)ensi|ration of 
heights, since they arc estimated from the varying direc- 
tion of the level or the glummet, must evidently, when 
the stations are distant, require some correction. Let 
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the points A and B represent two remote objects, and C 
their centre of gravitation ; with the radius CA describe a 
circle) draw CB cutting the circumference in D and E, and 
join EA and AD, The converging lines AC and BC will 
indicate the direction of the plummet at A and B, the in- 
tercepted arc AD will trace the contour of a quiescent fluids 
and the tangent AZ, being ap- 
plied to A, will mark the line 
of the horizon seen from that 
station. Wherefore the ver- 
tical angle of the remote ob- 
ject B, as observed at A, is only 
ZAB, which is less than the 
true angle DAB, by the exterior 
angle DAZ. But(IIL21.EI.) 
DAZ being equal to the angle 
AED in the alternate segment, is (III. 15. El.) equal to 
half the angle ACD at the centre. Hence the true ver- 
tical angle at any station will be found, by adding to the 
observed angle half the measure of the intercepted arc •, and 
this measure depending on the curvature of the earth, 
which is neither uniform nor quite regular, must be de- 
duced, for each particular place, from the length of the cor- 
responding degree of latitude. 

Such nicety, however, is very seldom required. It will 
be sufficiently accurate in practice to assume the mean 
quantities, and to consider the earth as a globe, whose cir- 
cumference is 24',856 English miles, and its diameter 7,912. 
The arc of a minute on the meridian being, therefore, equal 
to 6076 feet, the correction to be added to the observed 
vertical angle must amount to one second, for every 69 
yards contained in the intervening distance. 

The quantity of depression ZD below the horizon is 
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hence easily compated; for (III. 26. El.) AZ' = £Z.ZD» 
or very nearly ED.ZD ; and^ consequently, since the dia- 
meter ED is constant} the visual depression of an object is 
proportional to the square of its dbtance AZ from the ob- 
server. In the space of one mile^ thu depression will a- 
mount to ^ parts of a foot} and generally, therefore, it 
may be expressed in feet, by two-thirds of the square of the 
distance in miles. Thus, at the distance of twenty miles, 
the dq>re8sion is 266^ feet ; and at that of fifty miles, it 
amounts to 16664^ ^' nearly the third of a mile. 

But the effect of the earth's curvature is modified by an- 
other cause» arising firom optical deception. An object is 
never seen by us in its true position, but in the direction of 
the ray of light which conveys the impression. Now the 
luminous particles, in traversing the atmosphere, are, by 
the fotce of superior attraction, refracted or bent continu- 
ally towards the perpendicular, as they penetrate the lower 
and denser strata g and consequently they describe a cur- 
ved track, of which the last portion, or its tangent, indi- 
cates the apparent elevated situation of a remote ppint 
This trajectory, sufiering almost a regular inflexure, may 
be considered as very nearly an arc of a cirdey which has 
for its radius six times the radius of our globe.' Hence^ to 
correct the error occasioned by refiraction, it will only be 
requisite to diminish the effects of the earth's curvature 
by one-sixth part, or to deduct, from the vertical angles, 
the twelfth part of the measure of the intervening terres- 
trial arc. The quantity of horizontal refraction, however, 
as it depends ofi the density of the air at the surface, u ex« 
tremely variable, espiscially in our unsteady climate. 
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NOTES TO BOOK I. 



OKMHITIONS. 

1. 1 HS primary objects which Geometry contemplates are, 
from their nature, incapable of decomposition. No wonder 
that ingenuity has only wasted its efforts to define such ele* 
mentary notions. It appears more philosophical, therefore, to 
invert the usual procedure, and endeavour to trace the suc- 
cessive steps by which the mind arrives at the principles of 
the science* Though no words can paint a simple sound, it 
may yet be rendered intelligible, by describing the mode of 
its articulation ; and a similar process will unfold the struc- 
ture of Geometry. ^ 

The founders of mathematical learning among the Greeks 
were in general tinttored with a portion of mysticism, trans* 
mitted from Pythagoras, and cherished in the school of Plato. 
Geometry became thus infected at its very soorce. By the 
later Platonists, who flourished in the Museum of Alexandria, 
it was regarded as a pure intellectual science, far sublimed a- 
bove tbe.grossaeis of material contact. Such visionary meUi- 
physics could not impair die solidity of the edifice, but con« 
tributed to perpetuate some misconceptions, andtogive a wrong 
turn to philosophical speoulation. It is full time to restore 
the sobriety of reason. Geometry, like the other sciences 
which are not concerned about the operations of mind, must 
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ultimately rest on external qbscrvations. But those primary 
facts are so few, so distinct, and obvious, that the subsequent 
train of reasoning is safely pursued to unlimited extent, with- 
out ever appealing again tp the evidence of the senses. The 
science of Geometry, therefore, owes its perfection to the ex- 
treme simplicity of its basis, and derives no visible advantage 
from the artificial mode of its contexture. The axioms are 
here rejected, as being totally useless, and rather apt to pro- 
duce obscurity. 

2. The term Surface^ in Latin superficies ^ and in Greek it*^«- 
yiiXi conveys a very just idea, as marking the abstract external 
aspect, or the mere expansion which a body presents to our 
sense of sight. Line^ or y^af^ficty signifies a stroke ; and, in 
reference to the operation of writing, it expresses the bound- 
ary or contour of a figure. A straight line has two radical 
properties which are distinctly marked in different languages. 
It holds the same undeviating course — and it traces the short- 
est distance between its extreme points. Thu first property 
is expressed by the epithet recta in Latin, and droit in French ; 
and the last seems intimated by the English term straight, 
which is evidently derived from the verb to stretch. Accord- 
ingly Proclus defines a straight line as stretched between its 
extremities— ii st* apc^ah' Isiflt^Ey)). 

3. The word Point in every language signifies a mark, thus 
indicating its essential character, of denoting position. In 
Greek, the term rrty^x. was first used : but this becoming de- 
graded by its application to the marking or branding of slaves, 
the diminutive cn^uov, formed from intfM, a signal, came af- 
terwards to be preferred. 

The neatest and most comprehensive description of a point 
was given by Pythagoras, who defined it to be " a monad ha- 
ving position.'* Plato represents the ht/postasis, or constitu- 
tion of a point, as adamantine ; finely alluding to the opinion 
which then prevailed, that the diamond is absolutely indivisi- 
ble, the art of cutting this refractory substance being the dis- 
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^bwtKj ef nodem ages, and perhaps not older than the mid- 
dle o£ the fifikeenth oenturj. 

* 

4h Tbejiiit conception of an AtigU is one of the most diffi- 
cult in elementary Geometry. The term corresponds, in 
most laogusgesy to coruer^ and therefore exhibits a most im- 
perfect picture of the object intimated. ApoUonius defined it 
to be ^ the collection of space about a point." Euclid makes 
an angle to consist in <' the mutual inclination, or K?unft of its 
containing lines,"-— a definition which is obscure and altoge« 
ther defective. In strictness, it can apply only to acute an- 
gles, nor does it give any idea of angular magnitude ; though 
this really is as capable of augmentation as the magnitude of 
lines themselves. It is curious to observe the shifts to which 
the Author of the Elements is hence frequently obliged to 
have recourse. This remark is particularly exemplified in the 
90th and 2l8t Propositions of his Third Book. Had Euclid 
been acquainted with Trigonometry, which was only begun to 
be cidtivated in his time, he would certainly have taken a 
mose enlarged view of the natufe of an angle. ^ 

£• In the definition of Reverse Angkf I find that I have been 
anticipated by the famous mechanician Stevin of Bruges, who 
flourished about the end of the sixteenth century. It is sa« 
tisfi^tory, even in such a small innovation, to have the counte« 
nance of an aothority so highly respectable. 

6* A Square is commonly described as having all its angles 
right. This definition errs however by excess, for it contains 
more than what is absolutely required. The original Greek, 
and even the Latin version, by employing the general terms 
ifUymns9f and reetangulum, dexterously avoided that objection. 
The word Rkombui comes from ftftfintp to eUngt as the figure 
represents only a quadrangular frame disjointed. The Lozenge^ 
in heraldry and commerce, is that species of rhombus which 
is composed of two equilateral triangles placed on opposite 
sides of the same base. 
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7. It scarcely deserves notice, but I will anticipate the ob* 
jection which may be brought against me, for having changed 
the definition of Trapezium, The fact is, that I have only re« 
stricted the word to its appropriate meaning, from which 
Euclid had, according to Proclus, taken the liberty to depart. 
In the original, it signifies a table ; and hence we learn the 
prevailing form of the tables used among the Greeks. In- 
deed the ancients would appear to have had some predilection 
for the figure of the trapezium, since the doors now seen in 
the ruins of the temples at Athens are not exactly oblong, 
but wider below than above, probably to accommodate the flow- 
ing dress of the priests. 

8. Language is capable of more precision, in proportion as 
it becomes copious. As I have confined the epithet right to 
angles, and straight to lines, I have likewise appropriated the 
word diagotial to rectilineal figures, and diameter to the circle. 
In like manner, I have restricted the term arc to a portion of 
the circumference, its synonym arch being assigned to the use 
of architecture. For the same reason, I have adopted the term 
equivalent^ from the celebrated Legendre, whose Elemens dc 
Geometrie is one of the ablest works that has appeared in our 
times. These distinctions evidently tend to promote perspi« 
cuity, which is the great object of an elementary treatise. — 
Euclid and all his successors define an isosceles triangle to 
have only two equal sides, which would absolutely exclude 
the equilateral triangle. Yet the equilateral triangle is after- 
wards assumed by them to be a .species of isosceles triangle, 
since the equality of its angles is inferred at once as a co- 
rollary from the equality of the angles at the base of an 
isosceles triangle. This inadvertency, slight as it may appear, 
is now avoided. 

PROPOSITIONS. 

9. The tenth Proposition may be very simply demonstra- 
ted, in the same manner as the next or its converse, by a direct 
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I 

'tpdeai to superposition or mental experiment For, snppoia 

% cop7 oP the triangle ABC were inverted 

'and applied to it, the side^ BA and BC 

"being eqxikl, if B A be latd oh ^t, the side 

Be again will evidently Tte on BA, and 

the base AC coincide With CA. Con- 

'sequently the angle B AC, o<:CUpying, now 

'the place at bOA, mii^t bfe equal to this 

angle. 

It mav be worth while to remark, that Euclid's demonstra- 
tlon of this l^ropositioh, wnich being placed near the com- 
mencement of the Elements, has from its intricacy been styled 
tiie Pdhs^ Astnorum'f is in 'fiict essentially the same with what 
has now been given. This wiH 'readily appear on a review of 
the several steps of his reasoning : — 

The sides BA and BCof the isosceles triangle being pro- 
duced, the equal segments AD and CE are assumed, and AB, 
CD joined.— 1. The complex triangles ABE and CBD are 
compared : The sides AB )and BC are equal, 
and ^ikewitt 'BE and BD, which consist of 
^qoal parts, and the contained angles EB A 
and DBC kr^ tbfe same with DBE; whence 
(I. S.) these triangles are equivalent, and the 
'base At e^UAl to CD, the angle BAE equal 
to BCD, and the angle BE A to BDC— 2. The 
additive triangles CAE and ACD are next 
compared : Tlie sides EC and EA being equal to DA and 
DC, and die contained angle CEA equal to ADC, the tri- 
angles fcir(^'(L '8.) equivalent, and therefore the angle CAE is 
equal to ACD-— 8. Lastly, since the whole angle BAE is 
equal to BCD, and the part CAE to ACD, the remainder 
BAC must be equal to BC A. 

Now th» process df reasoning is at best involved and cir- 
cuitous. The compound triangles ABE and CBD consist of 
the isosceles triangles ABC joined to each of the appended 
triangles ACB and CAD ; when, therefore, es the demon- 
stration implies, ABE is laid on CBD, the common part ABC 
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is reversed, or it is applied to CO A, and the other part ACE 
is laid on CAD. But the superposition of ABC or CBA is 
easily perceived by itself ; nor is the conception of that invert- 
ed application anywise aided by having recourse to the super- 
position, first of the enlarged triangles ABE and CBD, and 
then contracting these by the superposition of the subsidiary 
triangles ACE and CAD. In this, as in some other instances, 
Euclid has deceived himself, in attempting a greater than 
usual strictness of reasoning. 

10. The fourteenth Proposition may be demonstrated other* 
wbe. 

Draw (1. 5. El.) BE bisecting the angle ABC. The angle 
BEA (I. 8. EI.) is greater than the inte- 
rior angle EBC or EBA, and therefore 
(1. 13. El.) the side AB is greater than 
AE. In like manner, the angle BEC is 
greater than the interior angle EBA or 
EBC, and consequently (I. 13. £1.) the 
side CB is greater than CE. Wherefore the two sides AB and 
CB, being each of them greater than the adjacent segments 
AE and CE, are together greater than the whole base AC. 

From this proposition it might be easily shown that the two 
sides of a triangle are greater than double the line drawn from 
the vertex to the middle of the base. For, suppose E to be 
that middle point, and BE being produced till EF be equal 
to it, and let AF be joined ; the triangle A EF would evidently 
be equal to BEC; wherefore, AB and AFor BC are together 
greater than BF or twice BE. 

11: The fifteenth Proposition might also be demonstrated 
otherwise. For join BE (L 12.) the exterior angle BEC of 
the triangle BAE is (I. 12.) greater than 
the interior ABE or (I. 10.) AEB, which 
again is the exterior angle of the triangle 
ECB, and therefore (I. 12.) greater than 
CBE. Whence (L 13.) the sideBC oppo- 
site to the greater angle is greater than CE, or CE the differ. 
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ence beti^een the sides AB and AC is less than the third side 
BC. 

12. From the property that ,tfro sides of a triangle are to<r 
gether greater than the third side, may be derired the geaer 
ric character of a straight line : 

The shortest line that cdn Be draxxm bettoeen two points^ is a 
straight line. 

Let the points' A and B be connected by straight Itne^ 
Joining an intermediate point C ; and the two aides AC and 
BC of the triangle ACB are greater than AB (I. 15.). Now 
let a third point D be placed* between A and C ; and because 
AD and DC are together greater 
than AC, add BC to both, and 
the three lines AD, DC, and CB 
are greater than AC and BC, and 
consequently still greater than AB. 
Again, suppose a fourth point £ 
connected B with C ; and the 
sides BE and CE of the triangle BCE being greater than BC, 
the four straight lines AD, DC, CE, and £B are together, 
by a still farther excess, greater than AB. By thus repeated- 
ly multipljring the interjace&t points, two sides of a trian- 
gle will at each successive step come instead of a third side, 
and consequently the aggregate polygonal or crooked line 
AFDGCHEIB will acquire continually at each step sotne 
farther extension. Nay, since there is no limit to the possible 
number of tbdse connecting points, they may approach each 
other nearer than any assignable interval ; and consequently 
the proposition is also true in that extreme case where the 
boundary is a curve line, or of which no portion can be deeny? 
ed rectilineal. 

The proposition now demoAtrated is commonly assumed as 
an axiom. It is indeed forced upon our earliest observation, 
being suggested by the stretching of a cord, and other fami- 
liar occurrences in life. But to multiply inconsiderately the 
number of original principles, appears quite repugnant to the 
spirit of sound philosophy. The two radical properties of a 
straight line— the congruity of its parts — and its shortness 

u 



290 NOTES AND ILLUSTRATIONS. 

f trace — are distinct, though connected. The latter is shown 
to be the necessary consequence of the former ; but it would 
be impossible, by any direct process, to infer the uniformity 
of straight lines, from their marking out the nearest routes. 

In the demonstration, I could not avoid introducing the 
consideration of limits. This will occasion, I presume, no ma- 
terial difficulty, since the reasoning is actually the same as 
that by which our most familiar conceptions are gradually ex- 
panded. 

Mr Schwab, author of a small tract, under the title of £/^« 
mens de Geometries published at Nancy in 1813, has endea« 
voured to define a straight line as that which, being turned 
like an axis about its two extremities, all its intermediate 
points will constantly preserve the same position. This in« 
genious idea I have adopted, in distinguishing the character 
of a straight line. 

The same intelligent writer has, I find, referred the gene* 
ration of angles to a revolving motion. He considers the right 
angle as derived from the quartering of a whole revolution ; 
and he likewise views, as I have done, the angle which a por- 
tion of a straight line makes with its opposite portion, as form- 
ed by a semi-revolution. 

13. In reference to the eighteenth Proposition, the ingenious 
MrT.Simpson has very justly 
remarked, in his Elements of 
Geometry, that the demon- 
stration which Euclid gives 
of this proposition is defec- 
tive, since it assumes that 
the point G must lie below 
the base AC. He has there- 
fore Icgitim atelysupplied the 
deficiency of the proof; and it is surprising that so rigorous 
a geometer as Dr Robert Simson should have so far yielded 
to his prejudices, as to resist such a decided improvement. 
The demonstration inserted in the text appears to be rather 
simpler, and more natural than that of Mr T. Simpson. 
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14. The nineleenth PropoMlion is capable of being demon- 
itraled directly. 

Let the triangles ABO and DEF haye the sides AB and 
EC equal to D£ and £F, but 
the base AC greater than DF; 
the vertical angle ABC is great* 
er than DEF. 

From the greater base AC cut 
off AG equal to DF, construct 
(I. 1.) the triapgle AHG ha- 
Ting the sides AH and GH e* 
qual to AB and 9C or DE and EP, join HB, and produce HQ 
to meet BC in I. 

Because HI is greater than HG, it is greater than the equal 
side BC» an4 therefore much greater than BI. Consequently 
the ppposite angle IBH of the Iriangle BIH is (T. IS.) greater 
than BHL But AB being equal to AH» the angle HBA if 
(i. 10.) equal to BHA, and therefore the two angles IBH 
and HBA are greater than IHB and BH A, that is, the whole 
angle CBA is greater than IHA or GHA. And since the 
sides of the triangle AGH are by construction equal to those 
of EDF, the corresponding angle AHG is equal to DEF 
(1. S.) ; and hence the angle ABC, which is greater than 
AHG, is likewise greater than DEF. — In like manner, thin 
pnay be demonstrated, ff BH should fall without the bas^. 

15. It b not difficult to perceive that the whole structure of 
geometry is grounded on tbe mutual comparison of triangles, 
the simplest of all the rectilineal figures. The conditions which 
fix the equality'of those elemei^tary portions of surface, are ali 
IBontained in the 2d, Sd, dOthandSlst propositions of this Book, 
Such original theorems derive their evidence from the super- 
position of the triangles themselves ; which, in reality, is no- 
thing but an ultimate appeal, Uiough of the easiest and most 
familUr kind, to external observation. The same conclusions, 
however, might be deduced more coneisely, from Ae circum- 
stances required to determine the constitution of an indivi- 
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dual triangle. Suppose AB, BC, and AC, any one of which is 
shorter than the other two conjoined in a straight ]ine, to be 

three inflexible rods moveable at pleasure (1.) Place them 

with their ends meeting each other, and they will evidently 
rest in the same position, and contain a distinct triangle, — 
which corresponds to Proposition 2. — 
(2.) Having joined the rods AB and BC 
at B, continue to open them at that point, 
till they form a given vertical angle ABC ; 
their position then becomes fixed, and con- 
sequently determines the rod AC which 
connects their extremities and completes the 
triangle. This inference evidently agrees 
with Proposition 3. — (3.) While the rod AC retains its place, 
let two rods AB and CB of unlimited length, and applied at 
the ends A and C, be opened gradually till the one forms jvith 
AC a given angle CAB, and the other a given angle ACB; 
it is evident that AB and BC will then rest crossing each 
other in those positions, and containing a determinate triangle, 
of which the vertex B is their point of mutual intersection. 
This properly corresponds with Proposition 20. — (4.) Let the 
rod AB of a given length make a given angle with the unli- 
mited rod AC, and applying at the end B another given rod, 
turn this gradually round till it meets AC. If BC exceeds 
the distance of B from AC, it will evidently, after stretching 
beyond AC, again come to meet that boundary. With such 
conditions, therefore, the rods might contain two determinate 
triangles, the one acute and the other obtuse, and which are 
hence distinguished from each other by those obvious charac- 
ters. This qualified property, omitted in most elementary 
works, is yet of extensive application, and was requisite to 
complete the conditions of the equality of triangles. It cor- 
responds with Proposition 21. 

The four preceding theorems are reducible, however, to a 
single property, which includes all the different requisites to 
the equality of triangles. The sides of a triangle are obvious- 
ly independent of each other, being subject to this condition 
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ool jt that any one of them shall be less than the remaining 
two sides. But since all tl^e angles of a triangle are together 
equal to two right angles, the third angle muiitt in erery case, 
be the necessary result of the other two angles. A triangle 
has, therefore, only fi^e original and Tariable parts-— the three 
sides and two of its angles! Am^ three' of thete parte being aS" 
eertainedf the triangle is absduiely determined. Thos-~when 
(I*) all the three sides are given, — when (2.) two sides and 
their contained angle, are given, — when (4>.) two sides and 
an opposite angle are given, with the affection of the triangle, 
or when (S.) one side and two angles, and thence the tldrd 
angle aap given,— the triangle is completely marked out. 

M. Legendre, in a very elaborate note to his Element de 
Geometries has sought, with much ingenuity, to deduce ^ pn* 
ori the mdical properties of triangles from the theory of 
Junetumt* But, like other similar attempts, his investigation 
actually udhrolves in it a latent assumption. This subtle logi- 
cian sets out with the principle which would seem almost in- 
tuitive, that a triangle is determined when the base and its ad- 
jacent angles are given. The vertical angle, therefore, de- 
pends wboUy on these data, — ^Ihe base and its adjacent angles. 
Gall the base c, its adjacent angles A, B, and the vertical or op- 
posito angle C. This third angle, being derived from the quan« 
titles A, B and c, must be a determinate function of them, or 
formed from their combination. Whenpe, adopting his nota- 
tion C = f : (A, B, c). But the line c is of a nature hetero- 
geneous to the angles A andB, and therefore cannot be com- 
pounded with these quantities. Consequently C=:^ : ( A, B), 
or the vertical angle C is a function merely of the angles A and 
B at the base ; and hence the third angle of a triangle must 
depend wholly on the other two. 

To a speculative mathematician this argument is very se« 
ductive, Uiough it will not bear a rigid eiLamination. Many 
quantities in fact appear to result fron^ the combined relation 
to other quantities that are altogether heterogeneous. Thus, 
the space which the moving body describes, depends on the 
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joint elements of time and velocity^ things entirely distinct in 
their nature ; and thus, the length of an arc of a circle is com- 
pounded of the radius, and of the angle it subtends at the 
centre, which are obviously heterogeneous magnitudes. For 
aught we previously knew to the contrary, the base c might, 
by its combination with the angles A and B, modify their re- 
lation, and thence affect the value of the vertical angle C. In 
another parallel case, the force of this remark is easily per- 
ceived. Thus, when the sides a, b and their contained angle C 
are given, the triangle is determined, as the simplest observa- 
tion shows. Wherefore the base c is derived solely from these 
data, or c=<p : (a, b, C). But the angle C, being heterogene- 
ous to the sides a and 6, cannot coalesce with them into an 
equation, and consequently the base c is simply a function of 
a and b, or it is the necessary result merely of the other two 
sides. In other words, as the third angle of a triangle depends 
on the other two angles, so the base of a triangle must have its 
magnitude determined by the lengths of the two incumbent 
sides. Such is the extreme absurdity to which this sort of 
reasoning would lead ! In both of these instances, indeed, the 
conclusion is admitted by implication, only in the one it is 
consistent with truth, while in the other it is palpably false. 
— That such an acute philosopher could overlook the fallacy 
of his argument, can only be ascribed to the influence which 
peculiar trains of thought acquire over the mind, and to the 
extreme facility with which elementary principles insinuate 
and blend themselves with almost every process of reasoning. 
The objections here directed against the celebrated abstruse 
attempt to demonstrate, d priori, the equality of triangles from 
the nature of equations, and the properties of homogeneous 
quantities, have, generally, I believe, been deemed conclu- 
sive. I have scarcely heard, indeed, of a geometer of any emi- 
nence in the island, (except the learned writer of a critique 
which appeared in the Edinburgh Review,) who is not per- 
fectly convinced of the fallacy lurking in the argument advan- 
ced by its very ingenious inventor. On this occasion, I shall 
take the liberty of introducing an extract from a letter to me. 
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dated October 90. 1816> tram an old friend amd fellow-Btu- 
denty who now ttandt decidedly at the head of our mathema* 
ticiaoa. 

** With regard to Legendre's demonstration, I am of opi* 
nion, that there is involved in the nuse en equation, (redaced 
to an equation,) a principle which is .equivalent to Euclid's 
ISth axiom, (If a straight line meets two straight linea , so as 
to make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines, being 
continually produced, will at length meet on that side, on which 
are the angles which are less than two ri^ht angles.) Using 
the notation of your hook, his assumption is, that C =s 
ft (A, B, e) : Now, this means that we shall get the angle C^ 
by combining the angles A and B with the line c, in a certain 
way ; and it is implied, that this is true, whatever value the line 
c may have ; or, in other words, it is true for all values of e» 
Suppose then an individual triangle, of which e is the base, 
and A, B, the angles at its extremities ; conceive an indefinite 
number of lines, of any lengths, tf, c*, c''', &c« and at the ends of 
each of these lines, angles to be made equal to A and B,— will 
a triangle be thus formed upon each of the lines i/, c', c^'', drc. 
or not ^ If you say that you cannot allow the existence of such 
triangles without proof> you agree with the Greek geometer, 
but then you must deny the legitimacy of Legendre's equa- 
tion, C = f t (A, B, c) ; for it supposes the possibility of such 
triangles, since it is a determination of the third angle of each 
of them from knowing the base and the other two angles. If 
you grant the possibility of the triangles, then Lcfgendre's 
equation will be ^tablished ; but you also admit Euclid's 18th 
axiom : For you assume, that two lines drawn at the extremi- 
ties of any third line, so as to make with it two angles equal 
to any two angles of a triangle, do meet one another when pro* 
duced. On examination yon will find, that the only relation 
generally true of two angles of a triangle is this, that they are 
together less than two right angles. I cannot, therefore, ad- 
mit, that Legendre's demonstration contributes in any de- 
gree to remove the difficulty in geometry. The intrinsic evi- 
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dence of a principle, or proposition, is the same whether it b6 
expressed in common language, or translated into the language 
of functions. Grant to the geometer the same assumption 
which is implied in the functional equation of the analyst, and 
he will be no longer embarrassed with the theory of parallel 
lines. Legendre endeavours to ju$tify his equation, by say^ 
ing that two triangles are identical when they have their base9 
equal, and likewise the angles adjacent to their bases equal, 
each to each. But this does not prove, that of all the infinite 
number oF triangles which can be formed upon a line greater 
or less than the base of a given triangle, there is always one 
that has the angles at its base equal to the angles at the base 
of the given triangle. If this be thought a more self-evident 
principle than those that geometers have employed, let it be 
transferred to geometry, and that science will no longer have 
need to borrow aid from the theory of functions." 

To these acute and judicious remarks, I think it unneces- 
sary to subjoin any further observations ; but, in justice to the 
illustrious author of the argument drawn from the higher ana* 
lysis, I must state that he still remains persuaded of its legi* 
timacy. In a very flattering letter which he did me the honour 
to write, bearing date, Paris, 5th February 1816, he thus ad- 
verts to the subject in dispute. ** Ayant un tres grande idee 
de la superiorite de vos lumieres. Monsieur, j'eprouve un re- 
gret d'autant plus vif de voir que vous n'approuviez pas, ou 
memo que vous regardiez comme illusoire la demonstration 
que j'ai donee dans mes notes du principe sur les trois angles 
du triangle. J'ai cependant la convictlbn intime que cette 
demonstration est parfaitement rigoureuse, et j'ose vous prier 
d'y donner encore quelqu' attention, persuade que vous recon- 
noitrez'son exactitude. La loi de Phomogenite est une loi 
generale, qui n'est jamais en defaut, et qui doit etre raog^e 
parmi les principes elcraentaires les plus generaux et les plus 
simples. L'angle est un quantite que je mesure toujours, par 
son rapport avec l'angle droit, car Tangle droit est l'unit6 na- 
turelle dcs angles : Dans cette notion tres simple, une angle 
est toujours un nombrc. II n'cn est pas dc mcmc des lignes : 
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une ligne ne pent entrer dans de 6da4» dans one equation 
quelconqueyqtt'avee une autre ligne que sera prise pour uniti, 
ou qui aura un rapport connu avec la ligne uoit6. 

** Ainsi ^equation C s ^ i (A, B, c) rapport^. jMy.293» oii 
A« Bp C» soBt des angles, et par consequent des nombres, na 
sauroit subsister, k moins que c ne disparoisse. Car si « ne dis- 
paroit pasi il faudraqu'une longueur absolue c soit determio4e 
par des nombres, sans que Punit^ de longueur soit connue, 09 
qui est une absurdity. L'objection faite, pag. mto. sur Pequar 
tion c = ^ : (a, 6, C) se risout tris facilement. Eien n'emr 
p^che que C, qui est un nombre» (par rapport i Tangle droit 
pris pour unU6») ne soit une fonction de a, b, C, pounru que 
cette fonction soit de nulle dimensiooy c'est*&-dire» pounru que 
k fonction de a,6, C se reduise k une fonction de deux rapports, 

tels que -^f ~« Et en effet, c*est ce qui a lieu d'aprds l*equa« 
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Ajouterai-je i ces raisons, une id^e qui m'est venue plu« 
aieors fois. Suppose que le m^me triangle, dont 
▼ous vous occupez, soit mis sous les yeux d'un 
^tre intelligent, dontla stature et celle des ofajeta 
qui renvironneot soient cent ffis plus grandes 
que celle des objets environoans-rHxion raisonne- 
ment sera toujours le m^me, et ne perdra rien de 
la force. Croiez-Tous, cependant, quMI fut possible que c restat 
dans Pequation, C == ^ : (A, B, c)? £t si c restoit, les g^ans 
dont j^ parle deduiroient*ils de cette equation la mSme valour 
que vouf ? II faudroit que cela fut, ear Pobjet a les mdmes 

dimensions dans les deux cas.'' 

' i 

1 owe an apology to M. Legendre, whose friendship and 
geniua I highly respect, for having printed this oommunica^ 
tion ; but the easy style of it appeared nowise derogatory to 
his talenu, and I was very unwUliiig, in a controversy of this 
nature, to copinnie his precious time, by eogagittg him to draw 
up a more elaborate defence. 
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On reconsidering the subject maturely, I confess that I can-* 
not assent to the force of the reasoning contained in this ex- 
tract, however clearly and neatly it is here developed. The 
whole stress of the argument, it may be perceived, lies in the 
distinction which M. Legendre endeavours to establish be- 
tween angles and lines, — a distinction which I hold to be at 
bottom merely arbitrary. Angles and lines are both equally 
real quantities, though of different kinds ; they are capable of 
being measured, and consequently represented by numbers, by 
referring each of them to some determinate measure or unit of 
its own denomination. Angles are measured or expressed nume- 
rically by angles^ and lines by lines. It is true, that the mensu- 
ration of angles is facilitated by a reference to the subdivision of 
the circuit or entire revolution ; yet even this mode of denoting 
angular magnitude is evidently only conventional. As standards 
for measuring straight lines, nature has furnished the limbs of 
the human body, and the extent of our globe itself. Such 
units of mensuration are not indeed very definite or readily 
attainable ; but they are not therefore the less real or pro- 
minent. Nor is there any essential difference in principle be- 
tween the expressing of an angle by degrees, of which 360 or 
400 are contained in a complete revolution, and the denoting 
of a straight line on the French system, for instance, by the 
number of metres it includes, each of which is the forty mil- 
lionth part of the entire circumference of the earth. Angles 
and lines hence present to the mind no radical or absolute 
discrimination, and therefore the argument grounded on such 
a distinction must lose all its efficacy. 

Admitting, however, what the slightest inspection readi- 
ly confirms, that the third angle is merely derived from the 
other two, M. Legendre demonstrates with great elegance, 
the property that the three angles of a triangle are equal to 
two right angles. Letting fall from the right angle a perpen- 
dicular on the hypotenuse, he divides any right-angled tri- 
angle into two subordinate triangles, which have each of them 
two angles equal to those of the original triangle ; whence the 
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acate utogles of tiiat triaiigle are alternately eqnal to the anglee 
Which compote the right angle. Bat every triangle may be 
divided into |iro Hgbt-angled trianglet, by lettmg fall a per- 
pendicular from the vertex on the base, and consequently the 
acute angles of both these triangles, and which form the angles 
at the base» and the vertical angle of the primary triangle^*- 
are together equal to two right angles. 

This theorem may be proved somewhat more directly. In 
the triangle ABC, let the angle CBA be greater than ACB» 
and draw BD» and then DB, making the angles ABD and 
BD£ each equal to ACB. The 
triangles ABC and ADB having 
the common angle BAG and the 
angle ACB equal to ABD» their 
third angles ABC and ADB 
must be equal. But the tri- 
angles BCD and BDE have also a iiommdH angle CBD, and 
equal angles DCB and BDE ; whence the third angle BDCl 
IS equal to BED, and therefore the supplementary angle ADB, 
equal to ABC, is equal to DEC. Again, the triangles ABC 
Isnd DEC having two common or equal angles, their third 
angles BAC and EDC are equal ; wherefore the three angles 
ABC, BCA and BAC of the original triangle, are respective^ 
ly equal to BDA, BDE and EDC, and hence equal to two 
right angles. — ^If the triangle ABC be equiangular, divide it 
into two scalene triangles ABD and CBD, the angles of 
which, or the angles of the original triangle, together with the 
adjoining angles ADB and BDC, must be equal to four right 
angles, and consequently the angles of that triangle are equal 
to two right angles. 

But the proposition is easily derived from another view of 
the subject. If we suppose a ruler turning 
about the point A, to change its direction 3? 

AC into AB, then opening at B till it gains 
the direction BC, and finally wearing about 
the point C till it acquires the opposite po- 
sition C A ; thus changing its direction with 
tcBpeci to a remote object, by three suc« 
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cessive Openings all to the same side, the ruler, being now re- 
versedy must have performed half a circuit ; that is, the three 
ongles of a triangle, whi9h constitute those openings^ are 
equal to two right angles. 



The profound geometer already quoted, pursuing his re- 
fined argument, has, from the consideration of homogene- 
ous quantities, likewise attempted to deduce the proportiona- 
lity of the sides of equiangular triangles. But in this ab- 
struse research, assumptions are still disguised and mixed up 
in the progress of induction. Such indeed must be the case 
with every kind of reasoning on mathematical or physical ob- 
jects, which proceed a priori, without appealing, at least in 
the first instance, to external observation. Of this kind are 
some of those ingenious analytical investigations respecting 
the laws of motion and the composition of forces. In fact^ 
no elementary physical truth can ever be discovered by any 
process of calculation, which merely combines or embodies 
into a general result the various assumptions that have been 
tacitly made. The principle of sufficient reasoriy introduced by 
Leibnitz, appears to be nothing but an artificial mode of dress- 
ing out an hypothesis, which the celebrated Boscovich has well 
exposed in his excellent notes to a didactic poem by Stay, 
entitled Philosophia Recentior, 

l^. Proposition twenty-second. The subject of parallel 
lines has exercised the ingenuity of modern geometers ; for 
Euclid had only endeavoured to evade the difficulty, by styl- 
ing the fundamental proposition an axiom. The investigation 
now given seems to be one of the best adapted to the natural 
progress of discovery. It is almost ridiculous to scruple 
about admitting the idea of motion, which I have employed 
for the sake of clearness. But even that futile objection 
might be obviated, by considering merely the successive 
positions of the straight line extending through the given 
point. 
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15. Propoftition thirtieth. That invaluable in8tnimeiit» 
Hadley's qaadhinti is founded on the 
second corollary, annexed as an ob- 
▼ioQBConsequence of the proposition. 
A ray of light SA, from the sun, im- 
pinging against the mirror at A, is 
reflected at an togle equal to its in- 
cidence ; and now striking the half . 
silvered glass at C, it is again re« 
flected to £« where the eye Uke* 
wise receives, through the transpa- 
rent part of that glass, a direct ray 
from the boundary of the horizon. 
Hence the triangle A EC has its ex- 
terior angle ECD and one of its in- 
terior angles CAE, respectively double of the exterior angle 
BCD and the interior angle CAB» of the triangle ABC; 
wherefore the remaining interior angle AECt or SEZ, is 
double of ABC ; that is, the altitude of the sun above the 
horizon is double of the inclination of the two mirrors. But 
the glMS al C remaining fixed, the mirror at A is attached 
to a moveable index, which marks their inclination. 

The same instrument, in its most improved state, and fitted 
with aSelescope, forms the 8extant,#which, being admirably 
calcolated for measuring angles in general, has rendered the 
most important seirices to geography and navigation. 

16. Proposition thirty-fourth* This problem is generally 
constructed somewhat differently. 

In AB take any point C, and on BC (L 1. cor.) describe 
an equilateral triangle CDB, on 
its side DB, another DEBs and ^ 
on DE the side of this, a third 
equilateral triangle DFE ; jofai the 
last vertex F with the point B ; • 
and BF it the perpendicular re- 
quired. . 

Because the triangles CDB and ^ ^ 
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DBE are equilateral, the angles CBD and DBE are each of 
them equal to two-third parts of a right angle (I. 30. cor. K) 
and the triangles BDF, BEF, having the sides BD, DP equal 
to BE, EF, and the side BF common, are (I. 2.) equal, and 
consequently the angles FBD and FBE are equal, and each 
of them the half of DBE. The angle FBD, being therefore 
one-third part of a right angle, and the angle DBA two-third 
parts, the whole angle FBC must be an entire right angle, or 
the straight line BF is perpendicular to AB. 



BOOK IL 

1. A simple proposition might be here introduced. 

A straight line bisecting two sides of a triangle , is parallel to 
the base. 

The straight line DE which joins the middle points of the 
sides AB and BC, is parallel to the base AC of the triangle 
ABC. 

For join AE and CD. Because the triangles ADC, BCD 
stand on equal bases AD, DB, and have the same vertex or 
altitude, they are (II. 2.) equivalent, and therefore ADC 14 
half of the whole triangle ABC. For the 
same reason, since CE is equal to EB, the 
triangle AEC is equivalent to AEB, and 
is consequently half of the whole triangle 
ABC. Whence the triangles ADC and 
AEC are equivalent ; and they stand on ^ ^' ^ 

the same base AC, and have therefore the same altitude 
(IL 3.)> or DE is parallel to AC. 

Cor. Hence the triangle DBE cut off by the line DE, is 
the fourth part of the original triangle. For bisect AC in G» 
and join DG, which is therefore parallel to BC. The triangle 
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AD6 is equivalent to GDC (II. 2.), and GDC, being the half 
of the rhomboid C£« is equi?aIeot to D£C» which again is 
(11. 2.) equivalent to DEB. The triangle ABC is thus divided 
into four equivalent triangles* of which DBB is one. Hence 
also the rhomboid GD£C is half of the original triangle. 

2. From the preceding proposition the following theorem is 
easily derived. 

Straight lines joining the suecesriv^ middle points of the sides 
of a yuadrilateralj^rejbrm a rhomboid* 

If the sides of the quadrilateral figure ABCD be bisected, 
and the points of section joined in their order; EFGH Is • 
rhomboid. 

For draw AC, BD. And because FG bisecU AB, BC i( 
is parallel to AC ; and for the same 
reason, EH, as it bisects AD and 
DC, is parallel to AC. Wherefore 
FG is parallel to EH (I. 28.). In 
like manner, it is proved that BF is 
parallel to HG; and consequently 
the figure EFGH is a rhombdd or 
parallelogram. 

It is likewise evident, thai the inscribed rhomboid is half of 
the quadrilateral figure ; for IG is half of the triangle ABC 
and IH is half of the triangle ADC. 

3. Proposition fourth. This problem is of great use in prao* 
tical geometry. The plan, for instance. Of any grounds, how^ 
ever irregular, is divided into a number of triangles, which 
are successively reduced to a simple triangle, and this again 
is converted (by II. 6.) into a rectangle. Instead of comput- 
ing, therefore, each component trikngle, it may be sufficient 
to calculate the area of the final triangle or rectangle. 

4- Proposition ninth. On this pro|iosition is founded the 
method of ^ets, which enters so hugely into the practice 
of Und-surveying. In measuring a field of a very irreguhtf 
shape, the principal poinu only are connected by straight 
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IiDes forming sides of the component triangles, and the dis- 
tance of each remarkable flexure of the extreme boundary is 
taken from these rectilineal traces. The exterior border of 
the polygon is therefore considered as a collection of trape* 
zoids, which are measured by multiplying the mean of each 
pair of offsets or perpendiculars into their base or intermediate 
distance. 

5. Proposition tenth. This beautiful property is easily de- 
rived from Propositions fifteenth and sixteenth of Book II. 

1. Let ABC be a triangle right-angled at B ; produce the 
base AB till AD be equal to the perpendicular BC ; on the 
compound line BD describe the square BDEF, and make DG 
and EH equal to AB, and join AG, GH and HC. 

The triangles ABC and GDA, having the sides AB, BC 
evidently equal to DG, and AD, and the right angle at B 
equal to that at D, are (I. 3.) equal. 
In the same manner, the triangles 
HEG and CHF are proved to be 
equal to ABC. But (I. 30.) the ex- 
terior angle GAB is equal to the in- 
terior angles ADG and AGD, from 
which take away the equal angles 
CAB and AGD, and there remains 
GAC equal to ADG, and consequent- I) ^ 

ly a right angle. Wherefore the quadrilateral figure AGHC, 
having likewise all its sides equal, is a square. But by Prop. 15. 
Book II. the square BDEF, described on the sum of the sides 
ABand BC, is equivalent to the squares of those sides, together 
with twice their rectangle. Now (cor. 5. Book II.) the rect- 
angle under AB and BC is double of the triangle ABC ; and 
consequently the square BDEF is equivalent to the squares 
of AB and BC, and the four triangles CBA, ADG, GEH and 
HFC : but the same square is equivalent to the interior square 
AGHC, with those four triangles; wherefore the squares of 
the base AB and of the perpendicular BC, are equivalent to 
the single square described on the hypotenuse AC. 
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' d. From the base AB, cat off a part AD equal to the per- 
l^eodicular BC, and on the remaining portion BD construct 
the square BDEF ; produce DE and £F» till EG and FH be 
equal to AD, and join AG, GH, and HC. The triangles 
CBA» ADGy GEH, and HFC are proved to be equal as before. 
Again, the angle CAG being equal to the angles CAB and 
DAG or BCAy the acute angles of the right-angled triangle 
ABC» is consequently a right angle. 
Wherefore the quadrilateral figure 
ACHG is a square. But, by Prop. 
16. Book II. the square BDEF, de- 
scribed on BD the difference be* 
tveen the base AB and BC the . 
perpendicular is equivalent, to the 
squares of AB and BC, dioainished 
by twice their rectangle or by the 
four triangles CBA, ADG, GEH, and HFC. But the square 
BDEF is evidently equivalent to the square ACHG described 
on the hypotenuse AC, diminished^ by those triangles, and 
therefore equivalent to the squares of the base AB and of thQ 
perpendicular BCr 




This famous proposition appears to have been first introduc- 
ed into Greece by Pythagoras. Both the demonstrations now 
given were longaAerwards common among the Arabians and 
Persians, and by them communicated to the natiops of India* 
The second mode, however, would seem to be the favourite, 
since the figure used is, in the Oriental languages, styled the 
bridal chair or couch, in allusion to its form or its prolifio virtues. 
This figure^and the preceding onOf are well adapted for exhibit- 
ing the result, by the dissectipn and transposition of their se- 
veral parts. The very meagre treatises of geometry written in 
the Sanscrit language, and the versions of Euclid's Elements by 
Persian or Arabian commentators, display some variety of such 
dissections, all of them derived evidently from the same sourf:e, 

X 
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The method generally adopted is commonly ascribed to the 
Persian astronomer Nassir Eddin, who flourished in the thir- 
teenth century of our sra, under the muni6cent patronage 
of the conqueror Zingis Kh^p. 

It may gratify the young student in geometry to see the 
mode of performing this dissection. Having drawn AL pa- 
rallel to BF, and IC and GO pa- 
rallel to DB, place the triangle CKA 
on CFH, invert the triangle GOA 
on ADG, place the triangle GOM 
on AKNy and transfer the small tri- 
angle GIN to HLM. In this way, 
the square AGHC is transformed 
into the two squares CKLF and 
ADIK. By reversing the process, 
the squares of the sides of the right- 
angled triangle may be compounded into the single square of 
the hypotenuse. 

6. It was a favourite speculation with the Greek geome- 
ters, to express numerically the sides of a right-angled tri- 
angle. The rules which they delivered for that purpose are 
equally simple and ingenious. For the sake of conciseness, 
it will be convenient, however, to adopt the language of Sjrm- 
bols. Let n denote any odd number ; then, 

according to Pythagoras, n, ^LZZ. and^-^^, or 

according to Plato, 2 it, n* — 1 and n* 4. 1, being the 
dubles of the former, will represent the perpendicular, the base, 
and hypotenuse, of a right-angled triangle. — Thus, n being sup- 
posed equal to 3, the numbers thence resulting are 3, 4, and 
5, or 6, 8, and 10. 

These analytical expressions are fundamentally the same, 
and are easily derived from Proposition 17. Book II. : For 

(n»+l)»-(n«^l)-=((«*+l) + (''*-l))(("* + l)-K-l))= 
2ii*x2=(2»)*. Or, without having recourse to algebraical 

notation, since the square of the perpendicular is equivalent 
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to thtt idHbrenod between the squares of ihe bypotenyse tnd 
of tbe base, it mutt, by that same prdpotilion» be equivalent 
to the rectangle under the aum and difference of the hypote- 
nuse and base. Wherefore, if the perpendicular be an odd. 
number, its square may be considered as the prodoct of its two 
adjacent integral parts into the unit which forms their difier- 
ence. Thus, assuming the perpendicular equal to 3, its 
square 9 may split into an even and odd numberi 4 and 5^ for 
the base and hypotenuse : if the perpendicular be S, the square 
S5 IS parted into 12 and 13» for the corresponding base and 
hypotenuse ; or if this perpendicular be denoted by 7> whose 
square is 49, the base and perpendicular must, by this approxi- 
mate bisection, be 24 and £5. Again, if the perpendiciUJar be 
supposed to be an even number, its square may be divided in- 
to two adjacent factors, whose sum is the half and their differ- 
ence 2. Thus, the perpendicular being 4, the half of its square, 
qr 3, is split into 3 and 5, for the base and hypotenuse ; if 6 
be the perpendicvdar, the half of its square, or 18, is divided 
into 8 and 10, for'the base and hypotenuse ; and were 8 to re- 
present the perpendicular, the half of its square, or 82, giyes 
15 and 17, fbr the corresponding base and perpendicular. 

7* We may here introduce, from the Mathematical Collec- 
tions of Pappus, an elegant extension of the famous Tenth 
Ph>position. 

In any triangle^ rhomboids described on the two sides, axe to* 
gether equivalent to a rhomboid described on the base, and limits 
ed by these and by paraBeb to the line tohich joins the vertex 
toith their point ofeoncourse* 

Let ADEB and BGFC be rhomboids described on the two 
sides AB and BC of the triangle ABC ; produce the summits 
DB and F6 to meet in H, join this point with the vertex B, 
to BH draw the parallels AE, CL, and join KL. It is obvi- 
ous that AK and CL, being equal and parallel to BH, are 
likewise equal and parallel to each other, and that the figure 
AKLC is a parallelogram or rhomboids— This rhomboid is e- 
quivalent to the two rhomboids BD and BP. * 
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For produce HB to meet the base AC iu I. And because 
the rhomboids KI and AH y^^ 

9tand OD the same base AK 



^ 

/ 

/ 



and between the same y \r- 

parallels, they are equiva- ^ - ' 



lent (II. 1. cor.) ; but 




\ /\ 



\ _.> ,. 



the rhomboids AH and / j / \ / \ 

BDy standing on the same 
base AB and between the 
same parallels, are also equivalent. Whence KI is equiva- 
lent to BD. And in the same manner, it may be proved that 
LI is equivalent to BF. Consequently the whole rhomboid 
KC is equivalent to the two rhomboids BD and BF. 

If the triangle ABC be right-angled at B, this theorem will 
pass into a case of the twenty-sixth of Book VI. ; the rhom- 
boid, described on the hypotenuse, being equivalent to the 
similar rhomboids described on the two sides. When these 
rhomboids become squares, the proposition becomes the same 
as the tenth ; the only difference in the construction being, 
that a square AKOC (p. 52.) is constructed above the hy- 
potenuse AC, instead of the square ADEC constructed be- 
low it. 

8. From the proposition in the last article, an important 
theorem may be derived, which deserves a place in an ele- 
mentary work : 

In any triangle^ the square described on the base is equivalent 
to the rectangles contained by the two sides and their segments in- 
terceptedjrom the base by perpendiculars IctJaU upon them from 
its opposite extremities. 

Let the perpendiculars AP, CN be let fall from the points 
A, C upon the opposite sides BC and AB of the triangle 
ABC ; the square o£ AC is equivalent to the rectangles con- 
tained by AB, AN, and by BC, CP. 

For complete the rhomboids ADHB and CFHB, and let 
fall the perpendiculars BR and BS upon DH and FH. 
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It 18 manif^ty that the rhomboids AH and CH are equiva- 
lent to the square of AC. But the rhomboid AH in equindent 
to the rectangle contained by AB and BR 
(U. 1. cor.). Comparing tbetrumglesBHR 
and AON; the angle BRH, being a 
right angle, it equal to ANC; and the 
two acute angles BHR and RBH, being 
together equal to a right angle, are e* 
qual to DAN and NAC ; but DAB is 
equal to DHB (I. 26.)» whence the angle 
RBH is equal to NAC. These triangles 
BRU and ACN, having thus two angles 
respectively equal, and the correspond- 
ing side BH in the one equal to AD or 
AC in the other, are therefore equal 
(1. 20.)» and consequently the side BR 
is equal to AN. The rectangle AB and 
BR, which is equivalent to the rhom- 
boid AH, is hence equivalent to the 
rectangle contained by AB and AN (II. 
1. cor,}* 

In the same manner, it may be demonstrated, by compa- 
ring the triangles BHS and PAC, that the rectangle under BC 
and BS, which is equivalent to the rhomboid CH, is equivalent 
to the rectangle contained by BC and CP. Wherefore the 
two rectangles of AB, AN and- BC, CP are together equiva* 
lent to the square described on AC. 

If the triangle ABC be^ right-angled at the vertex B, the 
perpendiculars CN and AP will evidently meet at the vertex, 
and consequently the rectangles AB, AN and BC, CP will 
become the squares of AB and BC. And hence the beauti- 
ful Proposition XL 10. is derived, being only a remarkable 
,case of a much more general property. 

9. Proposition tenth. It may be proper to notice likewise 
an extension of this beautiful proposition, which is easily de-' 
monstrated, afler a similar mode, from the decomposition of 
the figure. 
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Equilateral triangles described on the sides of a right-angled 
triangle^ are together equivalent to an equilateral triangle dc 
scribed on the hypotenuse* 

Let ABC be a right-angled triangle, around which are con- 
structed the equilateral triangles ADB, B£C and CFA ; the 
triangles ADB and BEC are equivalent to CFA. 

For let fall the perpendiculars DG, 
bH and FI, and join CD, BF,CG, BI 
and HF. It is evident (I. 21.) that 
the perpendiculars DG and FI bi- 
sect the bases AB and AC, and di« 
vide the triangles ADB and CFA 
into two equal triangles. But the 
angle DAB is equal to CAF, being 
angles of an equilateral triangle : 
add BAC to each, and the whole 
angle DAC is equal to BAF. But 
the containing sides DA and AC are respectively equal to 
BA and AF, and consequently (I. 3.) the triangle ADC is 
equal to ABF. Now the triangle ADC is composed of the 
three triangles ACG, ADG, and DCG, and the triangle ABF 
is composed of ABI, AFI, and FBI; but, since AB and AC 
are bisected in G and I, the triangles ACG and ABI are 
(II. 2.) halves of the original triangle ABC, and consequently 
equivalent to each other. Wherefore the remaining triangles 
ADG and DCG are together equivalent to AFI and FBI. 
But DG and CB being both perpendicular to AB are (I. 22.) 
parallel ; and, for the same reason, BH is parallel to FI. 
Whence (H. !•) the triangle DCG is equivalent to DBG, and 
the triangle FBI equivalent to FHI; and therefore the tri- 
angles ADG and DBG, or the whole triangle ADB, must be 
equivalent to AFI and FHI, or the whole triangle AFH. — In 
like manner, it may be shown that the triangle BEC is equi- 
valent to the triangle CFH ; and consequently the equilateral 
triangles ADB and BEC are equivalent to AFH and CFH, 
which make up the whole triangle AFC. 



This demonstration is the second of those given by the ce- 
lebrated Italian geometer Torricclli, the favourite disciple of 
Galileo, and inventor of the barometer. 



HOTS8 AND XLUJSTBATIOMf. 



Sil 



a H 



s 



I K 



P — Q 



e — K 



' lAi A meful propoulioii may be introduced here : 

The square descried on a straight Ime^ is SfAkdetU to the 
sqaattes of ike segmenis into nUok it is dkided, and tvaice ihfi 
rmtaasf^ contained by each pair of these segments. 

The equere of AB k eqiUTalent ta the equares of AC» of 
CD end of DB» with twice Ae leotenglea of ACt CD, of AC» 
DB, andofCD, DB. 

For make AE and BF equal to AC aod CD; draw Elf,F(« 
parallel to AB, and CH,DI parallel to AG. 

It IB manifest tfiat AO is the square 
of AC« dQ the square of CD, and QK 
the square of DB. Nor is it less obvi- 
ous Aat iJie two rectangles CN and 
£P are contained by AC, CD, that the 
two rectangles NL and PI are contain- 
ed by CD, DB, and that the two rect- 
angles DM and FH are contained by 
AC, DB. But those aquaves and those double rectangles 
twmplete the whole square of AB. Wherefore the truth of 
the Fvopositioa is established. 

Cor. Hence if a straight line be dinded into three portion* 
the squares of the double segments AD, BC, together with 
twice the rectangle under the extreme segments AC, BD, are 
equivalent to the squares of the whole line AB and of the In* 
tesasediate segment CD. For the squares FD, HM, together 
with the equal reetangles GP, NB, evidently fill up the whole 
equam AB, with the repetition of the internal square OQ; 
that is, the squares of AD and BC, with twioe the reotai^e 
AC, DB, are equivalent to the squares ct AB and CD. 

11. Since rectangles correspond to numerical producu, the 
properties of the sections of lines are easily derived from sym- 
bolical arithmetic or algebra : 

1. In Prop. 14. let AC be denoted by a, and the segments 
of AB by (, c and df then a{h+c+d)zsab+ac^ad. 

2. In Prop. 15. let the two lines be denoted by a and h ; 
then {a+bysza^+h'+^ah^ 
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3. In Prop. 16. let the two lines be denoted by a and b ; 
then {a — 6)*=a*4-A*— 2rt^. 

4. In Prop. 17* let the two lines be denoted by a and b ; 
then (a+6) (a— i)=fl»— ^*. 

5. In the Proposition contained in the last paragraph of the^ 
notes of this Book, let the segments of the conQpound line be 
denoted b^ a, b and c ; then 

{a+l)'\'Cy=La^ + b^+c^+2ab+2ac+%c. 
6» In Prop. 18. let the two lines be denoted by a and b ; 

then «'+«^=i(«+«)'+|(a-«}'=2(^y +K^)*' 

7. In Prop. 19. let the whole line be denominated by a, and 
its greater segment by x ; then x^:=:a(a — j:), and x^-fojfzra*, 

— --zz-±za(V{ — i). Hence, if unit 

represent the whole line, the greater segment is .61803398428, 
d'c. and the smaller segment .38196601572, &'c. 

From Cor. 1. an extremely neat approximation is likewise 
obtained. Assuming the segments of the divided line as at 
first equal, and each denoted by 1, the following successive- 
numbers will result from a continued summation : 

1, 2, 3, 5, 8, 13, 21, 34-, 55, 89, 144, &c. 
which are thus composed, 

1 +2=3, 2+3z=5, 3+5=8, 5 + 8=13, 8+13=21, iSrc. 

These numbers form, therefore, the simplest recurring series, 
a kind of approximation which, I find^ was first noticed in this 
actual case early in the seventeenth century, by Girard, ao 
ingenious Flemish mathematician. 

Hence, if the original line contained 144 equal parts, its 
greater segment would include 89, and its smaller segment 55 
of these parts, very nearly ; but 55 x 144 = 7920, being only 
one less than 7921, the square of 89. 

12. Proposition nineteenth, cor. 2. This problem may, how- 
ever, be constructed somewhat dinircntly, without employing 
the collateral properties. 



T 
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For bisect' AB in C (I. 70» draw (I. 5. cor.) ibo perpen- 
dicular BD equal to BC, join AD and 
continue it until DE be equal to DB 
or BC, and on AB produced take AF 
equal to AB: The line AF i» the re- 
quired extension of AB. For make DG 
equal to DB or BC ; and because 
(tl. 17. cor. 2.) the rectangle £ A, AG, together with the square 
of DG or DB; is equivalent to the square of DA, or to the 
squares of AB and DB ; the rectangle E A^ AG, or FA, FB, 
is equivalent to the square of AB. 

IS. Proposition twenty-third. fThis proposition is of great 
use in practical geometry, since it enables us to divide a tri- 
angle, of which all the sides are given, into two right-angled 
triangles, by determining the position, and consequently the 
length, of the perpendicular. 

Thus, suppose the base of the triangle to be 15, and the 

two sides IS and 14 : Then 15' + 1S> — 14* =3 225 -f 

169 — 196= 198, which shows that the perpendicular &lls 

198 
within the triangle; ^d — = 6.6,^ the segment adjacent to 

the short side, whence the perpen4icular=r^((lS)* — (6.6)*)= 

V^(169^^S.56)=:I1.2. The area is therefore 15x5.6=84. 

Again, if the base were 10, and th^ sides 21 and 17: Then 

21 «_17»_10*= 441— 289 — 100 = 52, which shows that 

the perpendicular falls somewhat beyond the base. Whence 

52 

^ =2.6, the external segment; and v^ (17*— •2.6') = 

j/ (289—6.76) = 4/ 282.24 = 16.8, which gives 84 for the 
area, the same as before, a very remarkable coincidence. 

Lastly, let the base be 9, and the two sides 17 and 10 : 
Then 17* — 9* — 10* = 289'--81— .100= 108, indicaUng that 

108 

the perpendicular GUIs without the base. Wherefore^-r^ = 

6, the external segment, and ^^(10* —6*) = y'ilOO— S6) = 
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9 )( 8 
V 64 = 8, the perpendicular; which gives — ^ — ±: 36, for 

the area of the triangle. 

The same results are obtained by applying the Twenty-First 
Proposition. Thus, in the first example, the distance of the 

14.* 13a 

perpendicular froih the middle of the base is c s .9> 

and therefore the segments of the base are 8.4, and ^.^ In 
the second example, the distance of the perpendicular from 

17» 10* 

the middle of the base is r^ — = 10.5, and consequently 

the segments of the base are 15 and 6. In the last example, 

the distance of the perpendicular from the middle part of the 

21* 17» 

base is r— — = 76, and the segments of that base are hence 

20 

12.6 and 2.6. The length of the perpendicular and the area 

of the triangle are, in each case, therefore, easily deduced 

from these data. 

14. From the corollary to the last proposition is derived a 
very simple construction of the problem, Tojinda square equi' 
valent to a given rectangle. 

Let A6CD be the given rectangle, 
of which the side AD is greater than 
AB. In AB or its production, take 
A£ equal to the half of AD and place 
it from E to F ; then AF being joined, -^ 
is the side of the equivalent square, x^^ 
For (II. 23. cor. £1.) since the sides 
AE and EF of the triangle AEF are 
equal, the square of AF is equivalent ^ 

to the rectangle under twice AE and AB, that is, from the 
construction, the rectangle under AD and AB. 

The same construction might likewise be deduced from 
the demonstration of the celebrated property of the right- 
angled triangle. For, in the figure of page 52, suppose BO 
were drawn to the hypotenuse AC, making an angle ABO 
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equal to BAO or BAC ; linee the two acute angles ate t04 
gether equal to a right angle, the angle BGA b equal to the 
remaining portion CBO of the right angle at B, and oonae* 
quently th\e triaikglei AOB and COB are itoseelett and the 
eidet O A, OB and OC all equal. Wherefore AB, the lide of 
a square equivalent to the recti^ngle ADMN or that under 
AK and AN, is determined by making AO equal to the helf of 
AK or AC and inserting it from O to B. — ^The inspection of 
the same figure also points out the mode of dissecting the 
rectangle, and thence compounding the squfwe; fi>r a perpen- 
dicular let fi|ll from K on AB is evidently equal to GB or AB. 
Hence, on AF, in the original construction, let All the per- 
pendicular DG, transpose the triangle FBA in the situation 
DHI, and slide the quadrilateral portion into the place of 
KAHI ; the rectangle ABCD is now transformed into the 
square K6DI.— A slight modification will be required when 
AB is less than the half of AD. 

In this construction of the problem, the application of the 
circle which (IIL S7. EL) is indispensably required, is only 
not brought into view — ^Wben the side AD is double of AB^ 
the point 6 coincides with F, and the rectangle is resolved 
into three triangles, which combine to form a square. 



15. To this Book some neat propositions may be subjoined 

PROP. L TH£OB. 

Iftjrom the hypoUnute of a righUan^ed triangle, portions be 
cut qfequal to the adjacent sidetj the square of the middle seg» 
ment thusjormed, is equivalent to twice the rectangle contained 
Ay the extreme segments* 

Let ABC be a triangle which is ri|{ht»angled at B; from 
the hypotenuse AC, cut off AB equal to AB^ and CD equal 



316 NOTtS AND J LLU ST RATIONS. 

to CB: Twice the rectangle under AD and C£ is equivalent 
to the square of D£. 

For the straight line AC being divided j^ 

into three portions, the squares of AE and ,"^\ 

CD, together with twice the rectangle AD, ^-^^ > 

CE are equivalent to the squares of AC Jv .1> »- C 
and DE (art 10.) But the squares of 
AB and BC, or those of AE and CD, are equivalent to the 
square of AC (II. 10.). There consequently remains twice 
the rectangle AD, CE equivalent to the square of DE. 

By an inverse process of reasoning it will appear, that if 
twice the rectangle AD, CE be equal to the square of DE, 
the straight line AC, so composed, is the hypotenuse of a 
right-angled triangle, of which AB and BC are the sides* 

This proposition, which I believe first appeared in these 
Elements, wiir furnish another convenient method of discovering 
the numbers which represent the sides of a right-angled tri- 
angle ; For since DE*=2 AD.CE, it is evident that 4DE*= 
AD.CE; and consequently expressing DE by an even whole 
number, and resolving half of its square into the factors AD 
and CE, AD-f DE and CE-f-DE will represent the twosides, 
and AD+CE+DE the hypotenuse. Thus, if 2 be taken, the 
factors of half its square are 1 and 2, which produce the num- 
bers 3, 4-, and 5. Again, if 4 be assumed, the factors are 2 
and 4, or 1 and 8 ; whence result these numbers, 6, 8, and 
10, or 5, 12, and 13. In this way a very great variety of 
numbers can be found, to express the sides of a right-angled 
triangle. 

PROP. II. THEOR. 

l^tc squares oflhies dravonfrom any point lo the opposite cor* 
ncrs of a rectangle arc together equivalent. 

If from a point E, either within or without the rectangle 
ABCD, straight lines be drawn to the four corners, the 
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iquaret of AB, EC are together equif alent. to the squares of 
BE, ED. 

For join £ with F, the intersection of the diag9Qal8 ACt 
BD. Because it follows readily from Prop. 27- Book I. that 
these diagonals are equal, and bisect 
each other, the lines AF, BF, CF, 
andDF are all equal. Wherefore 
the squares of AE, EC are equiva- 
lent to twice the square of AF, and 
twice the square of £F (11. 22.) ; 
and the squares of BE, ED are like- 
wise equivalent to twice the square 
of BF and twice the same square 
of EF ; consequently, the squares of 
AFand BF being equal, the squares 
of AE, EC, are together equivalent 
to the squares of BE, ED. 





PROP. III. THEOR. ^ 

If straight lines be dratonjram the angular points of a trian* 
gle to Insect the opposite sides, thrice the squares of these sides are 
together equivalent to Jour times the squares of the bisecting 
lines. 



Let the sides of the triangle ABC be bisected in D, E, and 
F, and straight lines drawn from these points to the opposite 
vertices ; thrice the squares of the sides AB, BC, and AC 
are together equivalent to four times the squares of BD, CE 
andAF. 

For, by Proposition IL 22. the squares of AB, BC are equi* 
valent to twice Ihe square of BD and 
twice the square of AD, that is, half the 
square of AC ; the squares of BC, AC 
are equivalent to twice the squares of 
CE and half the square of AB ; and the 
squares of AC, AB are equivalent to 
twice the square of AF and half ihe 
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square of BC. Whence the squares of the sides of the tri* 
angle repeated twice, are equivalent to twice the squares of 
BD, CE, and AF, with half the squares of the sides of the tri- 
angle. Cpnsequentlj four times the squares of AB, BC, and 
AC are equivalent to four times the squares of BD, CE, and 
AF, with once the squares of AB, BC, and AC ; wherefore 
thrice the squares of the sides AB^ BC, and AC are together 
equivalent to four times the squares of the bisecting lines BD, 
CE, and AF. 



PROP. IV. THEOR. 

The squares of the sides of a quadrUateralJigure are together 
equivalent to the squares of its diagonals^ together toith Jour times 
the square of the straight line joining their middle points. 

Let A BCD be a quadrilateral figure, in which the straight 
lines AC, BD, drawn to the opposite corners, are bisected at 
the points E, F; the squares of AB, BC, CD, and DA, are 
together equivalent to the squares of AC, BD, together with 
four times the square of EF. 

For join EF, and because AC is bisected in F, the squares 
of AB and BC are equivalent to twice the square of AF and 
twice the square of BF (II. 22.) ; 
and, for the same reason, the squares 
of CD and DA are equivalent to 
twice the square of AF and twice 
the square of DF. Consequently 
the squares of all the sides AB, BC, 
CD, and DA, are equivalent to four 
times the square of AF, or the 

square of AC — with twice the squares of BFand of DF. But 
twice the square of BF and DF is equivalent {II. 22.) to 
four times the square of BE, or the square of BD, with four 
times the square of EF ; whence the squares of all the sides 
of the quadrilateral figure are together equivalent to the 
squares of its diagonals AC, BD, with four times the square 
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of the strijglit line £F which joins their pointf^ eqnal tec* 
tiolu 



genenl theorem seems to have been first given by the 
illustrious Leonard Euler in the Petersburg Memoirs* It 
evidently comprehends the twenty-fourth Proposition of 
this Book; for when the quadrilateral figure becomes a 
rhomboid, the diagonals bisect each other, and the middje 
points Band F coincide; whence the squares of all the sides 
are equivalent simply to the squares of those diagonals. — If 
this rhomboid again becomes a rectangle, it will have equal 
diagonals, and consequentlyi as in the 10th Proposition of the 
Second Book, the squares of the fides of a right-angled trf> 
angle are equivalent to the square of the hypotenuse. 



BOOK IIL 



1. Proposition fifteeifth. Henpe angles are sometimes mea- 
sured by a circular instmment, fiom a point in the circum- 
ference, as well as from the centre. 

& Proposition eighteenth. On this proposition depends the 
oonstruction of amphitheatres; fiir the visoa^ magnitude of an 
object is measured by the angle which ic subtends at the eye, 
and consequently the whole extent of the stage, the interme- 
diate objects beuig purposely darkened or obscured, will be 
seen with equal advantage by every spectator seated in the 
same arc of a circle. 

S. Proposition twenty-second. To ered a perpendicular, any 
point D is taken, as in Prop. ^. Book I., 
and from it a cirde is described passing 
through C and B ; the diameter CDF, by 
its intersection at the point B, determines 
the position of the perpeadicolar BF. To 
ia/all a perpendicular, draw to AB any 
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Straight line FC, which bisect in D, and from this point as a 
centre describe a circle through the points C, B and F; FB 
is the perpendicular required. 



4. To this Book may be subjoined some useful propositions. 

PROP. I. THEOR. 

The inclination of two straight lines is equal to the a?iglc ter- 
minated at the circiiwjcrence by the sum or difference of the arcs 
which they intercept, according as their vertex is ivithin or xjoith- 
out the circle. 

If the two straight lines AB and CD intersect each other 
in the point E within a circle ; the angle AED which they 
form, is equal to an angle at the circumference and standing 
on the sum of the intercepted arcs AD and BC. 

For draw the chord BF parallel to CD. Because ED and 
BF are parallel, the angle AED (I. 22.) 
IS equal to •'the interior angle ABF, 
which stands on the arc AF, but since 
the chords BF and CD are parallel, the 
arc BC is equal to DF (III. 18.) and 
consequently the arc AF, which termi- 
nates at the circumference an angle 
equal to AED, is the sum of the two 
intercepted arcs AD and BC. 

Again, if the straight lines AB and CD meet at £, without 
the circle, their inclination AED is e- 
qual to an angle at the circumference, 
having for its base the excess of the 
arc AD above BC. 

For BF being drawn parallel to CD, 
the arc BC is equal to FD, and conse- 
quently the arc AF is the excess of 
AD above BC ; but the angle ABF 
which stands on AF, is equal to the 
interior angle AED. 
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Cor, Hence if two chords intersect each other at right 
angles within a circle^ the opposite intercepted arcs are equal 
to the semldrcuinference. 

' On this proposition depends the method of correcting the 
errors of the centre in astronomical instromentiy by isking 
the mean of the of^osite readings. Another adtantage is de- 
rived from it in practice ; for nn angle may be hence mea* 
sured by help of a circular protractor without the trouble of 
apjSlying the centre to its yertex or the point of concourse of 
the sides* The same principle is likewise applicable to the 
construction of some optical instruments, edited to measure 
lateral angles by the intersection of micrometer wires. 



PROP. II. THEOR. 

If a circle be described on the radius of another circle^ tfiiy 
straight Une drawn Jrom the point tohere they meet to the o^ter 
circum/erencCf is bisected by the interior ane^ 

Let AEG be a circle described on the radius AC of the 
circle ADB, and AD a straight line 
drawn from A to terminate in the ex- 
terior circumference; the part AE in 
the smaller circle is equal to the part 
ED intercepted b^ween the two cir« 
Gumferences. 

For join CE. And because AEC is 
a semicircle, the angle contained in it 
is # right angle (III. 19.) ; 'consequently the straight line CE, 
drawn from the centre C, is perpendicular to the chord AJ), 
and therefore (III. 4.) bisects it. 

It is obrious, that an instrument could be constructe4 on 
this principle, to bisect any inflected line AD. 
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PROP. III. THEOR. 

Ifi on each side of any poifit in the circumference of a circle^ 
equal arcs be repeated; the chords tohichjoin the opposite points 
of section will be together equal to the last chord extended till it 
meets a straight line dranon through the middle point and either 
extremiti/ qfthejirst chord. 



Let DAG be the circumference of a circle, in which the 
arcs AB, BC, CD on the one side of a point A, and the cor- 
responding arcs AE, EF, FG on the other side, are all assum- 
ed equal ; the chords BE, CF, and DO, are together equal 
to the line GH, formed by extending GD till it meets the pro- 
duction of AB. 

For join FD and CE^ and produce this to meet GH in the 

point I. 

Because the arcs BC /V 

and CD are equal to B. 

EF and FG, the chords 
BE, CF, and DG are 
parallel; but, for the 
same reason, since the 
arcs BC and CD are e- 

qual to AE and EF, the chords BA, CE and DF are likewise 
parallel. Hence the figures HBEI and ICFDare rhomboids, 
and therefore the extended chord GH, being composed of the 
segments HI, ID, and DG, is equal to the sum of their op- 
posite chords BE, CF and DG. — It is obvious that the same 
train of reasoning may be pursued to any number o£ equal 
arcs. If the circumference be divided into an even number 
of parts, the points D and G will evidently coincide, and the 
limiting line HG pass into a tangent. 

This simple, but very curious proposition, is noticed, where it 
would certainly not be expected — in Scaliger dc Subtiliiate. 
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Ifjinm anypowi in the diameter of a circle or He eMentioHf 
straight lines be drawn to the ends ^ a parattd chord; the 
squares of these lines are together equivaleni to the squares of the 
segments into nhich the diameter is divided* 

Let BEFD be a circle, and from the point A in its extend, 
ed diameter the straight lines AE and AF be drawn to tho 
ends of the parallel chord EF; the squares of AE and AF 
are together equivalent to the squares of AB and AD. 

For^ from the centre C» let fiiU the perpendicular CG upon 
EF (1. 6.), and join AG and CE. 

Because CG cuU the chord EF 
at right angles, G£ is equal to GF 
(III. 4.); wherefore the squares of 
AE and AF are equivalent to twice 
the squares of AG and GE (II. 22.) 
But ACG being a right-angled tri- 
kngle, the square of AG is equiva- 
lent to the squares of AC and CG 
II. 10.), or twice the square of AG 
is equivalent to twice the squares of 
AC and CG. Wherefore the squares 
of AE and AF are equivalent to 
twice the three squares of AC, CG, 
and GE. Of these, the two squares 
of CG and GE are equivalent to the square of CE or CB, for 
the triangle CGE is right-angled. Consequently the squares 
of A E and AF are equivalent to twice the squares of AC and 
CB. But the straight line BD being cut equally at C and un- 
equally at A, the squares of the unequal segm^nu AB and 
AD are together equivalent to twice the squares of AC and 
CB (II. 18. cor.) ; whence the squares of AE and AF are to- 
gether equivalent to the squares of AB and AD. 

Cor. If the point coincide with the extremity of the diame- 
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ter, it is evident that the squares of the chords AE and AF 
must be equivalent to the square of the diameter or four times 
the square of the radius. 



PROP. V. THEOR. 

The rectangle under the segments of a chord is greater or less 
than the rectangle under the segments into xvhich a perpendicular 
from the point of section divides a diameter , by the square of that 
perpendicular — according as it lies without or within the circle. 

Let the perpendicular CF be let fall from a point C in the 
chord ACB upon a diameter DE; the rectangle 6C> CAy is 
greater or less than the rectangle EF, FD, by the square of 
the perpendicular CF, according as this lies without or with- 
in the circle. 

Fir3t, let the perpendicular CF lie without the circlCi and 
join CE and DG. 

The square of the hypotenuse 
CE is equivalent to the squares 
of FE and CF (II. 10.). But 
the square of CE is composed of 
the rectangles CE, EG, and CE, 
CO (II. 14?.) ; and the square of 
FE is composed of the rectangles 
FE, ED, andFE, FD: Where- 
fore the rectangles CE, EG and 
CE, CG are equivalent to the rectangles FE, ED and FE, 
FD, together with the square of CF. And since EGD, stand- 
ing in a semicircle, is a right angle (III. 19.), its adjacent 
angle CGD is also right, and the angle opposite to this at F 
is right; consequently (III. 17. cor. 1.) a circle might be de- 
scribed through the four points C, G, D, F. Whence (III. 26.) 
the rectangle CE, EG is equivalent to FE, ED : and taking 
these from the terms of the former equality, there remains the 
rectangle CE, CG, that is, (III. 26.) AC, CB, equivalent to 
the rectangle FE, FD, together with the square of CF. 
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Next, let the perpendicular GF lie within the circle. 

The same conttniction being made^ 
the rectangle C£» £6 is ttili equiya- 
lent to the rectangle FE, ED. But 
the rectangle CB, EG is (II. 14.) e« 
quivaleni to the rectangle CE, C6; . 
and the square of CE, or the squares 
of FB andCF; and the rectangle FE, 
ED is equivalent to the rectangle FE, 
FD and the square of FE* From 
these equal quantities, therefore, take away the common 
square of FE, and there remains the rectangle CE, CG, or 
AC, CB, with square are of CF, equivalent to the rectangle 
FE, FD. 

Lastly, if the perpendicular CF lie partly without and part^ 
ly within the circle, the Proposition must be slightly modi- 
fied. 

The former construction being retained : Because the 
square of C£ is equivalent to the squares of CF apA 
FE, the rectangles CE, EG and CE, 
€6 are together equivalent to the 
square of CF and tb^ dlfierence be- 
tween the rectangle FE, ED and FE, 
FD ; but the rectangle CE, EG is e- 
quivalent to the rectangle FE, ED, 
and consequently the rectangle CE, 
CG, or the rectangle AC, CB, is 
equivalent to the difference between 
the square of CF and the rectangle 
FE, FD. 

In the first case, if the square ofFH be equivalent to the 
rectangle FD, FE, the square of CH will be likewise equivar 
lentito die rectangle CG, CE ; for the rectangle AC, CB, be- 
ing equivalent to the rectangle FD, FE, or the square of FH, 
together with the square of CF, must (11. la El.) be equiva* 
lent to the square of CH. 
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PROP. VI. THEOR. 

A straight line dratonjrotn the vertex of a triangle through th^ 
intersection qfitvo perpendiculars Jrom the extremities of the base 
to the opposite sides, is likevnse perpendicular to the base. 




In the triangle ABC, the straight line BFG drawn from the 
vertex B through F, the intersec- 
tion of th^ perpendiculars AE and 
CD from A and C upon the oppo- 
site sides CB and AB is perpendi- 
cular to the base AC. 

For join DE. Because BDP and 
BEF are right angles, the quadrila- 
teral figure DBEF (III. 17. cor. 1.) 
is contained in a circle ; and for the 
same reason, the quadrilateral ADEC is contained in a circle* 
Wherefore the exterior angle BDE (III. 17. cor. 2, ) is equal to 
ACE ; but (III. 16.) BDE is equal to the angle BFE in the same 
segment, which is therefore equal to ACE or GCE, and con- 
sequently the quadrilateral CEFG is also contained in a cir- 
cle. Whence (III. 17.) the opposite angles CEF and CGF 
are equal to two right angles, and CEF being a right angle 
by hypothesis, CGF must likewise be right ; or the straight 
line BFG is perpendicular to the base AC. 



PROP. VII. PROB. 

Through a given pointy between txoo diverging straight lines^ to 
drato a straight line that shall have equal segments terminated by 
them. ^ 



Let AB and AC be two diverging straight lines given in 
a position, and F an intermediate point, through which it is re- 
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quired tp draw 6FH, such that the intercepted legmenU F6 
and FH shall be equaL 

This may be easily eflbcted, by drawmg from F a parallel to 
AC, and doubling the portion of AG so cut o£^ from A to G, 
to mark the position of GFH. But the problem may be con- 
structed in another way, which, though more complex, is 
important in its application to the Theory of Lbes of the Se- 
cond Order. 

Draw AD bisecting the angle BAG, and upon it let fall iht 
perpendicular FE, which pro- 
duce both ways to B and C ; 
from B erect BD perpendicu- 
lar to AB, join DF; and EFH, 
beingdrawn perpendicular to 
it, is the line required. 

t'or join DC,'D6 and DH. 
The right-angled triangles 
ABD and ACD are Q. 20.) 
equal, andconsequentlyBDC 
is isosceles. But GBD and 

GFD being right angles, and therefore equal, the quadrilateral 
figure GB, ]FD (III. 18.) is contained in a circle, and hence 
the angle DGF is equal to DBF ; for the same reason, since 
DCH and DFH are right angles, the quadrilateral figure 
DCHF is likewise contained in a circle, and hence the angle 
DHF is equal to DCF. Consequently Uie angle DGF is equal 
to DHF, and the right-angled triangles DFG and DFH are 
equal, and the base FG equal to FH. 

If ihe point F were taken in the extension of the Kne fiB, 
the perpendicular to DF may then be shown to have eqnri 
sqimeDts intercepted by the sides of the exterior angle form- 
ed by AG and the prododiofla of C A beyond the veitteal point 
A. 

If a circle were described from, the centre D tkroa^ the 
poinu B and C, and cuttbg 6H ia I and K, it was already 
obser? ed by Pappus, that GI is equal to HK, and FG to FH. 
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BOOK IV. 



1. Thb equilateral triangle, the square, the pentagon, the 
hexagon, and other polygons derived from these, were the 
only regular figures known to the Greeks. The inscription 
of all the rest has for ages been supposed absolutely to trans- 
cend the powers of elementary geometry. But a curious 
and most unexpected discovery was lately made by Mr Gauss, 
now Professor of Astronomy in the University of Gottingen, 
who has demonstrated, in a work entitled Disquisitiones Arith* 
meticcBy published at Brunswick in 1801, that certain very 
complex polygons can yet be described merely by help of 
circles. Thus, a regular polygon containing 17, 257, 65537, 
&c. sides, is capable o^ being inscribed, by the application of 
elementary geometry ; and in general, when the number of 
sides may be denoted by 2^-|- 1, and is at the same time a 
prime number. The investigation of this principle is rather 
intricate, being founded on the arithmetic of sines and the 
theory of equations ; and the constructions to which it would 
lead are hence,'in every case, unavoidably and most excessive- 
ly complicated. Thus, the cosine of the several arcs arising 
from the division of the circumference of a circle into seven- 
teen equal parts, are all contained in this very involved ex- 
pression : 

i\/(17+3V17— \/(34— V17)— 2V(34+2\/17)) 
As the radicals may be taken either additive or subtractive, 
their various combinations, rightly disposed, will produce eight 
distinct results. 
Let ff* denote the circumference ; then 

co5~= co5-p^= .9324?722294, cosr^^cos—zz 

,7390089172, cos % = co/^=. 4457383558, cos~=co$ ^-^ 

7 17 17 17 
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95, eoi ^^s eo^ =— wS7S66289901, 

— .8508171S57, and «»^s «»« ^= — •9629790997. 

Od thu very curioui subject the inquiBltiye student is re- 
ferred to the article ** Equations/' just published in the Sup- 
plement to the Encyclopsdia Britannica, by my illustrious 
friend ^r Ivory, of which we have reason to be proud, as the 
most able, original and profound dissertation that has yet 
appeared* 

8. Pythagoras was the first who remarked the simple pro- 
perty, that only three regular figures, — the square, the equi- 
lateral triangle, and the hexagon,— can be constituted about 
a point. Here the mystic philosopher might again admire 
the union of the monad with the Mad, — ^It may not be super- 
fluous perhaps to observe, that on this property is founded 
the adaptation of patchwork, and the construction of tessellat- 
ed pavement. 



8. Several inteiesthsg propositions may be annexed to 
Book. 

PROP. 1. THEOR. 

The diameUr of a drde imeribed in a rigki'on^ed triangle ii 
ejual to the exceu of the baee and perpendicular above the hypate- 
uuse^ 

4 

•Twice the radiusOD of the inscribed circle is equal to theex* 
cess of the sides AB andBC above 
the hypotenuse AC. For quadru- 
ple the areaof the triangle is equi- 
valent to SOD (AD4. BC 4-AC) 
and to2AB.BC; but2AaBC=c 
(AB + BC)« — ABt _ BCt = 
(AB-I-BC)* — AC«=: (II. 17. El.) J^ 
(AB+BC+ACXAB+BC-AC;) 
and consequently SODsAB-f-BC — AC. 
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PROP. II. THEOR, 

The square of the side of a regular octagon inscribed in a cir^ 
cle, is equivalent to the rectangle contained by the radius and the 
difference between the diameter and the side of the inscribed 
square, " ' 

Let ABCD be a square inscribed in a circle, and 
AEBFCGDH an octagon, which is formed evidently by the 
bisection of the quadrants AB, BC, CD, and DA : The square 
of AE is equivalent to the rectangle under AO and the dif- 
ference between AB and AC 

For draw the diameter EG. It 
is manifest, that the triangles 
AIO and BIO are right-angled 
and isosceles; and because AO 
is equal to EO, and AI perpendi- 
cular to it, — the square of AE 
(II. 23. cor. El.) is equivalent to 
twice the rectangle under EO 
and EI, or the rectangle under 
AO and twice EI. But EI is 
the difference of EO and 10, and 

twice EI is, therefore, equal to the difference of twice EO or 
AC and twice 10 or AB. Whence the square of AE, the 
side of the octagon, is equivalent to the rectangle under the 
radius and the difference of the diameter and AB the side of 
the inscribed square. 




PROP. III. THEOR. 

To inscribe and circumscribe a circle in and about a given re* 
gular pentagon. 

Let ABCDE be a regular pentagon, in which it is required 
to inscribe a circle. 

Draw AO and EO to bisect the angles at A and E, let fell 
the perpendicular OF, and from O as the centre, with the dis- 
tance OF, describe a circle FGHIK: This circle will touch 
the pentagon internally. 
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For, ftom the poiat O, let fall the perpendicolars en the 
oppMleeides ef the figure. The M^lee EAO end ABO, he* 
ing the halres of the angles of |he pentagon* are equal* and 
consequently the triangle AOE is isosceles, ahd the perpendi- 
cahur OF bisecu the base. 
And the triangles AOG and 
BOG, having the angles O AG 
and 06A equal to OBG and 
0GB and the common side 
OG are (1. 20,) equal. Again, 
the triangles BOG and BOH 
have novr the angles OBG and 
0GB equal to OBH and OHB, 
vrith the side BO common to 
both, and are therefore equaL 
In like mrfiner all the triangles 

about the centre O are prored to be equal ; consequently the 
perpendiculars OF, OG, OH, 01, and OK are equal, and the 
circle touches the pentagon in the points F, G* H, I, and K. 

Next, let it be required to describe a circle about the pen- 
tagon. 

From the same centre 0, with the distance OA, describe a 
circle i It will pass through the points B, C, D, E ; for the 
triangles about O being all equal, the straight lines OA, OB, 
OC, OD, and OE must be likewise equal. 




PROP. IV. THEOR. 

In and abaui a r^nlar hesagonp h interiie and ei 
a atdCm 

Let ABCDEF be a regular hexagon* in which it is requi^ 

red to inscribe a circle- 
Draw AO and FO, bisecting the angles. B AF and AFE 

{U 5.) ; and from the point of intersection O* with its distance 

from the side AF, describe a circle : This circle will touch 

the hexagon internally. 
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For let fall perpendiculars from O upon the sides of the 
figure. It may be demonstratedi as in the last propositiooi 
that the triangles AOB, BOC, 
COD, DOE, and EOF are 
all equal to AOF; and, in 
like manner, it will appear 
that the intermediate bisect- 
ed triangles are equal. Hence 
the perpendiculars OG, OH, 
OI, OK, OL, and OM, are 
all equal, and a circle must 
touch these at the points, G, 
H, I, K, L. and M. 

Again, let it be required to describe a circle about the hex* 
agon. 

From the same point O, as a centre, with the distance OA, 
describe a circle, which must pass though the points B, C, D, 
E, and F; for the straight lines OA, OB, OC, OD, OE, and 
OF were proved to be equal. 

Cor. Hence, in any regular polygon, the centre of the in- 
scribing and circumscribing circle is the same, and may be 
determined in general, by drawing lines to bisect the adjacent 
angles of the figure. 




BOOK V. 



DEFINITIONS. 

1. The words Adyo; in Greek and ratio in Latin, signifying 
reason or manner of thought^ indicate vaguely a philosophical 
conception. The compound term amx^ut comes nearer to 
this idea ; but its correlative, proportion marks very distinctly 
a radical similarity of composition. 

The doctrine of proportion has been a source of much con- 
troversy. In their mode of treating that important subject, 
authors differ widely ; some rejecting the procedure of Euclid 
as circuitous and embarrassed, while others appear disposed 
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to 6Ktol liM <Hie of the happieit and mon elaborate menu* 
meats of himian ingenttitj. But, to Tiew the matter in its 
true light, we ehouhl endeavour previously to dispel that mist 
which has so long obscured our visioo* The fifth Book of 
Eodid, in its ori^nal form, is not found to answer the pur« 
pose of actual instruction ; and this remarkable and indisputed 
fiict might alone excite a suspicion of its intrinsic excellence. 
The great object which the fiamer of the Elements had propo- 
sed to himself, by adopting such an artificial definition of pro- 
portion, was to.<^viate the difficulties arising from the consi- 
deration of incommensurable quantities. Under the shelter of 
a certain indefinitude of principle, he has contrired rather to 
evade those difficulties than fiurly to meet them. Euclid seems 
not indeed to grasp the subject with a steady and comprehen«r 
sif e hoU. In his Seventh 3ook, which treats of the properties 
of nnmber, he abandons his former definition of proportion, 
fiir another that is ipore natural, though imperfectly.developed. 
Through the whole contexture of the Elements, we may dis- 
aam the influence of that mysticism which prevailed in the 
Platonic schooL The language sometimes used in the Fifth 
Book would imply, that ratios are not mere conceptions of the 
mind, but have a real and substantial essence. 

The obscurity that confessedly pervades the fifth book of 
Euclid being thus occasioned solely by the attempt to extend 
the definition of proportion to the case of incommensurables, 
tlie theory of which is contained in his tenth book — the perti- 
nacity of modem editors of the Elements in retaining such an 
intricate definition, appears die more singular, since, omittmg 
all the t(ooks relating to the properties of number^, they hav^ 
not given the slightest intimation respecting even the existence 
of incommensurable quantities. 

The notion of proportionality involves in it necessarily th 
idea of number. The docUine of proportion hence constitutes 
a brepch of unirersa) arithmetic ; and had I not, on this occa- 
sion, yielded to the prevalence of custom, I should, after th^ 
example of M. Iiegendre, have rejected it from the ElemenU 
of Geometry, and deferred the cpusiderattoni of the subjf c» till 
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1 came to treat of Algebra, where it is sometimes indeed givea» 
but ID a very contracted and insufficient form. The properties 
themselves are extremely simple, and may be regarded as only 
the exposition of the same principle under different aspects* 
The various transformations of which analogies are susceptible* 
resemble exactly the changes usually effected in the reduction 
of equations. 

According to Euclid, ^< the first of four magnitudes is said 
to have the same ratio to the second which the third has to tlie 
fourth, when any equimultiples whatsoever of the first and third 
being taken, and any equimultiples whatsoever of tfie second 
and fourth ; if the multiple of the first be less than that of the 
second, the multiple of the third is also less than that of the 
fourth ; or, if the multiplo of the first be equal to that of the 
second, the multiple of the third is also equal to that of the 
fourth ; or, if the multiple of the first be greater than that of 
the second, the multiple of the third is also greater than that 
of the fourth/' This definition, however perplexed and ver- 
bose, is yet easily derived from that which appears to furnish 
the simplest and most natural criterion of proportionality: 
For, let A : B : : C : D ; it was stated as a fundamental prin- 
ciple, that, if the mih part of A be contained n times in B, the 
»nth part of C will likewise be contained n times in D. Whence 
wA=iwB, and nC=mD ; which is the basis of Euclid's defini- 
tion. But when the terms are incommensurable, such equali- 
ty cannot absolutely subsist. In this case, no single trial would 
be sufficient for ascertaining proportionality. It is required 
that, every multiple whatever, wzA, being greater or less than 
wB, — the corresponding multiple, TwC, shall likewise be con- 
stantly greater or less than nD. Actually to apply the definition 
is therefore impossible ; nor does it even assist us at all in di- 
recting our search. In the natural mode of proceeding, by as- 
suming successively a smaller divisor, we are, at each lime, 
brought nearer to the incommensurable limit. But Euclid's 
famous definition leaves us to grope at random for its object, 
and to seek our escape, by having recourse to some auxiliary 
train of reasoning or induction. 
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Tbe aodior of llie Ekments has likeirise gi? en what Dr 
Bttiwr eaVi a meUgik^ikal definition of ratio: ^ Ratio is a 

' mutual r a lati on of two au^tteifet of thesame kind to one an^ 
other» in impeet of futmHiy.** This sentence, as it nbw 
Mands, appeavs either tantologicaly or altogether deroid of 
meaning; and Dr Simson, anxious for the credit of Enclidi 
Ooasiden it» in his osoal mattner, as the interpolation of some 
nnsUlAil editor. I am incHkied to think, howe? er, that the 
passage will admit of a version which is not only intelligiUet 
but oonfeys a most correct idea of die nature of ratio. The 
original rans thus : A«yK im Jt* f^y M fifttv i tSpi Md«n«XiJuW« 
W(«c «AA«^« irtMi wysmi. Now the term «iAiMf, on which the 
whole evidence hinges, though tsommonlj rendered quatiiut^ 
may be transkted quattu, as expressing either imagnUmde or 
muUHude. In its primitive sense, it probably denoted number^ 
fnd came afterwards to signify quatUiiyf as this word itself has, 
in the French language, undergone the reverse prosess. In 
confirmation of this opinion, it may be stated, that the relative 
term iKuum properly denotes age, and thence ttakire or «tsa 
According to this interpretation, therefore^ ^^ Ratio is a ceri^ 
tain mutual habitude of two homogeneous magnitudes with re* 
spect to quotittft or numerical composition/' 

Itis very unfortunate that, firom the poverty of language, 
and the slow progress of scienoe, the terms used in com* 
moO life, though unavoidably deficient in precision, were 
adopted into Geometry. But the vagueikess of expression is 
nowhere more apparent than in what concerns Proportion*— >> 
Thus, the words denoting Um^ are, in most dialects, blended 
with those which signify number. To express how often a part 
is contained in a whole, we intimate how many xwuft it is to be 
placed, bow mMnjJbUings are required, or how many times the 
operation of admeasurement must be repeated. In the Greek 
and Latin langoages, the adverbs compounded from piica^ a 

JUdp are very extensive* In English, the corresponding terms 
are limited, and mark too obviously their composition : for 
diqJeSf triplex^ quMdruplext we have double^ triple or ^uadruple^ 
tvoqfbUf thre^/bU otJburfoU* But our application of tbe 
word tooy is still more confined : we have only twice and thrice$ 
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or two toays and three toayt* When we seekto go farther, we 
are absolutely obliged to borrow the word time ; thus, we say 
that one number is four or five /{W« greater than another ; or 
that it would require the addition of the part so often> to form 
the whole. The German language involves the same idea 
without bringing it so prominently forward ; the termination 
mal^ the same originally with our word meal^ referring to the 
regular succession of the hours of refreshment. The French 
is in this instance more happy, the t^rmfois^ derived from 
voycy in the Latin and Italian via, a wai/, having been abridg- 
ed from toutevoye or always^ and converted into a general ad« 
verb. 

2. Proposition fourteenth. This proposition is easily de- 
rived from geometry ; for, since of 

proportional lines the rectangle un- 
der the extremes is equal to that of 
the means, the segments AG and 
AH of the diameter in the figure 
are (III. ?• El.) the greatest and 
]east terms of an analogy, of which 
AB and AD are the intermediate 
terms, and consequently (III. 6. El.) the diameter GH, or the 
sum of AG and AH, is greater than the chord BD, or the sum 
ofABandAD. 

3. Proposition twenty-seventh. The numerical expression 
of the ratio A : B, may be deduced indirectly, from the series 
of quotients obtained in the operation for discovering their 
common measure. 

Let A contain B, m times, with a remainder C ; B contain 

C, n times, with a remainder D ; and, lastly, suppose C to con- 
tain D, p times, with a remainder E, and which is contained in 

D, y times exactly. Then D=^E, C=:pD+E, B=nC-fD, 
and A=»iB-(-C ; whence the terms D, C, B, and A, are suc- 
cessively computed, as multiples of E ; A and B will, there- 
fore, be found to contain E their common measure K and L 
times, or the numerical expression for the ratio of those quan- 
tities is K : L. 
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It is more co&Yemeal, however, to derive the mnnerictl ra- 
tio, from the quotienU of subdiritioa in their natural order; 
andthii method has besides the peculiar adrantagoof exhi« 
biting a saocession of elegant approximations. 

The quantities A, B, C» D, Ac. are determined as befor^ 
by these conditions: As:siB4.C, BssnC+D^ CspD«f£» 
D=y£4.F, Ac. But other expressions will arise from substi- 
tution: For, 

1. AsflR94.Cs5Si(nC+D>f Cs(iKn+l)C4-mD, or, put- 
ting nLn+lsim\ Asfa'C-fDiD, 

2. A=:m'C-|*iiiD=:m' (pD+^) +mD=s (si>+m) D+m^^, 
or, putting m^|>-|-m=m% A:sm^D+m'E. 

S. Asii^'D 4.m^=:m%£+ F)+fli'£=(iii* ^+m')E+ <F, 
or, putting fnf^+pifzzmf^f Az^m'^E+mf'F. 

Again, the successive velues of B are developed in the same 
manner: *^ 

1. BszfiC+Ds:n(pD+E)+l>m{np+l)l>+n% or, putting 
m.p+l=3n\ BsfiD^-nE. 

3. Bsii^D+nEs:iif(qE+¥)+nEss{n^f^n)U^iiFV^ or, put* 
ting »'.^4.na:!»^ Bsa^'E^n'P. 

These result will be more apparent in a tabular form : 



AsmB^rC, 
=fli'c4-mD, 

sm'^E^.m'^F, 
d:c. 



BsnC+D, 
sffD^-nE, 
:=ii^Ej|.r'F, 
drc. 



The substitutions, are thus arranged : 



nun -^ Ism', 
Ac. 



Sec, 



Whence, the law of the formation of the successive qaanti« 
ties, is easily perceived. 

z 



— ■ ! t l-" 
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But, to find the ratio of A to B, it is not requisite to know 
the values of the remainders C, D, E, &c. Suppose the sub-> 
division to terminate at B ; then AzznzB, and consequently 
A : B, as mB : B, or tr : 1. If the subdivision extend to C, 
then A=m'C, and B=nC ; whence A : B, as w' : n. In gene- 
ral, therefore, the second term, in the expressions for A and 
B, may be rejected, and the letter which precedes it consider- 
ed as the ultimate measure, and corresponding to the arithme- 
tical unit. Hence, resuming the substitutions, and combining 
the whole in one view, it follows, that the ratio of A to B may 
thus be successively represented : 

1. ?M : 1. 

2. mn+ 1 : w, or m' : w. 

3. m'pJ^m : np -f- 1, or w" : »'. 

4. m'^y4-7W' : nfg+fif or m'** : n". 

&c. &c. &c. 

The formation of these numbers will evidently stop, when 
the corresponding subdivision terminates. But even though 
the successive decomposition should never terminate, as in the 
case of incommensurable quantities, — ^yet the expression thus 
obtained must constantly approach to the ratio of A : B, since 
they suppose only the omission of the remainder of the last 
division, and which is perpetually diminishing. 

Nothing can be more useful in practice than these approxi- 
mations, which include the principle of continued fractions, 

4. Proposition twenty-ninth. The same conclusion is de- 
rived from the division of surds. Thus ^^=1 4- ~ . 

I ^ \ ^ 

1 \/2+l ^ , v^2— 1 , ^ . ,. ,. 
- .^ 1 ~~ T — =2+-^—^ — , and then contmually the ex- 
pansion of the same residue - .^^ , -, which therefore gives 2 

as a repeated integral quotient. Hence m being 1, and n, /?, 
q^ r, &c. all equal to 2, the successive approximations are, by 
the last note, 1 : 1, 2 : 3, 5 : 7, 12 : 17, 29 : 41, 70 : 99, &c. 
The ratios of the squares of these numbers are 4 : 9, 25 : 49, 
144 : 289, 841 : 1681, 4900 : 9801, thus approaching rapidly 
to the ratio oione to tvoo^ but alternately in excess and defect. 
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I. PropoaitioD fint- Tlie MDsiderstion of diverging lines 
furniihei the liiqplest and readieat meani, for trftnifen-ing the 
doctrine of proportiqn to geonietrica) figurei. The order which 
Euclid hu followed, beginmng vith parallelograini, and thence 
pouing fropi lurfafea to lines, appears to be less natural. 

S. Proposition fourth. It will b« proper here to notice the 
•ereral tnetfaods adopted in practice, for the minutf subdivi- 
sion of linea. The earliest of these — the dit^mutl teaU de- 
pending immediately on the propositiqn it) the text, is of th^ 
most extensivo use, and coos^tutfd the first improTement ai\ 
astronomical instrument^. 

Thus, in the figure miDexed,the extreme portipn of thehq^ 
rizoDtal line is divided into ten equal parts, each of whiclf 
again is virtuajljr aubdiyided ipto ten secondary parts. The 
■ubdiviiion is affected by means of diagonal lines, which de- 
cline from the perpendicular by intervals equal to the primary 
divisions, and which are cut transversely into tea equal se{[r 
menta by equidistant paral- 
lels. Suppose, for example, 
it were required to find the 
length of 2 and 38 — 100 parts 
pf a djvisipn: place one foot 
of the coinp«sses in the second 
Tcrtical lipe a^ the eight in- 
terval which is narked with ^ dot, and extend the other foott 
along the parallel, to the dot on the third diagonal. The dis- 
tance betwean thsee dots m^, he<rever, expresa indifferently 
C3B, 99.8, or S38, according to the assumed magnitude ef 
ihepriiMfy aajt. 
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Nunez, or Nonius^ a very able mathematician, in a treatise De 
Crepusculisy printed at Lisbon in 154*2, proposed one more 
complicated. He placed a number of parallel scales, or con- 
centric circles, differently divided, and forming a regular as- 
cending gradation of 89, 88, 87> &c. equal parts, from 90 to 
4*6 inclusive. An index laid any where across these scales 
mighty therefore, be presumed to cut at least one of them at 
some of the divisions, and hence the intercepted space would 
be expressed by a corresponding fraction. 

But the method of subdivision which was afterwards intro- 
duced by Peter Vernier, a gentleman of Franche Comt^, and 
published by him in a small tract at Brussels in 1631, being 
itself an improvement on the method used in the construc- 
tion of Tycho Brahe's astronomical instruments, is much sim- 
pler and far more ingenious. It is founded on the difference 
of two approximating scales, one of which is moveable. Thus, 
if a space equal to n — i part on the limb of the instruthent be 
divided into ?i parts, these evidently will each of them be 
smaller than the former, by the nth part of a division. Where- 
fore, on shifting forward this attached scale, the quantity of 
aberration will diminish at each successive division, till a 
new coincidence obtains, and thep the number of those divi- 
sions on that scale will mark the fractional value of the dis- 
placement. 

Thus in the annexed figure, nine divisions of the primary 
scale, forming ten equal parts on the attached or sliding scale, 
the moveable 

zero stands i g g 7 g ,^^ ? »?. i o 

beyond the I I i Vi ' 1* r^T^ i '['Si ^M ' ' i ' [ i M I r. 

first interval 

between the third and fourth division. To find this minute 
difference, observe where the opposite sections of the scales 
come to coincide, which occurs under the fourth division of 
the sliding scale, and therefbre indicates the quantity 1.54. 

3. Proposition fifUi. This problem could be otherwise sol* 
ved. Though B draw the inclined straight line CBG extend- 
ed both ways, in this take any point C, and make BD, B£^ 
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BF, ¥Q. &c, each equal to BC| complele tkt paraPelnp^i 
ABCI, and join ID, I£, IF, IG, Ac ouUiaf AB in the pohn 
K| L, M, N, &C. ; then ia the aegmeot AK the haif of AB, 
AL the third, AM the fourth, asd AN the fUk far( of the 
same given line. 

For the segmenta of the straif^t line AB mual be pfopo^> 
tional to the tegmenta of the paralieb AI and B6» interoepted 
by the diverging lines ID, IE, IF, IG, && Thns, AK : KB 
: : AI : BD; but, by con- 
struction, BC or AI=BD, 
whence (V. 4.) AK=KB, 
and therefore AK is the 
half of AB. Again, AL : 
LB : : AI : BE ; and since 
B£=2AI, it follows that 
LB=2AL, or AL is the 
third part of AB. In the 
same manner, AM : MD : : 
AI : BF; but BFsSAI, 
whence MB=sSAM» or AM 
ia the fbttsth part of AB. 
And, by a like process, it nmy be shown that AN ia the fifth 
part of AB* 

4. Propeaition seveoteenlh. The aoluti^ of this iapor> 
tant problem now inserted in the text, was suggested to me 
by Mr Thomas Carlyle, an iagenio«s young roatheaaatichm, 
formerly my pupil. But I here subjoin likewise the original 
iMnstniotion given by Fappua, which, though rather more com- 
plex, has yet some pecidiar advantagea* 

Let AB be a straight linCf which it is required to cut, so 
that the rectangle under iu aegmenia ahaO be equivalent to a 
given rectan^^e. 

On AB describe the semicircle AFB, at A and B apply 
tangents AD ^pd BE equal to tlie aides of the given rectangiof 
snd both in the same or in opposite directions, according aa 
the line is to be cut internally or externally ; join DE, and 
trom the point F where it meets the circumference, draw the 
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perperidicuJar FC ; this will divide the given line AB into AC 
and BCf the segments required. 

For the right angle DFC is 
equal (III. 19.) to the angle 
AFB contained in the serai- 
circle^ and consequently their 
difference from AFC or the 
angles DFA and CFB are 
equal. For the same rea- 
son, the angle AFB being 
likewise equal to CFE, add 
or take away CFB, and the 
angle BFE will be equal to 
AFC. But AD being a tan- 
gent, and AF a straight line 
inflected to the circumfe- 
rence, the exterior angle 
DAF is equal (III. 21.) to 
the angle in the alternate seg- 
ment AF or the angle CPF (III. 17. cor. 2.). Again, BE 
being a tangent and BF an inflected line, the exterior angle 
EBF is equal to BAF. Wherefore the triangles DAF and 
AFC are similar to BFC and BFE ; and hence AD : AF : : 
CB : BF, and AF : AC : : BF : BE ; eonsequently (V. 16.) 
AD : AC : : CB : BE, and (V. 6.) AD.BEtrAC.CB. 

Cor, If the sides of the given rectangle be equal, the con- 
struction of the problem will become materially simplified. 

Firsts in the case of internal section : The tangents AD, 
BE being equal, it is evident that DE 
must be parallel to AB and the per- 
pendicular FC parallel to EB. Whence, 
employing this construction, or erect- 
ing the perpendicular BE equal to the 
sides of the given square, and drawing 
the parallel EF to meet the circumference F, from which is 
let fall on AB the perpendicular FC, the rectangle under the 
segments AC and CB is equivalent to the square of BE » which 
also follows from Prop. 26. cor, 1. Book III. 
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Next, in the case of external section : The opposite tan- 
genU AD, BE being equal, 
the triangles AGD and B6£ 
are evidently equal, and 
therefore DE passes through 
the centre. Hence the tri- 
angles BGE and F6C are 
also equal, and 6C equal to 
GB. The modified construe* 
tion is therefore to erect the 

perpendicular BE equal to the side of the given square, join • 
GE, and where this cuts the cuc'umference apply the tangent 
FC to meet AB produced i Then AC and CB are the required 
external segments of the given line AB. For it is evident that 
the rectangle AC, CB will be equal to the square of BE : 
which is also deduced from Prop. 26. cor. 2. Book III.,, since 
GF is now a tangent and AC.CB=CF* or BE\ 

li AB be equal to BE, the construction will exactly corre* 
spond with what was before given. 

In applying this problem to the construction of quadratic 
equationsi it is necessary previously to ascertain the precise 
import of the ordiuary signs used in Algebra, when extended 
to geometrical quantities. The signs -f* and — intimate, in ge- 
neral, nothing more than that the number, or the magnitude 
expressed by number, to which they are respectively prefixed, 
is to be added to, or taken away from, any other number, with 
which it comes to be combined. It would be more correct 
language, therefore, to call the quantities carrying such signs 
additive and mbtraMoe^ implying merely a casual and mutable 
relation ; instead of the usual appellations o£posUive and nega^ 
^m, which seem to bestow a distinct and absolute character, 
and have hence led incautious reasoners into mystery and 
paradox* A similar degree of reserve is indispensable in 
Geometry. Following the European mode of writing from 
left to right, we might fancy it almost natural to draw a line 
in the same direction : When we want to extend a line, we 
apply an addUionml line to the right ; but when we seek to con- 
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tract it, we retrace a deficient line to the left. Thus, if NQbean. 

Tiexed to the right of i h 1 f 

MN, there results M O N O 

MO ; or if NO' be taken to the left of the extremity N, there 
will remain MO'. The position of NO or NO', to the right or 
left, will, therefore, in reference to a combination with any 
line MN, have the same effect as the signs of addition or sub- 
traction produce in Algebra. Following out 'the analogy^ 
while lines drawn upwards may correspond to additive quanti- 
ties, lines drawn downwards must express subtractive quanti- 
ties. 

Quadratic equations are reducible to these four forms : 

1. a:* 4- fla:= -h be 

2. «* — axzz: + be 
S.x*+ ax = —bc 
^, X* — ax = — be. 

The two first may be constructed from the second case of 
Proposition seventeenth ; and the two last will receive their 
construction from the first case of that problem. We shall 
resume the equations in their order : 

1. x*+ax= +bc, then xzz — 4=*=^ ('^+ bc\ there being 

two roots, the greater subtractive and the less additive. 

Employing the construction of the second case of the pro- 
blem, let AB = fl, AD=A, 
and BE = — c, since it 
stretches below AB ; if BC 
represent — x, then CA, in 
the reverse position, will 
be denoted by — a — x. 
Wherefore BC x CA = 
( — a — x) x= — ax — X*, 
and consequently AD.BE 
= — ^c= — ax— X*, or, by 
inversion, x* •{- ax = -|- be. 
The roots are, consequent- 
ly, the shorter segment BC which is additive, and the longer 
t'cgmcnt BC which is subtractive. 
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2.«*-^x=+ic^thcnj«+?=fc^f r-+fcj ; ther^ being now 

likewiie two rooUf^ but the greater additiTe, and the lesi tub- 
traetrre* 

H^ ABy Ad and BE being denoted by a, b, and — «^ aa 
before ; if AC' represent x, lyB in a rererse position wHT be 
expressed hj a--«. Oonsequ^tljT AC'.CyB s: («-*«) x s 
ax-^^, and therefere AD.BE ss —4c = oar — «*, or «*— odr 
=: -|-^. The roots are hence the greater s^ment AC, wfaidi 
is additive, and the less segment AC which is sublractive. 

In this casoi die quadratic equation will always admit of a 
double solution, smce the radical part of the root is both ad- 
ditiye and subtractiTC, while the circle crossing AB most ne* 
cessarily cut it in two parts. 

The third and fouHh forms of the equation are constructed 
by the application of the first case of the problem. 

8. «*+a«=— ic, then «= — ^slr^^^ _ fcj; thetworooU 

haTing the same character, and both of them subtractive. * 

Let AB = a, AD = b, and BE 
3 ej if BC denote — - x, AC or 
AB— BC, will be expressed by 
a + X. Whence AC.BC = 
(a+xyxsB -ii«-ff*, andAD.BB 
= te s —ax -<««^« By tiaospo- 
sition, therefore, xi^-^ax s= -^« 
The ^ues x are consequently 
BC and BC% both of them stib- 
tractiye. 




=z— ^ then x:s+ 'g'^^y i^^ f^ J S both roots ba- 
ying likewise the same character, but additiye. 

Let AB, AD, and BE be expressed as before by e, iand ci 
if AC represent «, CB will be denoted by «— «. Wherafore, 
AC.CB=2(c^c)xs:a«''j^, and AD.BB=sfc=s»-«». Con- 
sequently by transposition ^'--<urs— fe. Tlw rooU of tkis 
equation are, therefore, expressed by AC and AC, both of 
them additiye. 
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When the rectangle under the perpendicular AD and BE 
becomes equivalent to the square of half of AB, the circle 
touches A By and the two points C and C merge in a single 

point. At this limit, too, the radical part =t=z// -■ — be J of 

the value of x vanishes, and there results a single root, which 
is additive or subtractive according to the sign of the second 
term of the quadratic equation. If it were sought that the 
rectangle under AD, BE, or under the segments AC, CB, 
should exceed the square of the half of AB, the circle would 
not meet this straight line, while the radical would evidently 
become impossible^ and thus betray the same incongruity of 
hypothesis. 

It may be observed, that the algebraical solution of these 
quadratic equations flows from the geometrical construction. 
For, suppose AB were bisected in O ; it is evident tliat 
AD.BE=zAC.CBz=AO*,--OC*, or OC*— A0% or OC'zr 
AO* — AD.BE, or AD.BE + AO*, according as the intersec- 
tion takes place within or without AB. Wherefore OC always 

presents the radical part zfc: V[ - - — bc\;o£ the expres- 
sion for the values of x, which are formed by its combination 
with OA. 

If the construction of Pappus be used, while the perpendi- 
culars AD, BE, and the transverse line DE remain the same 
as before, the intersection of this with a circle described on 
AB determines the position of a perpendicular to it, dividing 
the diameter internally or externally into the required seg- 
ments. 

5. Proposition eighteenth. To this proposition might be 
added a corollary : That four times the area of a triangle is to 
the rectangle under any iivo sides, as the base to the radius of the 
circumscribing circle. 

For the area of the triangle ABC is (Prop. 5. II.) equivalent 
to half the rectangle contained by the base AC and the per- 
pendicular BD, and consequently four times this area is cqui- 
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Valeot i6 twice the recUmgle AC, BD. But (Vt. 18.) the 

rectangle under the sides AB and BC 

is equivalent to the rectangle under the 

perpendicular BD and BE, the diame* 

ter of the circumscribing circtei or to 

twice the rectangle under BD and the 

l^ius 6f that circle. Whence four 

times the area t>f the triangle is to the 

rectangle under the sides AB and BC, 

as twice the k^ectangle under BD and AC to twice the rectan-* 

gle under BD and the radius of the circumscribing circle> or 

as the base AC to that radius. 

Let Oy b and c denote the three sides of a triangle, and S 
half their sum or the semiperimeter; theui combining Prop. 89. 
Book VI; With this corollaryy the radius of the circumscribing 

drtle wai be »prett«I by^^j^^g-g^^-^-^^j. Thia, 

if the sides of the triangle be 13, 14» IS, the radius of the ctr- 




... • , 18. 14s 15. 2780 ^, 

emnscnbmg circle =j^2-j.3-^^j== -336= ^i' 

6. Proposition nineteenth. This well-known proposition is 
now rendered more general, by its extension to the case 
of the exterior angle of the triangle. The two cases com- 
bined afford an easy demonstration o^ the corollary to Propo- 
sition 7* Book VI. ; for the straight lines bisecting the vertical 
and its adjacent angle form a right-angled triangle, of which 
the hypotenuse is the distance on the base between the points 
of internal and external section. 

7. Proposition lwenty«th!rd. The latter part of the scho^ 
Hum was added td this [wopositiouy with a view to ex- 
plain the principle of the construction of the pantagraph, a 
very useful instrument contrived for copying, reducing, or 
even enlarging plans. It consists of a jointed rhombus DBFE, 
framed of wood or brass, and having the two sides BD and BF 
extended to double their length ; the side D£ and the branch 
DA are taiarked from D with successive divisions, DO being 
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made to BO always in the ratio of DP lo BC ; small sliding 
boxes for holding a pencil or tracing point are brought to the 
corresponding graduations, 
and secured in their positions 
by screws ; the point O is 
made the centre of motion, 
and rests on a fulcrum or 
support of lead ; and the 
tracer is generally iSxed at 
C, while the crayon or draw- 
ing point is lodged at P. 
From the property of diver- 
ging lines intersecting paral- 
lels, the three points O, P 
and C must evidently range 
in the same straight line, and which is divided at P in the de- 
terminate ratio. While the point C, therefore, is carried along 
the boundaries of any figure, the intermediate point P will, 
by the scholium, trace out a similar figure, reduced in the 
proportion of OC to OP or of OB to OD, and which, in the 
present instance, is that of three to one. 

But the point P may be placed in the fulcrum, the tracer 
inserted at O, and the crayon held at C ; in which case, C 
would delineate a figure which is enlarged in the ratio of OP 
to PC or of OD to DB. If the points O and P were now 
brought to coincide with A and E, the distances AE and EC 
being equal, the original figure would be transferred into a 
copy exactly of the same dimensions. 

In reducing small figures, however, artists commonly pre- 
fer another method, which is partly mechanical. The origi- 
n'&l is divided into a number of small squares, by means of 
equidistant and intersecting parallels. Other reduced squares 
are drawn for the copy, which is then filled up, by observing 
the same relative position and form of the boundaries. — One 
material advantage results from this practice ; for if oblongs 
be used in the copy instead of squares, the original figure will 
be more reduced in one dimension than another, which is of- 
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lea very coDvenieAt where height and diitance are refureseot- 
ed on difiereDt •calet. 

S. PropesitJOQ twe&ty-ejgbt* The curious properties of 
the gresfxniSf or luntdat contained in the first corollary, were 
discovered by Hippocrates of Chios, in his attempts to square 
the circle* But there is a beautiful extension of them which 
deserves notice* It is a mode of dividing a given circle into 
equal portions, and contain* 
ed within equal circular boun- 
daries* For example, let it 
be required to cut the circle 
APBQ into five equal spaces. 
Divide the diameter AB into 
five equal parts at the' points 
C, D, E and F; on AC, AD, 
AE, and AF describe the se* 
micircles AGC, AID, ALE, 
and ANF, and on BC, BD, 
BE, and BF, towards the opposite side, describe the semicir- 
cles BHC, BKD, BME, and BOF ; the circle APBQ wUl be 
divided into five equal portions, by the equal compound semi- 
circumferences AGCHB, AIPKB, ALEMB, and ANFOB- 

For the diameter AB is to the diameter AD^^as the circnm* 
ference of AB to the circumference of AD, er (V. S^), as the 
semicircumference APB. tothesemicircumfference AID \ and 
AB is to BD| as the semicircumfiBrence APB to the semicir- 
cumference BKD.. Wherefore (V. 2a) AB is to AD and BD 
together as the semicircumference APB to the compound 
boundary AIDKB; and consequently these Interior bonnda- 
ries AGCHB, AIDKB, ALEMBi and ANFOB» are aU equal 
to the semicircumference pf the origipal circle. 

Again, the circle on AB Is to the circles on AE and AF, as 
the square of AB to the squares of AE and AF; and conse- 
quently (V. «a) the circle on AB is to the difibrenoe between 
^« <5^'cl«i on AE and AF, as the square of AB to the di&. 
rence between x\m squares of AE and AF, th^t Is (II. 17-), 
the rectangle under the sum and difference of AE anci AF, or 
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twice the rectangle under EF and AS, the distance ot* A from 
the middle point of EF. Whence the circle APBQ is to the 
difference of the semicircles ALE and ANF, or the space 
ALEFN, as the square of AB to the rectangle under AS and 
£F; and, for the same reason, the circle APBQ is to the 
space FOB ME, as the square of AB is to the rectangle under 
BS and EF; consequently (V. 20.) the circle APBQ is to the 
compound space ALEMBOFN, as the square of AB to the 
rectangles under AS and EF and BS and EF, or the rectangle 
under AB and EF ; but the square of AB is to the rectangle 
under AB and EF, (V. 25. cor. 2.) as AB to EF, which is the 
fifth part of AB; wherefore (V. 5.) any of the intermediate 
spaces, such as ALEMBOFN, is the fifth part of the whole 
circle. 

9. Proposition twenty-ninth. This elegant theorem admits 
of an algebraical investigation. Put ACzza, AB=5, BC=c, 
and let s denote the seroiperimeter, and T the 

area of the triangle ; then, by Prop.23.Book IL, ]} 

2AC.CD=:a*+c*— A% consequently CD = 

^--tz — L, and BD»=BC*— CD»= 

2« -A. D C 

—^a "y • ^"^' therefore, by Prop. 5. Book II., T?=: 

AC'.BD* 4^»c'— (a'+c*— &')* 

i "■ 16 

But this expression, consisting of the difference of two squares 
may be decomposed, by Prop. 17. Book II. ; whence T*= 

~" 4 • 4 ~- i 1 ^'• 

and, decomposing these factors again, 

a + /;+c a — b+c a+b — c — o+b+ 

^'="2 2~'~2— T~ 

-.T- a+b+c a — b+c , a-Ub—c 

Now, -i-g — = 5, — ^'i- = s—b, -^ — = s—c, and 




c 



+ /;+c _ 



2 



=: 5— rfl 



; wherefore we obtain, by substitution. 



T= ^ (^(^-«) is^b) (^-w)). 
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If the triangle ABC were supposed to be isoscelefl, the per- 
peodicular BD would divide it into two right-angled triangles. 
But c being now equal to b^ tlie formula for the square of the 



area becomes ' . — x — .-7 = 

2 2 ;4 



4A' 



» a» 



. . =- =BD». 

^1 



a' 



wherefore BD» =A»— V = AH"— AP% or AB»= AD*4-BD». 

Whence another independent depionstration of the celebrated 
property of right-angled triangles. 

Suppose the sides of the general triangle to be 13, 14» and 
15 ; then the area is = ^(21.8.7.6) —^7056 s 84. If the 
sides were 21 » 17 and 10, the area would be the same> for 
i/(2i3.7.H)=V7056=:84, 

This most useful proposition in practical geometry was 
known to the Greeks of Alexandria, and by them communi- 
cated to the Arabians, but seems to have been re-invented in 
Europe about the latter part of the fifteenth century. 

When large numbers are concerned, the calculation is much 
expedited by logarithms; but in some cases, the result is more 



easily obtained from the expression- j. » 

by hfslp of a table of quarier'^quaret, such as I have given at 
the end of the last edition of the PhUosophy of ArUhmeHc.-^ 
Thus, let the sides of the triangle be 41, 52, and 15 ; then 
a-|vc=56, and a— c^26» the differences between the quarter- 
squares of 56 and 52, and of 52 and 26, are 108 and d07» of 
which the sum and difference are 615 and 899 ; and corre- 
sponding numbers in the table being subtracted, give 54756» 
which again corresponds to 468, and the half of this or 2S4 is 
tba area required* 



1 


1^ 




t 


1^ 


i 


41 

15 


&6 
58 

26 


74 
676 

169 


108 

507 


'615 
999 

469 


94556 
89800 

54756 
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As another example, suppose the sides of the triangle to be 
50, 41 and 39 : 



CO 






ha 
P 


SP 


^ 

d 


50 
41 

39 


89 
41 

iT 


1980 

420 

30 


1560 
390 


1950 • 
1170 

1560 


950625 
342225 


608400 



But 608400 corresponds to 1560, the half of which is 780, 
the area sought. 

Another corollary might be subjoined to this proposition : 
As the semiperimeter of a triangle is to its excess above the btue, 
so is the rectangle under its excesses above the two sides to the 
square of the radius of the inscribed circle. 

ForBI:BG:: EI : DG, 
and consequently (V. 25. 
cor. 2.)BI:BG : : ELDG : 
DG* ; but it was proved 
that ELDG is equivalent to 
AG.AI, and hence BI : BG 
: : AG.AI : DG*, Now 
BI has been shown to be 
the semiperimeter, and BG, 
AG and AI its excesses 
above the base and the other 
two sides of the triangle, 
of which DG is the radius, 
of the inscribed circle. 

Hence let the sides of the triangle be denoted by Of b and 
c, and the semiperimeter by 8 ; the square of the radius of the 

inscribed circle will then be expressed by - ^-^— « — - 

Suppose, for example, the sides of the triangle were 13, 14!> 
and 15, the radius of the inscribed circle would be the square 

8 *7 fi 

rootof—^rr^ — , or of 16, that is 4". 
^1 
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EmiAoyiflg the tame ftocatiody it is not diikiilt to perceive 
that the continued product of ell the sidet of e triangle muat 
be equiTaleot to the prodact of twice their aiini into the 
radii of the loaoribed and drcunucribing circlet. .Tbns, 
19.14.15=s2790=s8*,4,84. 

Recurring to the last figure, it if eyident that BG : BI : : 
DO : £1 : : D6.£I : £P; or, since DG.£I s AG.AI, 
BG : Bi : : AG.AI : £1* \ that is, As the excess of the peri- 
meter ahaoe the hose is to the sempermeUr Usdf, so is the red" 
angle under its excesses ahave the other tmo sides t^ the tri- 
angle to the square of the radius of the circle of external contact 
bdoto the lose. Thus, in the triangle taken for illustration, 
6 : 21 : : 8.7 ; 19^^ and consequently the radius of the circle 
under the base is 14. Again, 7 : 21 : : 8^ : 144> and the ra- 
dius of the circle touching externally the side 14 is thereforo 
12. And, in the same manner, 8 : 21 : : 7.6 :'l iO\ ; which 
gives lOi for the radius of the circle applied beyond the short- 
est side IS. 

10. Proposition thirtieth. A similar and very important 
problem, which formerly occupied a place in the text« must 
not be omitted. It likewise furnishes an ingenious and con« 
^ixe. approximation to the quadrature of the circle, first pub- 
lished at Padua in the year 1668, by James Gregory, who 
for a very short time adorned the mathematical chair of the 
University of Edinburgh ; and seems the more deserving of 
attention, as it probably led that original author to the in- 
vestigation of the Method of Series. 

Given the area of an inscribed^ and that qfacircumscribedt r€» 
gular poljfgon ; to find the areas of inscribed and oircunucrihed 
Tegular polt/gons, having douhk the number qf sides. 

Let TKNQ and HBDF be given similar inscribed and cir- 
cnmscribed rectilineal figures ; it is required thence to deter- 
mine the %arfaeea of the corresponding inscribed and circum- 
scribed polygons AKCNBQGTand VILMOPRS, which have 
twice the number of sides. 

2a 



\ 



^ 



Or 
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From the centre of the circle, draw radiating lines to all the 
angular points. It is evident that the triangles ZXK and ZAB 
are like portions of the given inscribed and circumscribed fi- 
cures TKNQand HBDF; and that the triangle ZAK, and 
the quadrilateral figure ZAIK are also like portions of the de- 
rivative polygons AKCNEQGT and VILMOPRS. And since 
XK is parallel to AB, ZX : Z A : : ZK : ZB (VI. 2.) ; but ZX 
is to ZA as the triangle ZXK is to the triangle ZAK (V. 25- 
cor 2.), and, for the same reason, ZK is to ZB as the triangle 
ZAK is to the triangle ZAB ; whence ZXK : ZAK : : ZAK : 
ZAB, and consequently the derivative inscribed polygoa 
AKCNEQGT is a mean proportional between the inscribed 
and circumscribed figures XKNQ and HBDF. 

Again, because ZI bisects 
theangleAZB,ZAistoZB, _ L C M 

orZXistoZX.as Alto IB 
(VI. 10.), and consequently 
(V. 25. cor. 2.) the triangle 
XZKis to the triangle AZK 
as the triangle AZI to the 
triangle IZB. Hence the in- 
scribed figure TKNQ is to 
its derivative inscribed figure 
AKCNEQGT as the trian- 
gle AZI to the triangle IZB; S O K 
wherefore {Y,U, and 13.) TKNQ and AKCNEQGT toge- 
ther are to twice TKNQ, as the triangles AZI and IZB, or 
AZB, to twice the triangle AZI, or the space AlKZ, — that 
is, as HBDF to VILMOPRS. And thus the two inscribed 
polygons are to twice the simple inscribed polygon, as the 
surface of the circumscribing polygon to the surface of the de- 
rivative circumscribing polygon with double the number oF 
sides. 

Cor, Hence the area of a circle is equivalent to the rectan- 
gle under its radius and a straight line equal to half its cir- 
cumference. For the surface of any regular circumscribing^ 
polygon, such as VILMOPRS, being composed of a number 
of triangles AZI, which have all the same altitude Z A, is equi- 
valent (II. 6.) to the rectangle under ZA and half the sum of 
their bases, or the semiperimeter of the polygon. But the 
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cirote teelfy as it ibnns the ultimate limit of the polygon, 
must have its area^ therefore^ equivalent to the rectangle un- 
der the radios ZA, and the semicircumference ACE. 

SchMm* This solution^ it was observed, allbrds one of the 
best elementary methods of approximating to the numerical eK« 
pression for the area of a circle. Supposing the radius of a circle 
to be denoted by unit ; the surface of the circumscribing square 
will be expressed by 4* and consequently (IV. 15. cor.) that of its 
inscribed square by 8. Wherefore the surface of the inscribed 

octsgon^is Ts V^X 4s!d.8S84S71347; and the surface of the cir- 
cumscribing octagon is found by the analogyy24- 9.828427 1 24>7: 
8 X 2 : : 4 : 3.3187084990. Again, V (2.8284271247 x 
d.di37084990)=3.061 4674589, which expresses the area of 
the inscribed polygon of 16 sides ; and by a farther process 
2.8284271247+3.0614674589 t 2x2.8284271247, 
or 5.8896945896 c 5.6568542494 : : 3. 31 3708499 : 3. 182597978 1, 
which denotes the area of the circumscribing polygon of 16 
aides. Pursuing this mode of calculation, by alternately ex* 
tracting a square robt and finding a fourth proportional, the 
following Table will be formed, in which the numbers ex- 
pressing the surfaces of the inscribed and circumscribed po^ 
lygons conCtnually approach to each other, and consequently 
to the measure of their intermediate circle. 



y 



KiMBlMrof 
Sidsi. 



4 

8 

16 

32 

64 

128 

256 

512 

1004 
9048 
4096 
8192 
16384 
32768 

65536 

I3I072 
262144 
524288 



Area of the io- 
•crilMd Polygon. 



2.0000000000 
2.8284271247 
3.06146745^9 
3.1214451523 

3.1365484905 
3.1403311570 
3.1412772509 
3.1415138011 
3.1415729037 
3.1415877253 
3.1415914215 
3.1415923456 
3.1415925766 
3.1415928344 
3.1415926488 
3. HI 5926524 
31415926533 
3.1415926535 



Aim of Um dreum* 
•cribing Poljgoo. 



4.0000000000 

3.3137064990 

3.1825979781 

3.1517249074 

3.1441184852 

3.1422236917 

3.1417503692 

3.1416321807 

3.1416025026 

3.1415951177 

3.1415932696 

3.1415928076 

3.1415926921 

3.1415926632 

3.1415926560 

3,1415926542 

3.1415926537 

3.141 5996596 1 
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The computation of this table might be greatly abridged, 

by attending to the successive formation of the numbers. Let 

a and b denote the area of an inscribed and circumscribing po« 

lygon of the same number of sides, and af and b* the areas 

of corresponding polygons having double the number of sides. 

Since a' z= \/ ab, when a and b approach to equality, it is ob- 

1 , «+6 , b — a ^ 

vious that a'=z—— nearly, or «' — a =— ^r : Wherefore, af- 

ter the sides of the polygon are multiplied, the numbers of the 
first column will be formed, by constantly adding half their 
difference from those of the second column. Again, because 

b-zz — \ — • by substitution^' = r, and hence &— ^ = 

fl'+a ^ 3a+b 

^"^ , =:(b — a)- -; but, since a and b come to differ h'ttle, 

Sa+b ^ '3a + b * 

the fraction ——-, may be reckoned equal to J, or b — i' = -j— 

very nearly. Consequently the higher numbers in the second 
column may be filled up, by subtracting one-Jourth of the com- 
mon difference. It follows likewise, from combining this result 
with what has been shown before, that a number in the second 
column, diminished by the third part of the common difference, 
must give very nearly the final result. Thus, the areas of the 
inscribed and circumscribing polygon of SO^S sides, being 
3.1415877253 and 3.1415951 177, their difference is 73924, and 
the third of this, or 21^641, tirken away from the greater, leaves 
3.1415926536, for the ultimate value, or the area of the circle 
itself. 

Of the two modes of approximating to the mensuration of 
the circle, the one contained in the text, though not ^o direct, 
is on the whole simpler than the other. In the course of my 
geometrical lectures, I generally mentioned, that the first pro* 
position of the fourth book, by enabling'^s to discover a series 
of regular polygons with the same sides continually doubled, 
admitted of an easy application. But not having pursued the 
calculation to any length, I neglected the obvious advantage 
which results from reducing the perimeter at each step to the 
same extent, till I was led to reconsider the subject, in con- 
sequence of meeting with the small work of Schwab, before 
quoted. It somehow had escaped my notice, that M. Legen-» 
dre, in the additions to his Geometry, has cursorily treated 
the subject in the same way* 
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The nambert conUioad in the ktt table were eopied and 
iotarpolaled from the tract of Jamea Gregery^ entitled, Vera 
Circuli 0i Hyperbola Quadraiurat at reprbted in the Opera 
Varia of Huygena. For the cdcnlaUon of the table contained In 
the text, and of other tiro tables which will be ann^ced to this 
note, accompanied bjtereral acute remarks concerning the for- 
mation of the sucoessiTO numbers, I am indebted to the very 
obliging assiduity of a young friend, Mr G. A- Walker Amott, 
whose solid talents and unwearied application promise the hap- 
piest fruits* 

Let the same mode of computation be a(>plied to the suc- 
cessive polygons derired from the hexagon. The radius of 
the circle being unit, the perpendicular from the centre to the 
base of each component triangle of the inscribed hexagon will 
be s Vit and consequently the area of the figure s \ VS= 
&5980762114. Again, each side of the ciroumscribing hexa- 
gon is =; V^ rz2V\t And therefore its area, or that of the six 
contained triangle!, is =: 6^i=:2^3= V H— 3.46^1016151, 
or one-third more than the former. Hence the foUowiog table 
is constructed. 



M tnibOT of 


ArMofths < 


ArM of tho 


mdu. 


IntcrilMd Polygon. 


Circunfticribiog Polygon. 


6 


2^980762114 


3.4641016151 


12 


8^)000000000 


3.215S903092 


M 


8.1068285412 


3.1596599421 


48 


8.1326886184 


3.1460862150 


96 


d«l$93502030 


3.1427145996 


192 


3.1410319509 


3.1418730499 


S84 


3.1414524723 


3.1416627470 


768 


3.1415576079 


3.1416101766 


1586 


8J415888921 


3.1415970348 


8078 


8.1415904632 


3.1415937487 


6144 


3.1415921060 


3.1415929274 


12S88 


3.14LS925167 


3J415927220 


24576 


8.1415926194 


3.1415926707 


49152 


8.1415986450 


3.1415926579 


98904 


8.1415926514 


3.1415928547 


196808 


3.1415926531 


3.1415926539 


398216 


3.1415926535 


3.1415926537 


786432 


3.1415926536 


3.1415926536 
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If the method employed in the text for discovering the ra- 
dius of the circle, which has twice the number of sides undet 
the same extent of perimeter, be applied to the hexagon or its 
elementary equilateral triatigle, the numbers will stand as be-i 
low. 



Number o f 


Radius of Inscrib- 


Radius of Circum- 


Sides. 


ed Circle. 


scribiog Circle. 


6 


.8660254038 


1.0000000000 


12 


.9330127019 


.9659258263 


24 


•9494692641 


.9576621969 


46 


.9535657305 


.9556117687 


96 


.9545887496 


.9551001222 


192 


.9548444359 


.9549722705 


384 


.9549083532 


.9549403113 


768 


.9549243322 


.9549323217 


1536 


.9549283270 


.9549303243 


3072 


.9549293257 


.9549298250 


6144 


.9549295753 


.9549297002 


12288 


.9549296378 


.9549296690 


24576 


.9549296534 


.9549296612 


49152 


.9549296573 


.9549296592 


98304 


.9549296582 


.9549296587 


196608 


.9549296585 


.9549296586 


393216 


.9549296586 


.9549296586 



Wherefore, .95492965856 : 1 : : 3 : 3.1415926536; and hence 
3.1415926536 is the nearest expression, consisting of ten de- 
cimal places, for the area of the circle whose radius is 1. But 
the semicircumference in this case denoting also the surface, 
the same number must represent the circumference of a cir- 
cle whose diameter is 1. Consequently, if D denote the dia* 
meter of any circle, the circumference, will be expressed ap- 
proximately, by 3.1415926536 xD ; whence the area will be 
4D* X 3.1 415926536, or D* X .7853981634. 

By help of the note to Prop. 27. Book V. lower numbers may- 
be found, approximating to the same results. For in this 
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w=S, fi9B7>ps 16» and f =r 1 1 : whence, remoimtiogrroni these 
oondttional equalities, the ratio of the diameter tothecircuiii« 
ference of a circle ia denoted progreniTelyi by 1 : S-— by 7: 
22— by IIS : 555— and by 1250 : S927. The ratio of 1 to S 
ia the ru4est approximation, being the same as that of the dia- 
meter of the circle to the perimeter of its inscribed hexagon ; 
the ratio of 7 to 22 is what was discovered by Archimedes ; the 
ratio of lis to S55f in which the three first odd numbers ap- 
pear in pairs, was first proposed by Adrian Metius of Alkmaer, 
Professor of Mathematics and Medicine at Franeker, wlro died 
in 1636; and the ratio of 1250 to S927, the same M 1 to 
S.1416, which was known to the Arabians, and is now gene- 
rally preferred in practice. Hence also the circle is to its cir- 
cnmscribing square nearly — as 1 1 to 14, or still more nearly — 
as S55 to i52, or finally as .7854 to 1. 



To this Book may be added the following Propositions* 

PROP. I. TH£OR. 

Ifjrom oay poini in the circumference of a circUf siraighi Una 
ie drawn to the extremities qfa chords and meeting the perpendi- 
cmlar diameter, they will divide that diametert it^emallt/ and €^- 
temaU^t in the same ratio. 

r 

Let the chord EF be perpendipular to the diameter AB of 
• circle, and from its extremities P and £ straight lines FG 
and EG be inflected to a point G in the circumference, and 
cutting the diameter internally an4 externally in C and D ; 
then will AC : CB : : AD : DB. 

For join AG and BG, and draw HBI parallel to AG. 

Because AEGB is a semicircle, the angle AGB is a right 
aogi® (m* 19.) ; wherefore AG and HI being parallel| the al- 
ternate angle GBI is right (I. 22.), and likewise its adjacent 
angle GBH. But the diameter AB, being perpendicular to the 
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"•'-i-^ z.-is ^.* J" iz. 1 ii ^ 'j'- 
u-.e:T.z:j EH ij e-^ 
fv iil, a::d AG :EH : : AG : BI. K c«w, bccaasc the paraJIels 
AG and BH are :nu.rccp:ed bv :hc diTerg-og lines AB azul GH, 
AG : BH : : AC : C B (VI. 'e. ; and sic<i the paraUeU AG 
tni hi are iiiiercepted bv the J>crgirg lines GD and AD, 
AG : EI : : AD : DB. Wherefore, by identity of ratios, 
AC : CB : : AD ; DB, that is, the straight line AB is cat in 
the iame ratio, internal'j acd cxtemallj, or the whole line 
AD i% divided harmoriicahy in the points C and B. 

C</r, 1. As the points E and G 
corue nearer each other, it is ob- 
vious that the straight line EGD 
will approach continually to the 
position of the tangent, which is 
its ultimate limit. Hence the tan- 
gent and the perpendicular, from the point of contact or mu- 
tual coincidence, cut the diameier pro| ortionally, or AC : 
CB : : AD : DB. It is, therefore, evident (VJ. 7.) that, O be- 
ing the centre, OC : OB : : OB : OD. 




Cor.% SiaeoOC:OB;3 0B:OD,k&lkNr»(V.19-cor.&) 
dint OC : OD : : OB^^OC^ or AC.CB : OD>~OB» or 
AD.DB ; whence, by division, CD : OD c : AD.DB— AC.CB« 
or (VI. 7. cor.) CD* 2 AD.DB. 



FROP.II. THEOR. 

If two iiraighi lines be inflectedjrom the extremiiies qfihe ha$e 
of a triangle to cut the opposite tides proporttonaUj^f another 
straight Une% drtgmnjrom ihe vertex through their point of con* 
eour^, pjili bisect the base* 

' In the triangle ABC, let AS and CD, drawn from the ex* 
tremiliet of the bafo to cut the opposite sides proportionally* 
intersect each other in F, join BF, which produce if necessary 
to meet the base in the point O ; AG will be equal to GC. 

For join DE. And because the sides AB and BC are cut 
proportionally, DE is parallel to AC 
(VI. 1. cor.), whence BD : BA : : 
BH : BG (VI. 1.) ; but BD : BA : : 
DE : AC (V(. $.), and ^therefore 
BH : BG ! : DE : AC. Again, the 
parallels DE and AC being cut by 
the diverghig lines AE and CD» 
DE : AC : ; DP : FC (VI. 2.) and 
DF : FC : ; FH : FG (VI. 1.) ; where- 
fore BH : BG : : FH ; FG, or BF is 
cut internally and extemairy in the same ratio. But DH be- 
ing parallel to AG, BH : BG : : DH : AG; and since DH is 
also paraUel to GC, HF : FG 2 : DH : GC5 whence DH : 
AG : : DH : GC, and conse^ uently AG is e4)ttal to GC. 

PROP. III. THEGR- 




(fa semidrde he described on the side qf a rectanf^, and 
through its extremiiies ttoo straight lines be drawn Jrom any point 
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in the circumference to meet the opposite side produced both toai/s ; 
the altitude of the rectangle xjoiU be a mean proportional bettoeen 
the segments thus intercepted. 

Let ABED be a rectangle, which has a semicircle ACB de- 
scribed on the side AB and the straight lines CA and CB 
drawn from a point C in the circumference to meet the exten- 
sion of the opposite side DE; the altitude AD of the rectan- 
gle will be a mean proportional between the exterior segments 
FD and EG. 

For, the angle ADF, being evidently a right angle, is equal 
to the angle ACB, which stands in a semicircle (III. 19.) and 




the angle DFA is equal to the exterior angle BAC (I. 22.) ; 
wherefore (Vl. 11.) the triangle FAD is similar to ABC. In 
the same manner, it is proved that the triangle BGE is simi- 
lar to ABC ; whence the triangles DAF and BGE are similar 
to each other, and consequently (VI. 11.) FD : AD : : BE or 
AD : EG. 

If the straight lines CD and CE be drawn, they will (VI. 2.) 
divide the diameter AB into segments AH, HI, and IB, which 
are respectively proportional to the segments FD, DE, and 
EG of the extended side DE. Consequently, when ABED is 
a square, and therefore DE a mean proportional between FD 
and EG, it must follow that HI is likewise a mean propor- 
tional between AH and IB* 

If the rectangle ABED have its altitude AD equal to the 
side of a square inscribed within the circle, the square of the 
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diameter AB is equivalent to the aquaret of the two segmenta 
AI and BH* For FD : AD : : AD : EG, whence (V. 6.) 
FD.EG=:AD\ or 2FD.EG = 2AD» ; bat (IV. 15. cor.) 
2AD* = AB* or DE\ and consequently ^fFD.EG r= DB* ; 
wherefore (VI. 2.) 2 A H.I B = HI% and hence, by the first ad- 
ditional proposition to Book II., the segments AI, BH are 
the sides of a right-Angled triangle, of which AB is the hy« 
potenuse, or AB» = A1*+BH». 

This is one of the elegant theorems of Format. 



PROP. IV. THEOE. 

A chord ^ a drde is dkided in continued proportion^ bif 
strmght Una it^ecUd to any point in tke opposite circunfferenpe 
Jrom the extremities of a parallel tangent^ tohich is limited hj/ 
another tangent applied at the origin qfihe chord. 

Let AB, AC be two tangenU applied to a circle, CD a 
chord drawn parallel to AB, and AE, BE straight lines in'> 
fleeted to a point E in the opposite circumference ; then will 
the chord CD be cut in continued proportion at the points F 
and G, or CF : CG : : CG : CD. ' 

For join BD, BC, and CE. Because the tangent AB is 
equal to AC (HL 22. cor.), 
Che angle ABC is equal to- 
ACB (I. 10.); but ABC 
is equal to the angle BCD 
(I. 22.), and to the angle 
BDC (III. 21.) ; whence 
(VI. ll.).the trianglesBAC 
and BDC afje similar, and 
AB : BC : : BC : CD, and 

consequently (V. 6.) BC*=ABXD. Again, the triangles 
CBG and CBE are similar, for they have a common angle 
CB^ A9d thjB fingle BCG or BCD is equal to BPC or BEC 
(HI. 16.) : Wherefore BG : BC : : BC : BE, and BC>=:BG.BE. 
Hence AB.CDsBG.BE, and AB : BE : : BG : CD ; but FG 
being parallel to AB, AB : BE : : FG : GE (VI, 2.), and 
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consequently FG : GE : ; BG : CD ; therefore (V. 6.) FG.CD=* 
BG.GE; and since (III. 2^1.) BG.GE=CG.GD, it follows 
that CG.GD=FG.CD. and FG : CG : ; GD : CD, and hence 
(V. 10.) CF : CG : : CG : CD, 

PROP. V. THEOR. 

Iftfrom the vertex of a triangle^ txoo straight lines be draton^ 
making equal angles with the sides and cutting the base ; the 
squares of the sides are proportional to the rectangles under the 
adjacent segments of the base. 




Id the triangle ABC, let the 
straight lines BD and BE make the 
angle ABD equal to CBE; then 
AB* ! BC« : : DA.AE : EC.CD. 

For (III. 9. cor.) through the 
points B, D, and E describe a cir- 
cle, meeting the sides AB and BC 
of the triangle in F and G, and 
join FG. 

Because the angles DBF and £BG are equal, thej stand 
(III. 16. cor.) on equal 
arcs DF and EG, and con^ 
sequently (III. 18. cor.) 
FG is parallel to DE. 
Whence (VI. 1.) AB ; 
BC::AF:CG, and there- 
fore (V. 13.) AB» : BC» : : 
AB.AF:BC.CG;but(IIL 
26.) AB.AF = DA.AE, 
and BC . CG = EC.CD. 
Wherefore AB* : CD» : : 
DA.AE : EC.CD. 

If the triangle ABC be right-angled at C| and the vertical 
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BMi BD $(aA flE ctlt the bcie intertkal* 

]y : then BC*+ Ab.CE : BC* : : AB : CD. 

For make AH equal to EC. Becaute 

AB* ! BC* : : D A.AB : EC.CD, and, (It. 

10.) AB*=rAC»+BCs therefore AC*+ 

BC* : BC» t : DA.AE : EC .CD, and, by 

division, AC* : BC* : : DA.DE--EC.CD : ^ H D E 

EC.CD. Bnt, by saccessiTe decomposition, DA.AB-BG.CDs 

D A.AC— DA.EC---EC.CD = DA.AC— ECAC = AC.HD t 

whence AC* : BC* : : AC.HD: EC.CD, and (V. IS. and eor*) 

AC.EC : BC* : : EC. HD : EC.CD, or (V. 8) : : HD : CD | 

consequently (V. 9.) BC«+AC.EC : BC«: : HC : CD; bot» 

AH being eqnal to EC, HC is equal to AE; wherefeN 

BC*+AC.EC:BC*:: AB:CD. •• 

If the vertical lines BD, BE cut the base AC of a right- 
angled triangle ACB 

externally ; then will ^ 

BC*-AC.EC;BC*:: 
AE : CD. For make 
AH=EC. Itisde. 
monstrated as before, 

that AC* : BC* : : D It X 

DA.AE.EC.CD : EC.CD: butDA.AE-EC.CD=DA.AC+ 
DA.EC— EC.CD = DA.AC— ECAC =AC.HD: wherefore 
AC* : BC* : : AC.HD : ECCD, and AC.EC : BC* : : EC.HD : 
EC.CD : : HD : CD, and consequently BC*^AC.EC : BC* : : 
HC or AE s CD. 



PROP. VI. THEOR. 

If ihrtmgk any peini in the drcumftrence of a circle^ two 
iiraighi lines be drawn parailel io adfaceni sides qfan inscribed 
quadrilateral Jigure^ and meeting opposite sides, the rectanglet 
under their segments will be equivalent. 

Let ABCD be a quadrilateral figure inscribed in a circle, 
and from any point B fai the circomference» the lines EHI and 
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F£G be drawn parallel to the sides AD and AB, and meeting 
the opposite pairs AB, DC, and AD, BC ; the rectangle H£I 
will be equivalent to FEG* 

For draw DL parallel to AB, and join LB, which produce ta 
meet FG in M. 

Because FG and DL are parallel to AB, the intercepted arcs 
A£ and AD are equal to BT^ BL ; consequently the corre- 
sponding chords are likewise equal. Wherefore, A£ and BT, 
being formed, the triangles AFE and BMT are evidently e- 
qual, and hence BM and MX are equal to AF and F£. It is 
also manifest that FH and D£ are parallelograms, and there^ 
fore FA and FD are equal 
to EH and £K. Again, 
the triangle BGM is simi- 
lar to DKI, for the angle 
GBM or LBC is equal 
to KDI or LDC, and, 
the angle BMG is equal 
to MBA, and (IILlT.cor. 
2.) to ADL, orto DKI ; 
whence BM : MG : : 
DK : KI, and BM.KIzi 

MG.DK, that is, FAKI ^^- -^ D 

= MG.FE. But, from the property of the circle, FA.FDr; 
FE.FT; and adding these rectangles to the preceding, it follows 
that FA (FD+KI)=F£ (FT+MG); that is, FA (EK+K1)== 
F£ (£M + MG)or £H.£I=F£.£G. 

Cor. 1. If the two points C and D coincide, the quadrilateral 
figure passes into a triangle, and the side CD is represented 
by a tangent. 

Cor. 2. If the point B likewise coincides with A., the side 
AB will become a tangent, and AD will be the only side of 
the figure that remains. 

Cor. 3. If the points B and C merge into one point, and 
also A and D into another ; the figure will be represented by 
a chord, and the sides BC and AD will become tangents. In 
this case, the points H and I coincide, and consequently the 
rectangle FEG will be equal to the square of EH. 
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The perpendkular wthin a circle f tM a mean proportional to 
ike eegmenUjormed onUhy straight lineSt drawn ^from the «> 
tremitiet qfthe diamfter^ through any poisU in the draun/erence. 

Let tbe.itraight lines AEC aod BCG, diawn from Ihe ex* 
tremittes of the diameter of a circle 
through the point C in the circvmfe* 
rence, cut the perpendicular to' AB ; 
the part DP within the circle is a 
mean proportional between the seg« 
ments DE and D6. 

For the angle ACB, being in ase- 
micircle, is a right angle (III. 19.), 
and the angle ABG is common to 
the two triangles ABC and GBD, 
which are, therefore, similar (VL 
11.). Hence the remaining angle 
BAC is equal to BGD, and conse- 
quently the triangles ADE and GDB 
are similar ; wherefore AD : DE : : 
DG *: DB, (and V. 6.) AD.DB = 
DE.DG. But (III. 26. cor.), the 
rectangle under M) and DB is equi- 
valent to the square of DP; whence 
DE.DG=DF*, and (V. &) DE ; 
DP : t DP t DG. 





PROF. VII. THEOR. 



The area of a fnadrilateral Jlgure ineeriSed tn c 
mean propariiomUhetmeen the rectangle ^theexceues of the send' 

perimeter above any two iidest and the rectangle ^the exceuee ^ 
the i^ ni pe r im e ter abooe the other two sidet. 
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Let ABCD be a quadrilateral figure inscribed in a circle ; 
its area is a mean proportional between the rectangle under the 
excesses of the semiperimeter above the sides AD and CD, 
and the rectangle under its excesses above the sides AB and 
BC. 

If the opposite sides of the quadrilateral figure be parallel, 

the* semiperimeter will evidently be some of its length and 

breadth, and consequently the rectangles of the excesses will 

• be merely the squares of that length and breadth, to which 

the area is a mean proportional. 

But if two of the sides AD 
and BC be inclined, produce 
them to meet in £ and draw £F 
bisecting the angle which they 
form: draw likewise from the 
corners A and D, the lines AG, 
AH, DG and DF, bisecting the 
exterior and interior angles of 
the figure; join BG, BH, CI 
and CF, and from the points G, 
H, I and F, let fall the perpen- 
diculars GK, GL, GM, HO, 
HN, HP, IQ, IR, IS, FU,FT 
and FV. 

It is easy to see that the three 
perpendiculars from each of 
the points G, H, 1 and T are 
equal ; and pursuing the same 

preliminary demonstration as in VI. 29., it is obvious that 
AK = AM,AN=AO.BLz=BM,BN='BP,CR=CS,CT=CV, 
DQ = DS. DT = DU, EK=EL, EO = EP, EQ = ER and 
EU=EV, and likewise AM =BN, and CS=DT; whence 
OQ=PR, and KU=LV; but AB= AM + BMz=AK+BL, 
and CDz=CT + DT=CV + DU, and therefore KU or LV re- 
presents the semiperimeter. Now KU — CD=KU — DS — DT 
-- KU — DQ — DU = KQ ; KU — AD = KA + DU 
= KA + CR ; ku — AB =: KU — AM — BM = 
KU— AK— AO=OUand; LV-.BC= LB + CV=AO+CV. 
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The esterior angle EAB is (ill. 17- cor. 2.) equal to BCD, and 
these angles and their adjacent angles BAD and DCV are bi- 
sected by AG and AH, CI and CF; wherefore the right-aqi- 
gled triangles GKA and AOH, IRC and CVFare all similar. 
Consequently AK ; KG: ; OH i OA 3 s CR : RI : : FV ; CV» 
and (V. 19. £1.) AK+CR : KG+RI: zOH+FVsOA+CV; 
whence (V. IS. £1.) KQ (AK + CR) : OU (KG + RI) : : 
KQ(OH+FV) : OU (OA+CV). But it was shown, that KQ 
is the excess of the semiperimeter KU above the side CD, that 
AK«fCR, or AK+DU, is the excess of KU above the side 
AD, that OU is the excess of KU above KO or the side 
AB» and that OA4.C V, 01: LV + C V, is the excess likewise 
of the semiperimeter above the side BC. The extreme terms 
of the andogy are hence the rectangles of the excesses of the 
semiperimeter above the sides CD and AD, and above the 
opposite sides AB and BC . It only remains therefore to prove, 
that the mean terms are e^ch equivalent to the area of the 
quadrilateral figure. 

Now, this quadrilateral %ure ABCD is evidently compos- 
ed of double the triaqgles HOA, HNB, IQD and IRC, in- 
creased or diminisbed by the doiible of the rhomboid HOQI, 
according as the point H lies nearer to the vertex E, or jtn^ 
lemote than the point 1 : The area of ABCD is therefore equU 
Talent toHO.AB4-IQJ)C:ds(HO+IQ) OQ=HQ(ABdbOQ} 
+ IQ (CD zt: OQ) s HO JCQ + I Q.OU. 

But since the triangles AHN and ISC are similar, and also 
BMO and DFT, it follows that AN : NH : ; IS : SC, and 
BM: MG;:FT;TD| whence HN ; MG :: FT: IS, and 
KG : OH : : IQ : FV : : EK : EO : : EQ : £U, or, by divi- 
sion, KG sHO : s KQ : OU, and IHFV : : KQ.OU; where- 
fore HOJCQ s OU.KG» and the area of ABCDs 
OU (KO+IQor IR)* Again, IQ^OUsKQ^FV; and conse- 
quently the area of the quadrilateral figure is likewise equi* 
Talent to KQ (HO-^FV). The proposition is therefi>re esta*» 
blished. 

For the substance of this demonstrationt I am indebted to 
the talents and assiduity of my iojenious friend Mr Amott* 

8a 
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The Appendix to the books of Geometry cannot fail, by its 
novelty and singular beauty, to prove highly interesting. The 
first part is taken from a scarce tract of Schooten, who was 
Professor of Mathematics at Leyden, early in the seventeenth 
century. But the second and most important part is chiefly 
selected from a most ingenious work of Mascheronii. a cele- 
brated Italian mathematician ; which in 1798 was translated 
into French, under the title of Geometric du Compas, It will 
be perceived, however, that I have adapted the arrangement 
to my own views, and have demonstrated the propositions 
more strictly in the spirit of the ancient geometry. 



NOTES TO TRIGONOiMETRY. 

1. It was the pursuit of Practical Astronomy that led the 
Greeks to cultivate Trigonometry. But the Elements of Geo- 
metry had been reduced to a systematic form before the foun- 
^tion of this science was laid. Aristarchus of Samos, a contero- 
porary of Euclid, and a very ingenious astronomer, attempted 
to determine the relative distances of the sun and moon by a 
curious observation ; yet the rude and circuitous way which 
he took, in solving the problem, to show that an arc of three 
degrees is less than the 18th, and greater than the 20th part 
of the radius, attests the slow progress of the art of calcula- 
tion. 

About a century afterwards, the great outlines of Trigono- 
metry were traced by Hipparchus of Rhodes, the most original 
and powerful genius perhaps of all antiquity, who flourished 
between the years 125 and 160 before the Christian aera* If 
we consider the novelty of his views, the extent of his inqui* 
ries, the fecundity of his resources, and the accuracy and im* 
mensity of tfie calculation^ which he performed with such 
cumbrous instruments and involved materials — we are filled 
with wonder and admiration. The main object of his pursuits 
was the advancement of astronomy. Hipparchus adopted the 
usual division of the circumference of the circle into 360 
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degrees; but he divided the radius into 60 equal parts, 
which he called likewise degrees^ and repeated the successive 
subdivision by 60 for primes, seconds, &c He derived the 
rules of Trigonometry from the properties of lines inscribed 
within the circle, and now termed fAords, which he measured 
in sexagesimal parts of the radius. He had -composed a woVk 
in twelve books expressly on the calculation of chords, and ap- 
pears to have computed these important lines to every half de- 
gree pf the semicircumference. Unfortunately some fragments 
only of his labours are preserved. 

Trigonometry, in thb shape, remained stationary during the 
Space of 800 years, till Ptolemy, who cultivated Astronomy 
and Qeography in the M^iseum of Alexandria with indefatiga- 
ble ardour, introduced a few subordinate improvements. In 
his Analemma, which deduces the construction of sun-dials 
from the orthographic projection of the sphere, this celebrated 
author, who seems to have borrowed liberally trot^ Hippar- 
tohus, employs half-chordSf instead of chords^ in his geometrical 
delineations ; and, had he pursued that simple idea, he might 
have anticipated the us^ of unes^ the introduction of which w^ 
reserved for. the Arabians. 

Ptolemy recomputed the chords to every two degrees of the 
•einicircuipference, and, in his Altnag^, or Mi<yMA^ Zvf?#{K, he 
has explained distinctly the mode of proceeding. On this oc- 
casion, he appears first to have brought into notice the beau- 
tiful theorem which forms the 20th proposition of the sii^th 
3ook of the Elepnents of Geometry. 

An an object of considerable interest, I her« subjoin Pto- 
lemy's table of chords, pr, 9s he styles it, the Canon qflnscrir 
bed Lines^-'KMMrff rSf iv tLwOm tUnm. It will be found to be 
fiur more precise and accurate than we shoulfi have expected ; 
said it shows the wonderful addren and patience which the 
Greeks exercised in performing calculations with their com- 
plicated system of arithmetical notation, for the sake of insti- 
tuting a comparison, I have converted the sexagesimals into 
decimals, and have likewise annexed, from the more elaborate 
modem tables, the chords, expressed sexagesimally. The co- 
incidence will appear very remarkable, seldom diflT^ring l^' 
upit in the last place. 



Table of Chords to every two Degrees of tlie Semicircumference, 'm 
Sexagesimals, and the same as given by Ptolemy, and likewise con- 
verted into Decimals. 



• 
1/3 




V 


HORUS. 




Chords. 


< 


Sesftgesimal Scale. 


Decimals. 


Sexagesimal Scale. | 


Decrrr.. 


By Modem Tables, i 


By Ptolemy, 


By Ptolemy. 


92 


By Modern Tables, 


By Ptolemy. 


By P.CK -c 


Op 


2^ 5' 


39f'2&" 


gc 


' 5'40'' 


.0349074 


86^^19' I4"48'/' 


86*^19' 15" 


1.43S6N 


4 


4 11 


16 35 


4 


11 16 


.0697963 


94 


87 45 44 58 


87 45 45 


1.46'2:> 


G 


6 16 


49 9 


6 


16 49 


.1046713 


96 


89 10 38 38 


89 10 59 


1.4Sr;::f.- 


8 


8 22 


14 48 


8 


22 15 


.1395539 


98 


90 53 54 33 


90 33 55 


1oo«hj:' 


10 


10 27 


31 16 


10 


27 32 


.1743148 


100 


91 51 SI 11 


91 51 32 


1.-520..: 


V2 


12 32 


36 19 


12 


32 36 


.2090.;55 


102 


95 15 27 4 


93 15 27 


lo542--r 


14 


14 37 


27 32 


14 


37 27 


.2457361 


104 


94 33 40 40 


94 39 41 


l.5T';0':' 


16 


16 42 


2 47 


16 42 3 


.2783472 


106 


95 SO 10 32 


95 50 11 


1.59-::: 


IS 


18 46 


19 42 


18 


46 19 


.3128657 


108 


97 4 55 21 


97 4 56 


1.6 inc:: 


20 


20 50 


16 1 


20 


50 16 


.3472963 


110 


98 17 53 40 


98 17 54 


1.63S3'}: 


22 


22 53 


49 29 


22 


53 49 


.5816157 


112 


99 29 4 15 


99 29 5 


1.65S0--' 


24 


24 56 


57 51 


24 


56 53 


.415S261 


114 


100 38 25 42 


100 38 26 


1. 67 To 4 i 


26 


26 59 


38 53 


26 


59 38 


.4 19S9SI 


116 


101 45 56 47 


101 45 57 


1.69'^' -"- 


28 


29 1 


50 16 


29 


1 50 


.4838426 


118 


102 51 36 16 


102 5J 37 


1.71 4 >T^ 


30 


31 3 


29 48 


31 


3 30 


.5176339 


120 


103 55 22 58 


103 55 S3 


1.73-0:- 


32 


33 4 


35 21 


33 


4 35 


.5512731 


122 


104 57 15 43 


104 57 16 


1.749:4'* 


34 


35 5 


4 34 


35 


5 5 


,5847454 


124 


105 57 13 22 


105 57 14 


1.763i'/^ 


36 


37 4 


65 21 


37 


4 55 


.6180324 


126 


106 55 14 48 


106 55 15 


1.78i;\j;* 


5S 


139 4 


5 28 


39 


4 5 


.6511343 


128 


107 51 19 


107 51 20 


i.79::t:' 


40 


41 2 


32 41 


41 


'J 33 


.6840417 


130 


108 45 24 58 


108 45 25 


l.81i'tI5" 


42 


43 


14 56 


13 


15 


.7167561 


132 


109 37 31 39 


109 37 3S 


1.82:---' 


44 


44 57 


10 S 


44 


57 JO 


.7492130 


134 


110 27 58 7 


110 27 39 


i.s4io:: 


46 


46 53 


15 50 


46 


53 16 


.7814630 


136 


111 15 43 27 


111 15 44 


i.854r'' 


48 


48 48 


30 13 


48 


18 30 


.8134722 


138 


112 1 46 44 


112 1 47 


1.8^371'- 


50 


50 42 


51 6 


50 


42*'5l 


.8452361 


140 


112 45 47 12 


112 45 48 


1.S:9.''^^- 


52 


52 36 


16 19 


52 


36 16 


.8767407 


142 


113 27 44 2 


115 27 44 


1.5^9LX'" 


54 


54 28 


43^4 


54 


28 44 


.907981.1 


144 


114 7 36 24 


114 7 37 


i.iKy^:-" 


56 


56 20 


11 44 


56 


20 12 


.9589444 


146 


114 45 23 40 


114 45 24 


I.91t:'5: 


58 


58 10 


37 45 


58 


10 3S 


.9696204 


148 


115 21 5 3 


115 21 6 


l,9^Ci 


CO 


60 





60 





1.0000000 


150 


115 54 39 56 


115 54 40 


1 .95 1 Sit • 


62 


61 48 


16 28 


61 


48 17 


1.0300787 


152 


116 26 7 45 


116 26 f^ 


1.94<.VV 


64 


63 35 


25 8 


63 35 26 


1.0598426 


154 


116 55 27 53 


116 55 28 


1.94^7'^ 


66 


65 21 


24 3 


65 


21 24 


1.0892778 


156 


117 22 39 46 


1J7 22 40 


^.95^^ " 


6S 


67 6 


11 20 


67 


6 12 


1.1183889 


158 


117 47 42 57 


117 47 45 


1.9^>i'- 


70 


68 49 45 


68 


49 45 


1.1471528 


160 


118 10 36 58 


VIS 10 57 


1.969J- 


72 


70 32 


3 14 


70 32 3 


1.1755694 


162 


118 31 21 21 


118 51 22 


1.9TSV 


74 


72 13 


4 5 


72 


13 4 


1 .2036296 


164 


118 49 55 49 


118 49 56 


1.9 SO''*' 


76 


73 52 


45 46 


71 


52 46 


1.2313261 


166 


119 6 19 56 


119 6 20 


1.9<i.V- 


78 


75 31 


6 25 


75 


31 7 


1.2586435 


168 


119 20 35 28 


119 20 54 


1.9S9^ 


80 


77 8 


4 15 


77 


8 5 


1.2855787 


170 


119 32 36 7 


119 32 57 


1.9S--' ! 


82 


78 43 


37 29 


78 


43 38 


1.3121204 


172 


119 42 27 41 


119 42 29 


1.9;"' 


84 


80 17 


44 25 


bO 


17 45 


1.3382659 |l 74 
1.3640000 176 
1.389319 I'!l78 


119 50 7 57 


119 50 9 


1.9.^7i 


86 


81 50 23 19 


SI 


50 24 


119 55 56 50 


1 1 9 55 oS 


1,?S-' 


88 


83 21 


32 26 


83 


21 33 


119 58 54 12 


119 58 55 


\.9- \ 


90 


84 51 


10 8 


84 


51 10 1.4142130,180 


120 


120 O O IcaX^- i 
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To oodentaiid the ancieDt wrken on AttronoBiyand Trir 
gonometry, it it neoenarjr to be fiMniUar with the netbodt of 



ooDTerting sesageu* 87^ ^ W^ 
mab ioto the ordi- 10 



Ormofeeeo- 
deely, thos : 



narydecimaliiibdin* 64049 10 ^|£5 



10^ 

1.48 11 40 
10 

8.156 40 
10 

al9 96 40 
10 

8.14 26 40 
10 

S.24 26 40 
10^ 

4.0 26 40 



604.9167 



6037^1945 



.6180324 

The result, ^180824, 
is true to every 
place. 



I diall there- 
fore give one or two 
examples. Soppoee 
it were required to 
estimaltf, in deeimal 
peru of the redios, 
the length which Pt»- 
kmy assigns for the 
chord of 56°, or the 
aide of ihe inscribed 
decagon: The con* 
Tcrsion may be perfonned ettiier by a successive moltiplicar 
tion by 10, or by an asocMB^g diviaion by 60. 



1. 2655752 
.60 



Again, let it be required to express sextfgesi* 
inally the chord of SO"*, or 1.2855752 : The ope- 
ration will consist in a repeated multiplication 
by 60. 

The reault is 77'' 8^ 44'' ; but Ptolemy makes 
ihehwiHgure tobed''. 



77.134512 
60 

8.07072 
m 

. 4.2482 



Albatenius or Geber, the son of Mahomet, an Arabian 
Prince, who flourished about the year 880 of the Christian 
sera, wrote a system of Astronomy^ in which he improved on 
the Almagest of Ptolemy. To simplify the calcuUtions of 
Trigonometry, he substituted for chords^ their halves, which,. 
in the Arabic language, he named Gib^ to signtfy.^»UM or 
douUedup. This word, appropriated to the semichard, was 
aAerwards translated ioto Latin by the term iinuif from which 
comes the modem denomination sine, Albatenius likewise in- 
troduced versed stnes^ and thereby improved the rules of Tri-' 
gonometry. He made even a decided step towards the for- 
motion of tangents ; for, in treating of dialling, he computed a 
table of the lengths of the shadows of the vertical style, though 
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only in digits or twelflh parts of its altitude^ Some notioh of 
secants was also entertained by him. 

£bn JouniSy who flourished under the Calif Hakem, and 
died A. D. 1008> carried still farther the improvements of 
Trigonometry. He computed a table of shadows or tangents, in 
sexagesimals and to a radius of 60 degrees. He particularly 
studied the orthographic projection of the sphere, and gave 
some useful theorems in Practical Astronomy. 

Ebn Jounis was the first mathematician who employed sub- 
sidiary arcs for abridging his calculations^ changing sometimes 
tangents into secants, to facilitate the extraction of roots. It 
deserves to be remarked, that this astrononiery having in one 
of his computations exhibited a number consisting of 11 
places of figures and written in the Indian characters, takes 
the trouble to explain each of them in succession,-— 4i decisive 
proof, that those numerals had been recently communicated to 
the Arabians, and were still not generally understood by them. 

To compute the sines of the quadrant, this able astronomer 
sets out from certain arcs, which he calls primitive, being those 
of 60°, 120% 90°, 36°, 144°, 72^ and 108°, and investigates, 
thit)ugh various combinations, the sines of their doubles and 
their halves, of their sums and their differences. In this way^ 
he finds the sine of 1° to be 1° 2' 49'' 43'" 2^^, which differs 
only in the last place from 1° 2' 49" 43'" 6^^, which our tables 
would give ; but he slopped at thirds, though he calculated 
the sines for every 10 primes or minutes. 

Aboul Wefa of Bagdad, who flourished about the year 987 
of our acra, gave a sexagesimal table o£iange?its, or of the ska- 
dotvs of arcs to every degree of the quadrant, but which has 
been lost. As an instance of his great accuracy, I may cite 
34° 38' 27" 39'" 38'^ the measure he assigns for the tangent of 
30°, which, converted into decimals, makes .577350^8, having 
only an excess of a digit in the eighth place- Wefa likewise 
noticed the cotangents, which he called the upright shadows^ sta- 
ting, with the same remarkable accuracy, that of 30° to be 
1.43° 55^ 22'f 58'". He even indicated secants^ which he term- 
ed the diameters of shadotvs, considering them as subtending 
the right in^ilc made by the radius and the tangents. 



NOTES AND 1LLU6TAATIOK8. 375 

The Avabiaati tbas aided by the denary system of numerals, 
VKtended greatly the powers of caleolation. They could readily 
extract the cube root of any number, which the Greeks, with 
all their penetration, could neter achieire. Geber, a native of 
the Moorish kingdom of Grenada, early in the twelfth century, 
enriched Spherical Trigonometryi by the invention of one of 
its principal theorems. 

The revival of letters among t^e Christian nations was, 
about die middle of the fifteenth century, invigorated by the 
noble acquisition of the art of printing. The study of literature 
was soon followed by the pursuit of science. George of BUr-* 
bach, near Vieana» and thence commonly named Purbachius, 
bom ID 14fi5» but unfortunately cut off by a premature death, 
appeared the first in Europe who devoted himself to the cul- 
tivation of Astronomy. He studied the Almagest of Ptolemy 
through the dark medium of a Latin version framed, on the 
Arabic translation, and exercised his ingenuity and patience 
in extricating from a mass of obscurity and inaccuracy the 
meaning of the original text. As he derived his information 
from that source, it is curious to observe, that, making the dia« 
meter of the circle to contain m equal parts, he reckons in 

round Duntbers the circumference of the circle to consist of 

< 

S77» If fipom these numbers we subtract 7 and 82, the terms 
of the Archimedean proportion, we shall obtain liS and 955, 
th^ famous approximation proposed by Metius. 

Purbachius followed the Greeks and Arabians in dividing the 
radius into GO equal parts ; but, instead of subdividing them 
again successively by GO, he carried forward the subdivision by 
100, and avoided the separate notation of the subordinate 
partA. He thus made the radius to consist of G00,000 parts,, 
in which he expressed, without any breaks, the sines and tan* 
gents computed likewise to every 10 minutes. La calculating 
these tables, he sets out with the arc of 15^, which, afler Ar» 
zachel and the Arabians, he calls Kmrdaga ; its sine being de- 
rived from the bisection of the arc of 30^, or the half of that 
subtended by the side of a hexagon. He likewise finds the 
sines of SO^, 45^, 60°, and 75° ; from the well-known theorem^ 
that the rectangle under the radius and the difference between 
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the Bines of two arcs is equivalent to twice the rectangle under 
the sine of half the difference and the cosine of half the sum of 
the arcs themselves. Thus, 

First Kardaga^ sin 15^ — sin 0° =2 sin 74**. cos 7\°^ 

Second Kardaga^ sin 30° — sin 1 5*^=2 sin 74''. cos 22^®. 
• Third Kardaga, sin 45° — sin 30°=2«n Ih^'.cos 37^^ 

Fourth Kardaga, sin 60°— 5//« 4'5°=2 sin 7^°. cos 52i°. 

Fi/lh Kardaga^ sin 75° — sin 60«±:2 sin 7 Jo. cos 67|°. 

Sixth Kardaga^ sin 90°— «7i 75°= 2 sin 7 i^. cos 82§<>. 

Furbachius found the sines of the multiples of 7^^ by a simU 
lar process^ and thence he computed the sines of the multiples 
of its half, or 34^. This small arc is contained 24> times in a 
quadrant — a circumstance which deserves particular notice, 
as it coincides with the practice of the Hindu Astronomy. 

John Miiller of Kotaingsberg^ and therefore styled de MoniC" 
regio or RegiomontanuSf the scholar and successor of Pur* 
bachius, carried those improvements much farther. Afbersome 
hesitation, he finally rejected every trace of the sexagesimal 
subdivision of the radius, which he made to contain 10,000,000 
equal parts ; he therefore computed the sines and tangents for 
every minute of the quadrant to seven places of figures, and 
he likewise annexed the secants. In forming these complete 
tables, Regiomontanus availed himself not only of the ordinary 
properties, cosa*=:l — sina*^ and 25/«a*=zl— co52a, but of a curi- 
ous theorem of his own invention, (5?>i a — jm^)*-(-co5(a-— co«6)* 
^z4fsin*h (« — b)f which he demonstrated geometrically. 

Besides the repeated bisections of the Kardaga, Miiller de- 
rived the sines of another class of arcs from the side of the 
decagon. He thus computed sines of 24"°, 12^, 6°, 3°, 1^°, and 
finally 45' ; the rest were filled up by different interpolations. 
In his book of " Triangles,'' he gave another table for disco- 
vering the angle of a right-angled triangle, from the base and 
perpendicular without seeking the hypotenuse. It was in fact 
an imperfect table of tangents f though not so named by him, and 
calculated only for each degree of the quadrant. Yet this he styl- 
ed Canon Fcccundus^ without applying it to the improvement 
of Trigonometry. Miiller diud in 1476, when he had only 
reached the a^c of 40. 
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lEteinhoId, who died in 155S, Profiefsor of Mathematics at 
WuTtemburg, computed a table of iaagaUi to every minute ; 
and shortlj aftenrarda Maurolycos of Messina gare a table of 
secanUf which he syled Tabuta Sen^ka. Bheticus» with incre- 
dible laboiir» next prodooed a complete set of trigonometrical 
taUes» calcolaled to 15 places of figures for erery 10 seconds. 

The famous Yieta, bom at Pontenay in Lower Poitou, in 
1540» and who died at Paris in 160St may be regarded as the 
person who completed the Modem Trigonometry. He enrich- 
ed it with new theorems, and reduced the whole into a regular 
system. Besides other properties, he first noticed the very 
aimple one, which deriTes the sines of arcs exceeding 60^ from 
mere addition. In his book on trliingles, printed in 1579, he 
gave tables of sines, tangents, and secants, computed to every 
minute, in a collected form ; but in allusion to the right-angled 
triangle, he referred the sines to the perpendicuhir, the tan- 
gents to the base, and the secants to the hypotenuse. He af- 
terwards attempted to name the tangents prosinuij and the se- 
cants transinu$. 

In this state dad the trigonometrical tables continue without 
alteration, till Stevinus introduced the Decimal Arithmetic, 
about the end of the sixteenth century. Yet the sexesimal sys- 
tem was retamed by Bressius in 1581, and a considerable time 
elapsed before the radius came to be reckoned as merely unit { 
and even then, the notation of the descending numbers was load- 
ed with rq>eated accents like the primes^ seconds, Ae^ or with 
small figures inclosed in circles. The capital imprftrement, 
which produced the utmost simplification, was effected .by 
Napier, the illustrious inventor of Logarithms, who proposed, in 
his RhMakgjia^ to discard those subsidiary marks, and merely 
to distinguish the place of units by a fbll point These lines, 
now called the natural sines, tangents, secants, &c are often 
superseded by the use of their logarithms ; but as they famish 
useful examples for training the pupil to calculation, I shall 
here give a specimen of them. 



Table of Sines, Tangents and Secants, 
to every Degree of the Quadrant. 



0174524 

0525.360 

410697565 

0871557 



6" 
/ 

8 

9 

10 

11 
12 
lo 
14 
15 

16 
17 
18 
19 

20 

21 
•2" 
23 
M 



2o 



26 
27 
28 
20 
30 

31 
32 

pm mm 

OO 

34 
35 



Sine. 



Coiinc. 



Tangent. ; Cotangent- 



9998477,01 7455l|57.2899G2 
9993908,0319208 28.656253 



99862950524078 
99756410699268 
9961947 08748S7 



1045285 
1218693 
1391731 
1564345 
1736482 

1908090 
2079117 
2249511 
2419219 
2588190 

2756374 
2923717 
3090170 
3255682 
3420201 

3583679 
3746066 
3907311 
4067366 
1226183 

4383711 
4539905 
1694716 
184S096 
5000000 



19.081137 
1 4.300666 
11.430052 

994521 9j 1 05 1042i9. 5 143645 
9925462|l227846,8. 1443494 



9902681 
98768S3 



1 405408|7. 1153697 
15838}4;6.3I37515 



984S078 1763270;5.67128:8 

9816C72 

9781476 2125566 
9743701 2308682 



1913H03 5.1I45540 



9702957^493280 
9659258 2679492 



9612617 
9563048 
9510565 
9455186 
939C926 



4.704i>301 
4.3314759 
4.0107809 
3.7320508 



2867454'3.4874144 



3057307 
3249197 
3445276 



3.3708526 
3.0776835 
2.9042109 



5150381 
5299193 
5446390 
5591929 
5735764 



9335804I3S3S640 

9271839 

9205049 

9135455 

9063078 



'3639702 2.7474774 

MO 



4040.'62 
4244748 
4452287 
4663077 

8987910|4877326 
8910065 5095254 
8829476 5317094 
8746197 5543091 



8660254 
S571673 



5773503 
6008606 



36 5877853 

37 6018150 
386156615 
I39J6293204 
40 6427876 



41 

42 



6560590 

6691306 



8480481 6248694 
8386706(6494076 
8290376 6745085 
8191520 7002075 

8090170 7265425 
7986355|7535541 
7SS0108 7812856 
7771460'8097840 
7660444'8390996 

7.547096 8692867 
7431448 9004040 



43'681 9984 73 13537 9325 1 5 1 
44 6946581 17195398 9656888 
I5I707 1 0')8,707 1 068 1 0O0r>O0 



2.6050891 
2,4750869 
2.3558524 
2.2460368 
2.144.5069 

2.0503038 
1.9' 26105 
1.8807265 
1.8040478 
1.7320508 

1.6642795 
1.6003345 
1.5398619 
1.4825610 
1.4281480 

1.3763819 
1.3 270448 
1.2799416 
1.2348972 
1.1917536 

1.1503684 
1.1106125 
1-0723687 
1.0355303 



II: 



osin-^ 



' _ _J_ - ,1.0U0()0<X>1 
f~ Sine. I ( <i?.iiii;;nt I Taii;^'! nt. 



Secant. 



.0001523 
.0006095 
(X) 137 23 
.0024419 
.0038198 

.0055083 
.0075098 
.0098276 
.0124651 
.0154266 

.0187167 
.0223406 
.026304 1 
XJ306136 
.0352762 



57.298688 
28.653708 
19.107323 
14.335587 
11.473713 

9.5667722 
8.2055090 
7.1852965 82 
6.3924532 81 
5.7587705801 



.0402994 

.0456918 

.051462213 

.0576207 

.0641778 



.0711450 
.0785347 
.0863604 
.0946363 
.1033779 

.1126019 
.1223262 
.1325701 
.1433541 
.1547005 

.1666.334 
,1791784 
.1923633 
.2062179 
.2207746 

.2360680 
.2521557 
.2690182 
.2867596 
.3054073 



Cosecant. 



^ 



89 

88 
87 
861 
85 

84 
85 



5.2408431 79 



4.8097343 
4.4454115 
4. 1335655 
3.8(37033 



78 
77 
76 
75 



3.627955374 
3.4203036 73 
. 2360680 72 
3.0715535 71 
2. 923 804 4 FO 






2.7904281 



69 



2.669467268 
2.5593047 67 
2.4585933:66 
3.3662016 65 



2. 28 11 720 ;C-^ 
2. 2026893163 

2.1300545k- 
2.06266 J316'1 
2.0000000 60 

1. 94 1LT)40 59 
1.8870799 58 
1.8360785 57 
1.7882916 5C, 
1.7434468 55 

1.701301654 

1.6616401 So 
1.6242692 52 
1.5890157 51 
1.5557238^0" 



.52501501.5242531 
.3456327 1.4944765 
.3675275 1.4662792 
.5901686 1.4395565 
^1J2136 1.4142156 
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briggSy the celebrated improver of the logarithmic canoDi 
uttempted to modify the sexagesioial diTtsion of Rrc8« by re^ 
Uioing the degrees, and only subdividiDg them again succes- 
sively by 100. But this project has not been adoptedi unless 
that the decimal pasts of seconds have sometimes been pre^ 
ferred to the ordinary sucdession of thirds, fourths^ Ac 

2. The French philosophers have« at the ihstahcfe bf Borda, 
lately proposed and adopted the centesimal division of the 
quadrant, as easier, more consistent^ and better adapted to 
X)ur scale of arithmetic Having divided the quadrant into 100 
degrees, they subdivide each degree into 100 minutes, each of 
these again into 100 seconds, and pursue the subdivision as £eur 
as may beueoAsary. An astronomical student is therefore ob« 
liged to become acquainted with the mutual transformation of 
the sexagesimal and the centesimal divisions. As an example, I 
shall select the measure .6366197?2^» which was found in p^ 
199. to express the radius of a circle whos6 opt^oa 

circumference Is 4. This number evidently •^o61977S4 
denotes, in decimal parts of the quadrant, the 57.295779515 
length of an arc equal to the radios, and would 60 

be written thus in the centesimal mode, 17.74677096 

6S«»e6'19»77*^24^ To convert it bto the or- 60 

dinary degrees, minutes, seeonda, thirds, Sco, it 44.8062576 
must be multiplied first by 90, and the decimals kavfrn^ 

again successively by 60. The result is, «-'75M6 
570 Iff 44^ 48'" 22^% which represenu sexa* ^2Jim96 

^esimally an arc equal to the radius. 

Again, the obliquity of the ecliptic at the last summer sol- 
stice being 2S<» 27' 57" 36^ this would be 
easily converted into centesimals, by ascending ^ef.^ 
from the lowest parts, dividing by 60, annexing 5^ 07 og " 
the preceding number, and repeating the pro* s ^25.466 — 
cess till the fihal division by 90. The result ]j2607SS3& 
is 26«> 7'SS* 38''. 

I shall now give a specimen of the sines and tangents com- 
puted to each centesimal degree of the quadrant. 
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Table of Sines to each degree of the Centesimal Division of 

the Quadrant. 



Arcs. 


Sines, 


Arcs. 
21 


Sines. . 


Arc^ 


Sine*. 


Arcs. 
61 


Sines. 


Arcs. 


Sines. 


1 


0157073 


3239174 


41 


6004202 


8181497 


81 


95579.50 


2 


0314108 


22 


3387379 


42 


6129071 


62 


8270806J 


82 


9602937 


3 


04710G5 


23 


3534748 


43 


6252427 


63 


83580741 


83 


9645574 


4 


0627905 


24 


3681246 


44 


6374240 


64 


8443279 


84 


96S5S32 


5 


0784591: 


25 


3826834 


45 


6494480 


65 


8526402 


85 


0723699 


6 


0941083 


26 


3971479 


46 


6613119 


06 


8607420! 
8686315 


86 


9759168 


1 


1097343 


27 


4115144 


47 


6730125 


61 


87 


9792228 


8 


1253332' 


28 


4257793 


48 


68454T1 


68 


87630671 


88 


982287 S 


9 


1409012) 


29 


4399392 


49 


69591 28j 


69 


8837656^ 


89 


9851093 


10 


1564345 


30 


4539305 


50 


7071068 


70 


8910065 


90 


9876883 


11 


1719291' 


31 


4679298 


51 


7181263 


71 


S 980276' 


91 


9900235 


12 


1873813; 


32 


48175371 


5Q 


7289687 


72 


904827 1 1 


92 


9921147 


IS 


2027873 


33 


4954587, 


53 


7396311 


73 


9114033 


93 


9939617 


14 


2181432 


34 


5090414 


54 


7501111 


74 


9177546' 


94 


9955620 


15 


2334454 


35 


5224986 


55 


7604060 


75 


9238795' 


95 


9969177 


16 


2486899 


36 


5358268 


56 


7705132 


76 


9297765 


96 


9980269 


17 


2638730 


37 


5490228 


57 


7804304 


77 


9354440 


97 


998889^ 


18 


2789911 


38 


5620834 


58 


7901550 


78 


9408808 


98 


9995066 


19 


2940403 


39 


5750053 


59 


7996847 


79 


9460854 j 


99 


9998760 


20 


3090170' 


40 


5877853 


60 


8090170 


80 


95105651 


100 


lOOOOOO 



The sines corresponding to the intermediate minutes might 
be easily found from this formula^ 

sin (a + d) =z sin a + .01570796. d. cos a — 
.OOOISS^. d\ sin a + .0000606, d\ cos a ; 
in which the last term will be scarcely ever wanted. Thus, to 
find the sine of 4-30 71' ; the series of corrections is» 
.6252427 + .0087039 —.0000389 + .0000002 = .6339079. 
The sines corresponding to every decade of the centesimal 
division of the quadrant, are obtained by the mere process of 
extracting square roots. Thus, 

sin 10o=t-/(3+v'5)— J>v/(5— /5). 
Mn20 =t(— 1+-/5. 
sin 30^= t V(5+ ^5)— J-/(^— -/S). 
sin 40°= J-/(10— 2^5). 
sin 60°z=5-/2. 
5i>i60o=i(l+>v/5). 
sin 70°=:i(5+ ^/5)+ J ^/(3— >v/5.) 
sin 80°= V(^+ V5) + V('^— \/5). 
Jt would be superfluous, however, to detail the invcsiigalion 
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of these ezprettionBy wkich are derived from the sides of the 
iascribed octagoo and decagon. 

On the basis of this centesiauil division, the FVench have 
likewise constructed their ingenious system of measures. The 
distance of the Pole from the Equator was determined with 
the most scrupulous accuracy, by a chain of triangles extend* 
ing from Calais to Barcelona, and since prolonged to the fi» 
learic Isles. Of this quadrantal arc, the ten millionth part or 
the tenth part of a second, and equal to 89.871 English inches^ 
constitutes the metrCf or unit of linear extension. From the 
metre again, are derived the several measures of surface and 
of capacity ; and water, at its greatest degree of contraction, 
furnishes the standard of weights. 

It would be most desirable, if this elegant and universal 
system were adopted, at least in books of science* Whether, 
with all its advantages, it be ever destined to obtain a generd 
currency in the ordinary aflhirs of life, seems extremely ques- 
tionable. At all events, its reception must necessarily be 
very slow and gradual ; and, in the meantime, this Innovation 
is prodnctive of much inconvenience, since it not only de» 
ranges our habits, but lessims the utility of our delicate » 
struments and elaborate tables. The fate of the centesimal 
division may finally depend on the continued merit of the 
works framed after that modeL 

3. The remarks contained in the preliminary scholium, will 
obviate an objection which may be made against the succeed- 
ing demonstrations, that.they are not strictly applicable, ex- 
cept when the arcs themselves are each less than a quadrant 
But this in fact is the only case absolutely wanted, all the de- 
rivative arcs being at once comprehended under the defini- 
tion of the sine or tangent. To follow out the various com- 
binations, would require a fatiguing multiplicity of diagrams^ 
and such labour would still be quite superfluous^ because the 
mode of extending or accommodating the results from thege* 
neral principle is so easily perceived. 

4. The general properties of the sines of compound arcs 
may be derived with great facility from Prop. 20* of Book VI. 
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of the Elements. For, since AB.CD+ BC. AD= ACBD, it is 
evident that iAB.^CD+iBC..iAD=5ACpD ; but (cor. 1. 
def. Trig.) the semichord of an arc is the same as the 
sine of half the arc, and consequently, by substitution, 
sin^AB sin\CD+ sin\BCsini ABCD = sin^ABC X w'njBCD. 
Let^AB = L,^BC z= M,andiCD 
=N; wherefore ^ABCD = L + 
M + N, i^ABC = L + M, and 
|BCD=M+N, and hence the ge- 
neral result ; sin L sin N -{- sin M 
sin (L + M + N) = sin^ (L + M 
sin (M+N), which L,'m and N 

are any arcs whatever. This ex- ^^ ^^i) 

pression, variously transformed, will exhibit all the theorems 
respecting sines. For the sake of conciseness, let the radius 
be denoted as usual by 1, and the semicircumference by r. 

1. Put A=:M, B=N, and let L be the complement o£ A. 

Then, cosAsinB'\'SinAsin(A + B-f A) ==«»(— -^^ -|- A) 

sin(A+B) ; that is, since the sine of an arc increased bfi^ 
quadrant is the same as its cosine, siu A cosB-^cosAsinBzi 
««(A+B). 

2. Let the arc B be taken on the opposite side, or substitute 
— B for it in the last expression, and sinAcosB — cosAsinB =5 
sin(A^B). 

3. In art. 1, for A substitute its complennent ; then 

sin{A+ B)=sin(^ ^A +B)=sin(j+ A— B) ^cos{ A^B)f 

and hence cosAcosB+sinAsinB=cos(A — B). 

4-. In art, 2, likewise substitute for A its complement, and 
the result will become cosAcosB — sinAsinB=cos{A + B). 

5. In art. 1, let A=B, and 2sinAcosAz=sin2A, 

6. In art. 4, let A=B, and co^A* — sinA*^cos2A, 

7. In art. 3, let A=B, j\ndco5A*-f.««A*=l. 

8. Add the formula! in art. 1. and 2, and 2sinAcosB = sin 
(A+B)+5?w(A— B). 

9. Subtract thcjbrmults of art. 2. from that of art. 1, and 
2cosAsinB=:sin{A + B) — sin(A — B). 
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10. Conjoin thejhrmula of art. S. and 4, and SooBAoatEt:? 
coi{A+B)+cos{A—B). 

11. Takethe/onNtt/i9 of art« 4. from that of art. S, and 
2nii AjtfiB=:C(w(A— B)— co«( A +B). 

IS. In art. 8, lat B be the complement of A» and 2iirA^= 

sin{A + .' — A)i-«n(A — P+A)=l— coi2A=tH?r«2A. 
IS. In art. 9, let B be the complement of A, and 2co«A*sa 

iin (A+ ~A)— (WnA-^^ + A)=l+c(M2A=<«ver«2A. 

14. In art. 5, instead of A snbititute its half, and there re* 
suits 24tii( Ax cot\A^sihA, 

15. In art. 6, likewise substitnte the half of A for A» and 
(cMiA)*— («jiiA)*=rc(wA. 

16. In art. IS, for A substitute iu half, and S<WiiiA)«3 
l-<ofA orniiiAs V(i(l— cot A)):sz^iven A. 

17. Malce the same substitution in art. Id, and 2(coi|A)s= 
l+cofA, oTeosiA^V(l(\+co9A))ss'^innersA. 

18. In art. 8, transform A and B into A+B and A--P, and 
consequently, for A 4. B and A— B, substitute 2A and SB; 
then 2sin (A + B)aii(A— B) = ««2A+«»2B, or im(A+B) 
eos{A^B)=:i(sin2A+sifi2B). 

19. Make the same transformation in art. 9, and 2+B 
co«(A — B) = «fi2A — ttJiSB, or c(«(A+B)*fn(A— B) a 
J(«ii2A— ««2B). 

20. Repeat this transformation In art. 10. and 9co9{A+B) 
«m( A— B) = aw2A + omSB, or aw^A+B) cew(A — B) =s 
i€as(2A+cafiB}. 

SI. llie same transformation being still made in art. 11* 
2#f«{ A+ B)««( A— B)=cof2B - «m2A, or «n( A + B)sin{A^B) 
=4((?oi2B — cos2A). 

22. Suppose L=N=B, and M=A— B; then the general 
expression becomes «iiB"+««(A — B)«>t(A+B)=r«iiA", or 
rf«(A+B)«n(A— B)=:«irA»^ttnB». 

28. Instead of A in the last article, take its complement, uid 

•in (|— A+B)iia(^_A_B) = coKA-^aB/, Qr 
eQs(A — B)co»( A+ B)=:co5 A »— *iaB% 
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24.. Compare art. 21. with 22, and ^(co^Bcoi-- 2A)= 
sin A* — sinB*, 

25. Comparing likewise art. 20. with 23, and 
i (cos2A+co^B)=zcosA^—sinB\ 

26. Resolve the difference of the squares in art. 22. into its 
factors, and «;i(A+B)«w(A — B)=z{sinA^(sinB)sinA — (sinB). 

27* Make a shnilar decomposition in art, 23, and 
cos{ A + B)cos{ A — B):^{cosA+sinB){cosA — ffnB). 

24. In art. 18, instead of A and B take their haWea» and 
sinA + sinB=2sin\(A + B)cosl{A~^B). 

25. Make the same change in art. 19, and sin A — finB= 
2sin\{ A— B ) cos\ ( A + B ) . 

26. Change likewise art. 20, and cosB-^'CosA^ 
2cos{(A+B)cos};,(A—B). 

27. Do the same thing in art. 21, and cosB^-^osA^ 
2sin\(A—B)sini(A+B). 

28. For A substitute A+B, and by art. 16, 4.«n*i(A+B)= 
2 — 2cos{A — B)=2-^2^2»A. sinB — 2coiA. cosB. But by art. 7, 
sinA"+cosB*=. I ,andtherefore4'««*i( A — B)=«nA* 4-mB^ — . 
25i;iA.^mB4.co^ A*+C(W B* — 2cos A. cos Bzz{sin A — *mB)*+ 
(cos A — cos B y. 

The Arabian Mathematicians appear to have been the first 
who availed themselves of the trigonometrical tables in abridg- 
ing the process of extracting roots before the Indian notation 
was introduced among them. 

5. From the third additional proposition to Book III., a very 
simple expression may be derived for the sum of the sinea of 
progressive arcs. Suppose the diameter AO were drawn; then 
BE + CF +DG = HG=HO+DO, or 2««AB+2«ifAC + 
2sinAD = HO + *i«AD, and sin AB + sinAC + sinAD = 
iHO+isin AD = iAOUanBAO+isinAD. Wherefore, in 

general, sin a-f-5in2a -|- sinSa sin na =z \vers iui.co/Ja4- 

\sin na. Hence the sum of the sines in the whole semicircle 
\szzcot\a. Thus, if the sines for each degree up to 180°, the 
radius being unit, were added together, the amount would be 
114,58860. 
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6, Tlieiines and coiinet of the nnaller arcs may be found firom 
art. 16t and 17> by aproceat of contioued bisection. Thus, tbe 
sine of 18s being half tbe side of an inscribed decagon, is 
.8098170, and tbe cosine ^10565. Whei«fore sine 9"* = 
V(\ (1--.9510565)) = v^ (.Od4i718)ss.l56i845, and co*^:s 
V^(i(l+^10665))=: V(.9755282) ss S876888. 

Bat anotber mode may be stated. Let <S denote the sine of 
any arc» and « and e tbe sines and cosine of its half; then 
(#+ c) *==«*+ c»+2«c=: 1+S. and (<— c)»=r#»+c"— 2<c=l— S. 
Wherefore 9+c = V(l + S) and o-w =: v^(l— .S); conse- 
qaeotly9«=J(v^(l+S)— v^(l — 5), and c a 
iW('^ + ^)+V(^S.) To apply this expression, the sine 
of SO being .5, the sine of 15o=:| ( v^l.5»>v^.5)s 
i(l. 2247448— .7071068) = .2588190, and cosine 1S» = 
1(1.2247448 + .7071068) s .9659258, 

?• Afler the table of sines has been constrnctedf th^ for- 
mula «+c=?^(l+'S) A°^ ^ — i^i/(l^^S) may serve for the 
extraction of square roots. Suppose it were required to com* 
pute the square root 'of 40. This may be done either by bmt 
cending from the squares of 5 or 6, or by descending from 
the squares of 7 or 8 ; the former being greater than the half 
of 40, and the latter being less than its double* For 
40=25+15, and v^40 ^ 5 ^(l +^S) ; but .6 is the sine of 
86^ 52' 1 1.63^ ; and the sine and cosine of the half of this,{or 18* 
S6' 581" are .3068278 and .9486834, whose sum, or U2649111, 
being multiplied by 5, gives 6.3245553, the square root of 40. 
Or 405:64—24, and v^40s8v')(l — 375) ; now .375 is tbe 
sine of 22'' 1' 31^% and the sine and cosme of its half, or 
1 1 "^ a5«.99, are .1976424 and .988521 18, whose difference, or 
.7905694 being multiplied as before by 8, gives 6.3245553. 

The same result is obtained from art. 16 ; for C denoting the 
cosine of a double arc, s=:^i{l—C) ; but40=sloaj(l— .2), 
and v^40=(ia%/i(l — 2)) ; now .2 is the cosine of 78<> 27' 
46.95% the half of which is 39^ 13" 53.47', whose sine, 
.6324555 multiplied by 10, gives the square root of 4a 

In like manner, by art. 17. cs V|(l+C)), and W40:±: 
s^k{l + .25.)) But .25 is the cosine of an arc 75'' 31' 2034<( ; 
and the cosine of the half d* the half of this, or S?"" 45' 40.47'^ « 
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I V -^^ ' ^ f^/ 4-' /*-f. -Vc. ; ^:A the or..j d.ncaltr if to disco- 

y4f fh* lki//4»«.ir<; r o«;f?.^i<:r.U A, B, C. Ac. But tfceS* CO- 

#1^,/ »#f,»t »/r frvi.iy fo'<ir.d jo the cas€ where h is an integral 
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mmber ; for since they inuat be indepeDdeDt of tbe Tahie of 
Xt iMSuiae the biooiniai 1 4-lt end involTe its powers by re- 
peated mukiplicetiMi. Tbe result of this procedure will give 
the series of ooefficteiils correspoDdiog to the ifidioes If % S, 
4^5»4be. VoWf it is obvious, from the ]»] ], 
Bode of nuiltiplicatioB oerried to the flil^, i, 
right hand, that eaeh vertical rank is Sl,9, S»l. 
composed 1^ adding every term in sue 4 i, 4, 6, 4^ 1* 
cession to the adjacent term of tbe pre- ^^ ' ^' ^^' ^^' ^' ^' 
ceding column. Thus, in the third row, lsl-f-0^ Ss^^h 
6sS+S, 1Pb44-6 &c. ; and in tbe fourth row, 1=1 +0, 
4=84-1, io=&f 4 ^c. 

By retracing this operation, tbe coefficients are also disco- 
vered which beiong to the indices, that from aaalogical ex* 
tension become allected by the subtractive sign. Thus, tbe 

terms— 1, +1, —1 Ac of tbe _^j . j^ _20&c 

horizontal range opposite to — 1 , _s ^ ^ _3^ ^q^ _10 Scc. 

are found by subtraciing them -^2 

in succession from the zeros "-^ 

which are the advanced terms of ? 

the range immediately beloir. 

Again, the terms — % -^S, —4 of the next range above, are 

obtained by subtracting 1 from -^1, — i from 4.I, 4. S from 

—1 &C. And, in like manner, opposite to — S, stand —3, 

4.6, _10, which result from subtracting 1 from —2, —3 

from 4.3, 4^ from *-4, Stc. 

It is remarkable, that these horizontal ranges exhibit the 
same numbers, only with alternating signs,' as the vertical co- 
lumns in the former tables. The application of both seu of 
numbers is abundantly simple, and exhibits, whenever h is in- 

tegral, the involution of (l4.x)% and of 



1,-2,4-3,— 4 Ac. 

1,— 1,4- 1,-1 &c. 
1, 0, 0, 0, 0, &c. 
1, 1, Ij^l, lyfto. 



which includes also a compound division. 

But to discover the coefficients in all cases, whether n be 
whole or fractional, since (14.x)" =l4.Aj:4.B:r'-f Cj:* &p., 
let both sides of tlie equation be multiplied, by 14.^, and 
(1 +jr) "+»=!+ A* +B««+Cx»*c. 

+ x4.Ax'-|.Bx*&c. 
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Wherefore, when the index ?j passes into n+l, the successiTC 
coefficients A, B, C, &c. must pass into A + 1, B + A, C+B, 
&c. These coefficients being derived from n, such is the con- 
dition which should determine their function or peculiar rela- 
tion. In order to limit the investigation, it may be observed, 
that when w becomes nothing, the coefficiente all disappear, 
and, therefore, no constant quantity can enter into the func- 
tion. It is only further to be remarked, that the several co- 
efficients A, B, C, &c., being obviously formed from each 
other, must belong to successive orders of functions. 

Let A, therefore, which is simply of the first order, be de- 
noted by ncc, and A+1 must be expressed by («+!)*; 

whence 1=«, and A=w. 

Again, since B is of the second order, put B=n«« + nfi9 
and B + A=B +w = (n + \Y» + (n+l)fi ; consequently, by 
subtracting these equations, n=2n«+«- 

Comparing the corresponding terms, « = 2««, and J=« ; 

but «=/3=io, and, consequently, 4+^=0, or fizz — J. Where- 

n~ n n—\ 

fore, 13=— — -=:«. — ^— . 



2 '2 

Lastly, C being a function of the third order, let C=:n'«+ 
7r/3+wy; It follows, that C+B=(n + l)3*+(w + l//3+(«+l>y, 

n^ 11 
and therefore -77— "o = 37J^«+3w«+« 

+ 2W/3+/J 
+ y. 



n« 



Equating now the homologous terms, -^ = 3n"«, — "g = 

3««+2«/3, and «+/8H-7z=o; whence ^ =«, — 1=1+4'A or 
y8=i— i, and ^—^+^=0, or ^=5^. Consequently, C = 
r? n''. n /n«— 3w+2\ w— 1 «— 2 

62^3 \ 6/ 2 3 

Collecting, therefore, the several results, we obtain 

(l+x)«=l+w.x+n/i^.x*M.^^.^^^x» &c. The law of 
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extension is evidentt whatever may be the character or nine 
of »• » 

10* Tike expressions for multiple sines and tangents will fltf« 
iiish an easy solution of some forms of equations. Thus, for 
quadratics, let i denote the tangent of any aro^ and T the tan- 
gent of double that arc ; then T = -H^ , or putting t = fL. 

I— I* ^ m* 

Ts ^^ ; whence Tx* + 8 six = Tw% and 



X* 4* -^ X = m*. Now compare thi« with tl^ general equa- 
tion, X* -f ax = 6', and m^^b*^ or m = ^, and, therefore, 
-9r sa, or T =z — = — ; consequently the arc is found which 

has T for its tangent, and hence t the tangent of half that arc 
is obtainedt and the root xzzbJ, Suppose it were required to 

8 
solve the quadratic, x*-f6x=16. .Here Ts-^, and the cor- 
responding arc is fiS** T 48.38*, or 233* 7' 48.38*; the half of 
which is 96"* S3' 54.19^, or 116o 33' 54.19', and the tangent of 
this bisection is ^, or — ^2, the latter, being only the cotan- 
gent of the same arc ; whence the roots or 4./ are -f2 and 
«-8. Again, let the equation x* — ^5x=24 be proposed : In 
this case, b = v^24=: 4.8989795, and a = _5 ; whence Ta 
—1.9595918, which corresponds to the arc — 62^57'51 .5H or 
4.117<'2'8.49^ and the half of this arc is — 31^28'55.75'' or 
4.58<'8r 4.25^ ^Vherefore t = .—.6123724 or + I.633993I, 
and consequently xsz — S or 4*8. 

It is evident that these formulse will answer only when the 
third term b* is additive. If it be subtrac|ive, the properties 
of multiple cosines may be applied. 

Let the quadratic x*— «jp=— ^* be proposed for solution. By 

8ub8titutingy4--3>=x, the second term will be removed, and the 

equation transformed into ^' :r 7^^** ^"^ ^ ^"^ ^ denoting the 
cosine of an arc and of its double, it follows that C zz 2c* — i 
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put czz^. and the formula will pass into C=-^^ 1: whence 

Cm^srgy — OT» or y*=+— +^"0 ' Compare this with the gene- 
ral equatioBy=-7 — ^% and 3-=—, or w=av'^; but-^— =^% 

and therefore C=z — - — =: — [7—) ; but c=— and 

1/zzmczzc. fly^i ; whence ;r=c.fly^^-J-4a. 

Suppose it were required to solve the equation x* — 10x=: 

— 16. Here ^=4- and a=zlO; consequently C= — f— ) = 

16 

— 25— — •^'*' which is the cosine of the arcs 129*^47' 30^5* 

and 230° 12' 29 .45"; wherefore the halves of these arcs are 
64^53^45.27" and 115°6'14.73", of which the cosine c is 
+ .4240037 and —.4240037. But 0^^:37.0710678, and 
c.av^i=+3 and — 3, whence j:=z+3+5=4-8, and 

— — 3+5=+2; both of which additive roots will answer. 

It is evident that this method will fail, if the tliird term 
should exceed the square of half the second; the verj case 
where the formulae with tangents apply. 

11. The expression for the sine of a triple arc gives a ready 
solution of certain cases of cubic equations. By excluding the 
second term, but preserving the same dimensions, such equa- 
tions will be reduced to the form x'=t:a*x=d^' Now let 
s and S represent the sines of an arc and of its triple, and 

a: 3s 4x' 
,S=3s — 45^; put szz—j and the expression will be 5=s ^-3— » 

' whence Sm'=3m\r—4x^ and finally jt* .x=— 5.— . 

This equation can be assimilated only to the modified form 

x"^ — a^x=:b^ ; wherefore, by comparison, =«*» ^^^ 

4' 



m 



4 , ^' 



S.--ZZ — Z>^; consequently ???=« /-— , and »S= — 
4 1 ^ V 3 /J* 

'^V 27 



V.' 



yj.-;^y- '^'hii?, the arc corrc ponding to the sine 5 is 
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J- 



feimd, and dienoe $ the sine of its third garl; bm 

As an exampfef toppwe «^^i9»s^M0 : Hera iS*b«iflg ' 

equal to -77-^^9 the arcs to which that sine belongs are 

•(48)*' ^ 

67^ W Sl.lAf^ with the Btteeetsive addition of a whole cir* 
cumference. Wherefore those arcs bemg trisected, give 
SSf" W 39.25'', \^V W 89.25'', and 262» 24/ 89.25" ; and mul- 
tiplying the corresponding sines into 2^/48, we obtain^ for 
the roou of the equation, 4-5* +8 and — 18. « 

As anoth^ example, assume «*— 61 « = 4* ISO. Hera 

^--^^r ^ ~V5t^^^ ^"^^ '•'^ corresponding 

arc is — -YS^ 59^ 18.78* ; the trisection of^this again produces 
the successive arcs, —26° 19^46.26^, +93^40' 18.74«, and 
+218'' 40" 18.74" ; the shies beiog multiplied by 2^/201 give 
—4, -4-9 and •^, for the roots of the equation. 

It is obvious, that this method is applicable only when the 
aquBre of half the third term does not exceed the cube of the 
third of the second term ; which constitutes what is called the 
irreducible case in cnbic^, or that wherein Cardan's theorem 
fails. The three roots thus evolved are, consequently, pro- 
portional to the perpendiculars let fall from die angular points 
of an equilateral triangle inscribed in a circle. But the two 
perpendiculars on the one side are together equal to the sin- 
gle perpendicular on the lOther ; a property which coinddea 
with the known condition of equations that want the second 
term, the sum of their additive roou being equal to that of 
their sobtractive roots. 

Suppose the cubic jp*— -48x=128. In thb case, the squara 

of — or 64 being equal to the cube -^ or of 16, the resulting 

arc is 90^, and iu trisecdon gives the aires 80% 150», and 970<», 
Of which the sines are +.5, +.5 and —1 ; wherefora, mni- «• 
tiplying these into 2v'16, or 8, we derive the equal raoto 
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-1-4 and +4f, and an opposite root — 8. Hence, in this case» 
the equation has strictly only two roots. 

Let the imperfect equation ■:'— 37x=:o be proposed.. Here 
the resulting arc vanishes, but the trisection still gives the two 
arcs 120° and 240'^, the sines of which are opposite, being e- 
qual to -J- v^ j and — v^|. The products of these fractions 
by 2\/12, are -f.6 and — 6. But the equation was reducible 
to the quadratic «* — 36=0, where x=>v/36=-t- 6 or — 6. 

12. On examining the formation of the successive terms of the 
first and second tables, it will appear that the coefficients are 
certain multiples of the powers of 2, whose exponents likewise 
at every step decrease by two. It is farther manifest, that if 1, 
A, B, C&c. 1, A', B', C, &c.and 1, A^B^CS &c. denote the 
multiples corresponding to the arcs ?z.a, w-j- i.a, and n — i.a,- 
then x\-t- 1 = A', B + A'=B', C+B'=C', &c. Whence the va- 
lues of A, B, C, &c. are determined, either by the method of 
finite differences, adopting the appropriate notation, or from 
the theory of functions. Thus, in the first table, aA=:1, and 



A = «— 2 ; ABz= A'zzn— 3, and B= ^Z^^ITL; AC = B' = 
, and C = ^-^r . Wherefore, in general^ 

(1.) Sin ;m=2"-^c*^'5~-^^.2'^c»-S5-f ^^=~I=^ 

2"-^c'^'s+ Sec. 



(2.) Cos 7zfl=2«-i.c"— w.2«-3.(;''-2+— ^-^.2*-^c«-*— 
n.7i — i'.7i — 5^ _j. 

^j- .2»-^c"-^+ &c. 

The third and fourth tables are evidently formed by multi- 
plying constantly by 2cos 2a or 2— ^.v*, and subtracting the 
term preceding ; or the multiplication by 4^* produces the se- 
cond differences of the successive quantities. Hence in the 
former, AAA=4«'', AAB=;4A", &c. 

wherefore AA = ??+i.t7+ i, and A = — -= — ; 
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AB-X{. g )= _ , 



and Bs= ^^13 ^' ^'^^ "^ ^* ^'^"'^ ^'c» 

AAA^4v AAB+4A^ AAC'=4F'; and conw^uently aA» 
2»+2,aiMlA=|^ AB==s(2.«+2.«+2)=;5:5±J^ and 

B= * gVr ^* Wherefore, in general, 

n*— I n'— 9 ««— 25 ^ 




»»— I 



(4.) Co, -a=l-2-'*+2 .-g;^- **-^ -55--&6-'^+' *'^ 

In the fifUi and sixth tables, the coefficients are evidently 
the sanw «s those of the power of a binoaiial, only proceeding 
from both extremes to the middle terms. Hence, according 
as Ji is odd or eren, 



{$.) 2*-^ sin a»=:^sfM na=^pnain{n^2)dK±m'-^-^(n^)azfl 



n-'-^.-g-ww (»--6)«=t3&c.; and 



2*-^ sin c^szstsCas na:^3inxos(n^9)adtxn. itM(ii t)n | 

Again, 
(6.) 9^ cos Q^scos ifo-f fi^or(ii«— 2)a^fi«-^.cof(ii— 4a)4- 

In these three expressions, half the last term, which oorre- 
aponds to the middle in the eiq>ansion of the binomial, is to be 
taken, when n is an even number. 

13. It will be satisfactorjr likewise to subjoin an inrestlgation 
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of the sine of the multiple arc, as derived from the Theory of 
Functions. 

It appears from inspecting the successive formation of the 
sines of the multiple arcs, 1. that the odd powers only ofs oc- 
cur ; 2. that the coefficient of the first term is only it, and tha 
other coefficients are its functions of third, fiflh, &c. orders ; 
and 3. that since, in the case when n=i, the rest of the coef* 
ficients evidently vanish, those coefficients in general, as af- 
fected by opposite signs> must in each term produce a mutual 
balance. 

/ /// ///// 
Let therefore sin na=:;i.^-fn.^'-f ti,^' &c. ; where s denotes 

the sine of the arc a, and n, //, n, &c, the successive odd or- 
ders of the functions of 71. It is evident, from (Prop. 3. cor. 2. 
Trig.) that, by substitution^ 

{/ f \ / til in tun '^'A- 

(„ + ,)+(„_ij)*+((„+,)+(„_,)j^4.^(„+,)+(,_,)j« 

I ill mil 
+ &C. rrSv'Cl— 5*)«« 7iazz(2—s*^ls\ &c.X«« + n5'+7W*,&c.) 

/ ^ n III I 

=:2n^-}-(2« — 72)5^+ )2/2 — n—\n)s^^ &c. Now, equating corre- 
sponding terms, and rejecting the'^owcrs off, we obtain these 
general results : 

'/' /// /// / ///// ///// ///// III t 
2?i'z=2«';(w+l)+(w+l)=2/f— w;(« + i)+(w— i)=2n— »— ]«. 

It remains hence to discover the several orders of the func- 
tions of 71. 

1. The equation 2;2'=2n' contains a mere identical proposi- 
tion ; but other considerations indicate that n must always de- 
note the first term, or that the first function of n is n itseJf. 

II' in III y - 

2. The equation (7i-f i )+ [n — i)=:2;i — n fixes the conditions 
of the third function of w, which, from the nature of the rela- 
tion, is obviously imperfect, and wants the second term. Put 
therefore, n^'=«n'+/3«; and, by substitution, 2«n'-f-6«n-|- 
2/3n=i2«?J^-^2/3w^?i. Equating now the corresponding terms, 
and6«=: — i, orrt=— 1; but«+/3=ro, and th(?refore ^ -f-?. 

Whence ;';= - \h-'-\- \ i^^n!~' 
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». Agaui, in the Ihird equation,(«+i)+ (»— i)=:&-«-n— Ji^ 



///// 



Bubstitute Wstus^-H^+yiit and the condittoiis oFdie fifth op- 
der of the function of n will be determined by this compound 
expression: 9mn^+ («eW+«/8}»»+ (10Hr€*+«y)ii=fi*i»4. 
(sil+^>i*+(^y— ^— i}n« Equate the corresponding termsy 

and SXk + ?^:s«/8+ 1, or ^^J^q^SS^* ^ '^^ manner, 
l(W+6/8+2y=2y-i— i, and /8= — ^— r't — A=» —irV» 
^;but«+^ + y=0,^hencey=53^ 

CoHecUvely, therefore, „s:— — — - c«.,g^.jy. 



n«-i 



Whehce, resuming all the terms, tinnasins^ ii. of* * *^ 
w. "s-Q- '"^rg"** — ^c, as before. 

14« From the eifpression for the sine[of a multiple, arc, may be 
deduced the series for Uie sine of any arc, in terms of the are 

itself, and conTcrsely. Let nassA, and therefore a=— ; if n 

be suppdaed indefinitely great, then a must be indefinitely 
imali, and consequently in a ratio of equally to s. Whence, 

substituting A for^na, and— for s in the general expression^ 

.u u- ^A A «•— iA« ««— I ii«-^9 A» ^ ^ 

there reaoks, ^^^^-'^s^^+'SF-irh^^^'^ • 



But n being indefinitely great, the composite fractions . 

ut - 9 &c. are each in effect equal to unit, which forms their 
extreme Ifisit. Consequently, assuming that modificalk»t 
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Again, putting a=A and s=S, suppose n to be indefinitely 
small, and sin na= nazznA ; whence, by substitution, 

«A=zwS— n.-^-^S'+n.-^^.-^^^ S^—, &c, and 

r, w^— I o, W-— I n«- 9 ^, ^ 

^ = s-^:r s* + «• ^x- TT s'-*<=- 

But if n vanish from all the terms, the series will pass into 
a simpler form. 

By a similar investigation, the series for the cosine of an arc 
is likewise found. 

These scries' are very commodious for the calculation of 
sines, since they converge with sufficient rapidity when the 
arc is not a large portion of the quadrant. Though the me- 
thod explained in the text is on the whole much simpler, yet 
as the errors of computation are thereby unavoidably accumu- 
lated, it would be proper at intervals to calculate certain of 
the sines by an independent process. 

15. The series' now given furnish also various modes for the 
rectification of the circle. Thus, assuming an arc equal to the 

radius, its sine is, 1 — cJH+o'^TT^ — ^^' ='8*14?71, and its 

cosine is, 1 — zt+o'qT — &c.=4'40302. But that arc evident- 

ly approaches to 60°, of which the sine is Vi=.866025, and 
the cosine .500000. Wherefore (Pr. 1, Trig.) the sine of the 
difference of these two arcs is .86G025 x .540302— 
Mi^7l X .SOOOOOzn.O^TlS, and consequently, by the series, 
that interval itself is .0472. Hence the length of the arc of 
60° is 1.0472, and the circumference of a circle which has 
unit for its diameter is 3x 1.0472=3.1416; an approximation 
extremely convenient. 
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la The Fifth Pr^pou^anmay he oAenoite demoiutraUdJhm 
the corollaries at p. 364. 

Let AB and BC« or BC'> be two 
arcs, of which AB is the greater ; 
make AD, or Aiy, equal to BC> 
and apply the respective taogenta. 
Because OAE is a right-angled tri- 
angle, and OG^, OF, are drawn, 
making equal angles with OA and 
0£, it follows, that OA'— AE. AG' : 
O A' : : £G' : AF, and consequently 
B*— ^an AB. tan BC : R* : : 
IfliiAB 4- taiiBC : tan (AB+BC). 
Again, since 06 and OF make 
equal angles with OA and OE, it is 
evident that 0A'+ AE.AG : 0A< : : EG : A^^ and hence 
R« 4- tofiABlanBC : R* : : toJi AB-^onBC : ton( AB^BC). 

17. The radius being expressed by unit, the sum of the tan- 
gents of the angles of any triangle is equal to the number 
arising from their continued product. For, let A, B, and C, 
denote the several angles of the triangle ; and since two of 
these, such al^ A and B, are supplementary to the remaining 
one C, the Ungent of A 4. B is the same (schol. def. Trig.) as 
that of the third angle in an opposite direction. Whence 

l^anTjtan^ = ~ ^"^^ ^^ therefore tan A + ten B =s 
f-4aitC + tan A tan B ten C, or ton A -f- ten B -f- ten C =: 
/tfn AteflBtonC. 

18. The properties of the tangents are easily derived from 
those of the sines, 

-, rri A . . r% *^A. JtnB iinAcosB+cMAnnB 



(art. 1. NO. 8.)^^!!^^^ 
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2. Change the sign of B in the last article, and tan A — ianB^z 
5fw(A— B) 

cosAcosB ' 

3. Instead of A and B in art. 1. substitute their complements^ 

„ sin( A+B) 
and cotA+cotB= ^-^^^.^^ , 

4. Make the same substitution in art. 2, and cot B — cat A ^ 
sin(A—B) 

sifiAsinB ' 

5. Ta«(A+B)= — ^i|^ z= (art. 1. and 4, NO. 3.) 

sinAcosB+cosAsinB ,.,,. i.-ii. * ry 

— X — u • A ~=~\j9 which, being divided by cos A cos B or 

. . . „ . , . ,.. /flfwA+/a7iB co/B+roM 

««A««B, gives <<z«(A+B)=j_^^„^^^„jj=^^^u^^,^_l. 

6. Change the sign of B in the last article, and tan{A — BJ= 
tan A — ta7jB _ cotB — cot A 
l+/awAtowB~"Jo/Bco^A+ 1* 

7. Divide the expression in the first article by that in the se* 

1 A ^^'w(A+B) _ ^flnA+/gwB __ cQ^B+co/A 
' «w(A— B)""ia//A — ((uiB^cotB — cot A 

8. In the last article, change the sign of B, and instead of A 

, . , , cos( A + B) cotB — tan A 

take Its complement, and — > |X = — td-tz — 1>= 
^ ' cos(A — B) cotB-{'tanB 

cot A — ianB . 

cotA-^-tanB 

9. Divide the expression of art. 12. NO. 3. by that of art. 5., and 
1 — cos2A_ 2sinA' ^ sin A ^ 

sin2A " ^sinAcosA" TosX'^^^^^' 

10. Divide the expression of art. 5. in the same number, bj 

-.u *. r ^ * 1 Q 1 si7i2A 2sinAcosA sinA 

that of art. 13. and ,-; z7T = '-75 — rr-=— -rT-=/a«A. 

l+cos2A 2cosA^ cos A 

11. Multiply the expressions of the two preceding articles, and 

l-w:o52A •/l-~cos2A 

T— ; — tta = tanA"* or tanAzi 4/ ,-- ^^-r • 

1+C052A * y 1+C0S2A 

12. Decompose the expression in art. 9., and ta?i A = 

1 co^2A 

iMA^nJPlA^'^'''^^-'''^^^' 



VOTES AlTD ILLUSTaATIOMS.' S99 

18. In the last article, ehaoge A into ita complement, and 
cof As comSA^- Ml2A. 

14. Subtract the last exprettion from the one preceding it, 
and te«A-i€0lA=— 2«i<2A, or ianA=co^A»2ccrf2A. 

15. In art. 9, 10, and 11, for 2A and A, take A and JAj a^ 

1— ^ogA _ siaA _ y l— cpyA ^ 
*^ *^^ ""SSTT* ^ 1 + coiATy 1+ CM A 

16. Multiply the expresgions of art 1. and 2.,'and (tea A4- toaB) 

«. «t»(A+B)(«iiA— Bl 
(*aiiA-<flnB)=te«A*-4enB«= LaW^ ^• 

17. Multiply the expressions of art 8. and 4., and (colB^f^colA ) 

^ .^ ««(A— B) W«(A+B) 
(«i<B-<o*A)=«rfB«-ca*A«i= ^ ^^nA^nB* ^ ^ ' 

18. Difide art. 2& of Na^S. by art. 8a, "^ ^JnA^mB ^ 

gw»KA-|rB) cosKA— B) _ tont(A+B) 
2fiwi(A+B) «iiJ(A-.B)""«tt«4(A— B)* 

19. Divide art 80. of the same NO. by art. 81., and' 
cwB+cQfA _ gcofKA+B) cmKA— B) _ co^i(A+B) 
MiB— CQtA~~8nfiKA+B) «fii(A— B)'"toni(A— B)' 

19. From art. H., the reciprocal of an arc may easily be denot- 
ed by a series : For since co<A — ^2ro/2A=:toaA, if the arc A 
and its compound expression were continually bisected, there 
would arise : 

\cat\K— cd h^\tan\iL 

\coi\K--icci\L:=L\i<ui\K 

&c. &c. &c. 

Wherefore, oollectmg these successive terms, and obserring 

the effects of the opposite signs, the general result will come 

out, 

1 A 1 A 

-gr^-gr— «rfA=i<aaiA+J/a»tA-HteiiiA ... -k^-^^on-;^ 

If 91 be supposed to become indefinitely large, then 
1 ,Al 1.,. .li_2-l 1 

and consequently 

This expression, howererj is more curious than useful. 
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20. It is obvious that the terms of the series for the tangent 

of the multiple arc are formed out of the coefficients of the 

powers of a binomial. Wherefore, 

M— 1 n— 2 . , ^ 
71/ — n • —^ ^r + &c. 

(7.) Tan na = — 

w— 1 ^ n— 1 w— .2 n— 3 ^ , 
1— n-— 2"/*+ n.-2 3 ^t*-^&c. 

Hence also, 

n— I n— 2 - . w— 1 ti— 2 n— 3 n-^4-,- 
(8.)'S/wna=c"(w/-w.— 2 3""^ M-^--^ 3~"^'~5~ 

— &c. and 

n — 1 ,^ . n — 1 n — 3 n — 3 . 
(9.)Co5Wfl=c"(l— n). -^ i^+n.--^ g T^ 

n— 1 n — 2 72 — 3 w~4 n — 5 - . . 

21. The series for the tangent in terms of the arc, is easily 

derived, by the theory of functions, from the expression of the 

2t 
tangent of the double arc. Since /a?/2fl=r— p=2/+2/' +2i* 

+ &c. Put t =za+ Aa' 4. Ba* + &c., and by substitu- 
tion, tan2a=: 2a + SAa^ + 32Ba' + &c. = 2a + (2A+2)a' + 
(2B + 6A + 2) a' +, &c. Equating, therefore, the corre- 
sponding terms, we obtain, 8A = 2A + 2, or A = J, and 
32B = 2B + 6 A + 2, or SOB = 4, and B = t-^-. WTience, 
in general, fan a = a+^a^+ ^Sa^, &c. Again, revert this se- 
ries, and az:f— J^H L-^*— !/^-|-&c. 

But the same conclusion is attained more directly from the 
general expression for the multiple tangents. Let wan A and 

A . 

tan na:=:T ; then — = /, and if n be supposed indefinitely great, 

7. 

this elemental arc a will become equal to its tangent /. Where- 
fore, 



T = — 





n, 


A 

n 


' ^^^HH 


W— 1 71—2 

''• 2 • 3 • 


A« 


-&c: 






n — 

'• 2 


1 

T 


A^ 


+ 


w— 1 n—2 

""• 2 ■ 3 • 

A — lA^+&( 


n—3 

c. 


A* 


'Sec. 


• 



Whence by division T = A+ J A'+ ,\A^+ &c., 
and by reversion Azz T — i T^+ ' T^ — S:c, 



•Hie li0tMikfa8bfd« the tamt Mpeditiow »oAq for the 
iMtificetioH of the circle* Aaettoie an evc e» whese llfeifettt t 

IB one-fifkh part of the radiua, and tan *^= J^s«li3* ^ 119* 

* ' * "1 

coniequently (Prop. 5. Trig.) tan (4a -^ 45*) = ggg^ 

i)0*»lM,10Q»4l8» Wherefore^ .eempetieg tte tenm of the 
ieriei, e=3a07|395|559^8dO* and j4ai3.789^2,^9,IOa ' Ik 
Mke maiUiert we fied 4a— i5^8ft«0M»18i/y76|b0Q^ end beoca 
the difEbrence JhetMca iheae valeesi or .78^^8M»16S4 exUbiti 
the length of the octant i which tiuQiber» multiplied by 4^ 
ghroa 9>1415996586, for the dreeatfeience of a circle whoae 
diameter it 1* . 



S& Fk^peeition sixdiy with iti oorollarieai woi^d furniah • 
aipiple quadrature of the circle. The sine of aMmiarc being 
equal to half the^ chords it follows that the ratio of ao arc to 
ita chord is ooonpounded of the successive ratios of the radius 
to the cosines of the continued biseotiona of half that arc« 
Assuming therefore the arc of 6(P, whose chord is equal to the 
iediu% the logarithm of the ratio of tlie ctrpuraference of a 
circle to its diameter will be thus computed : 

Arith. comp. log. Cos 15o = .0150562219 

•- CotJ^W 2= .00S7914SS9 

Coi S*» 45' . = .0009308547 

— — — — Cat 1* 52' SO" = .0002325891 

— Cos 0° 56' ly = .0000581995 

■ ■ ■ Cos 0"* 28' 74' = .0000145344 

One^ihirdqfthglastiermp = .0000048448 

Logarithm of 3 s .4771212547 



.4971493730, which 
exceeds only by 3| in the last place^ the logarithm of 
3,141592654. As the successive terms come to form very 
nearly a progression that descends by quotients of 4, the third 
of the last one is, for the reason stated in page 245, consider- 
ed as equal to the result of their continued addition. 

2o 
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^. An elegant mode of forming the approximate sines <ibr* 
responding to any division of the quadrant, may be derived 
from the principles stated in the calculation of trigonome- 
trical lines : For the successive differences of the sines for the 
arcs A — B, A, and A -(- B, are sinA — sin (A^ B), and 
sin ( A -)- B) — sin A; and cohsequeotly the difference be- 
tween these again, or the second difference of the sines, is 
sin(A + B) + sin (A — B) — 2sin A = (Prop. S. cor. S. Trig.) 
— 2versB.sinA. The second differences of the progressive sines 
are hence subtractive, and always proportional to the sines 
themselves. Wherefore the sines may be deduced from their 
second differences, by reversing the usual process, and recom- 
pounding their separate elements. Thus, the sines of A — ^B 
and A being already known, their second and descending dif- 
ference, aS it is thus derived from the i^ine of A, will combine 
to form the succeeding sine of A-{-B, which is — ^versBsinA^^- 
(sin A.*-^iniA — ^B)) *|- sin A. It only remains then, to deter- 
mine, in any trigonometrical system, the constant multiplier 
of the sine, or twice the versed sine of the component arc. 
Suppose the quadrant to be divided into 24 eqiial parts, each 
containing 3^ 45^ or 225'; The length of this arc is nearly 

Y'S~168' ^ consequently twice its versed sme x= (100/ = 

1 . 

(^Qo) {q approximate terms. If the successive sinel, dorre* 

Spending to the division of the quadrant into 24 equal parts, 

be therefore continually multiplied by the fraction---, or di- 

233 

vided by the ntiinber 233, the quotients thence arising will 
represent their second differences. But, since 233 is nearlj 
equal to 225, or the length in minutes of the primary or com- 
ponent arc, and which differs not sensibly from its sine, — ^this 
last may be assumed As the divisor, the small aberration so 
produced being corrected by deferring the integral quotients* 
In this way the following Table is constructed* 
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Ftfti of Ui« 
quAdrtnt. 


Aia» 


»-. 


IttDift 


MDHt 


Aica 


1 


tt5^ 


225 


224 


1 


8<' 


45" 


8 


450 


449 


222 


2 


7 


30 


5 


675 


671 


219 


3 


11 


15 


4 


900 


890 


215 


4 


15 





5 


1125 


1105 


210 


5 


18 


45 


6 


1850 


1315 


205 


• 5 


22 


90 


7 


1575 


1520 


199 


6 


26 


15 


8 


1800 


1719 


191 


• 7 


30 





9 


2025 


1910 


183 


8 


33 


45 


10 


2250 


2093 


174 


9 


37 


30 


11 


9475 


2267 


164 


10 


41 


16 


IS 


2700 


2481 


154 


• 10 


45 





13 


2925 


2585 


143 


11 


48 


45 


14 


3150 


2728 


131 


. 12 


52 


30 


15 


3375 


2859 


119 


• 12 


56 


15 


16 


3600 


2978 


106 


13 


60 





17 


3825 


3084 


98 


13 


63 


45 


18 


4050 


3177 


79 


14 


67 


SO 


19 


4275 


3256 


65 


14 


71 


15 


20 


4500 


3321 


51 


14 


75 





m 


4725 


3372 


37 


• 14 


78 


45 


» * 


4950 


3409 


22 


15 


82 


30 


28 


5175 


8481 


7 


15 


86 


15 


24 


5400 


3438 





15 


90 






It will be Men thit the nmnber 225» width expreMet th* 
Icngdi of the eomponeiil are^aod thereforerepreacnts TeryBCar* 
ly its nntf u here amployed at the conttaac divitor. Thtia« 225t 
divided by 225» givea • quotient 1 ; aod this, tobtracted froin 225» 
letToa 224« which^ being joined to 225, forma 449« the aise of 
the aeooiid are. Again, 440 divided by 225, gives 2 for ita in* 
tegral quotient, which taken from 224» leavea 222 ; and thlay 
added to 449* nakea 671, the aine of the thiid are. In thia 
way, tie ainea are ancceaaively formed, till the •quadrant la 
oonpleted. The int^ral qootienta, however, are deferred! 
that it, the neaieat whole number in advance it not always ta« 
ken. Thus the quotient of 1315 by fStSf being S\i^ which ap» 
proadies nearer to 6, yet 5 is still retained. These efforu to 
redress the errors of computation are marked with asteriska. 



i 1-:. 



TS-"— -i-r 



■aa^ ^Ba 






-* *^^b^i»^ 



-.:i« 



:cc r 



zz A 



"ZTAji 



» J. 







nzcc 







dLI 



» ; — 



&- -I Vt 




■: ^•~' z" -.rnra^ i.a- > 



tr.'. ^ 






>'• 



♦>/^' r 



-.»i -I-l.- 



^ \':'7 v^ I*in£_'f n't LTtcT 



^-i •» 






.^s-- >C^ 






rj re u i f -x*3_ss to ibcir 

:. -lei w-.ti s $or: erf" c;j;rxal 
:z VI,:) zrierfsacis it **» 



^r of bludes of gma in a. meadow, or the mimber of grains of 
iiand on the Ma iliore«*' , 

On feeoptidering the eiihjeel) I have qo doubt that thia «f 
bridged ta|i»le of ipnes wi(^ origiiyallj defived from the Ara« 
bians* They [^roceed^d i^ their cqxnputation, we have ^een^ 
from the b^eciioni of the K(irdafa or arc of l5^^ and in dii^ 
posing of the results they might oocasionaily, iqmead of do* 
scendiBg to seconds, atop at minutes. This wonM g^ve a n^ 
dius of SOQCV ; but^ if ^hej estimated the raditis io sexBgesim^l 
parts of the circumference, it ?rould be reduced %o 3438^ But 
the fourth pad of 1 50 or the 9^th part of a qua^r^nt, if ^25^9 
which must be very aearty the length of its ame measured hf 
the same scale. The sines of the successive multiple ares form 
a recurring sefies, the pomp<Aition of which It was not difficult 
Io perceive. The fundamental table of Purbacbius, who fpl* 
kwed the Arabians, was, we have alxeady obsefyed| ad9|>ted 
to tbe same subdivision of the quadrant, 

M. The|p|i|BciffasbeforestaSiadleadtoanelegaiitconstruetion 
of the apjmxiosate sines, entienly adapted to she 4eoimaI acaie 
of numeration, and the nautical division of tbe drole. Suppose 
a quadrant to oontain 16 equal parts, er kaifjminU of tbe nuxH* 
nef*$ crnnpasi / She length of each arc, the radius being pnit, is 

l^rly-s-.^ == Tj^ and consequently twice iu vesaed sine js 

11 • 1 • 

(.-75)*, or* in round numbers, j^* It will be sufficiently i|c- 

curate, therefore, to employ 100 for the constant divisor. The 
sine of the first arc or half point being likewise exprsfsed by 
100, let the nearer integral quotieols be always retained, and 
the sine of the wfiole quadrant, or the reding imelf, will efmie 
out exactly 1000. The first term being divided by 100 gives 
1 for the second difference, which, subtracted from 190, leaves 
99 for the first difference, and this joined to 100, forms the se- 
cond term. Again, dividing 190 by 100, the quotient 2 is the 
second difierence, which, uken flrom 99, Itavf s99 for the fisst 
difference, and this added to 199, gives the thied tend, 
like manner, the rest of #be terms are fbund* : 
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Half 
points. 


Arcs. 


oes. 


Ist Diff. 


2d Diff. 


Excess. 


Correct 
Sines. 


1 


5° 37i' 


100 


99 


1 


3 


97 


2 


11 15 


199 


97 


2 


4 


195 


3 


16 52^ 


296 


94 


3 


5 


291 


4 


22 30 


390 


90 


4 


6 


384 
473 

^ 557 j 


5 


28 74 


480 


85 


5 


7 


6 


33 45 


565 


79 


6 


8 


7 


39 224 


644 


73 


6 


9 


635 


8 


45 00 


717 


66 


7 


10 


707 


9 


50 374 


783 


58 


, 8 


9 


774 


10 


56 15 


841 


50 


8 


8 


83S 


11 


61 52J 


891 


41 


9 


7 


884 


12 


67 30 


932 


32 


9 


6 


926 


13 


73 7i 


964 


22 


10 


5 


959 


14 


78 45 


986 


12 


10 


4 


982 


15 


84 224 


998 


2 


10 


3 


995 


16 


90 00 


1000 











The errors occasioned by neglecting the fractions accumu- 
late at first, but afterwards gradually diminish, from the effect 
of compensation. The greatest deviation takes place, as might 
be expected, at the middle arc, whose sine is 707 instead of 
717. Reckoning the error in excess as limited by 10, and de- 
clining uniformly on each side, the correct sines are finally de- 
duced. The numbers thus obtained seldom differ, by the 
thousandth part, from the truth, and are hence far more accu- 
rate than the practice of navigation ever requires. This sim- 
ple and expeditious mode of forming the sines is not merely 
an object of curiosity, but may be deemed of very consider- 
able importance, as it will enable the mariner, altogether in- 
dependent of the aid of books, to the loss of which he is often 
exposed by the hazards of the sea, to construct a table ofde^ 
parture and difference qflatitude, suflSciently accurate for every 
real purpose. 



25. In trigonometrical investigations, it is often requisite to 
determine the proportion which the difference of an arc bears 
to that of its related lines. With this view» let A denote the 
increment or finite difference of the quantityto which it is 

prefixed. 
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!• In art 90. of Na 15. cbuge A into A+AA, aod B bta 

AiMA=Sfm|AAm(A+iA^A). 

S. fiiake the taiii0 chani^ in art* 31* of that number, and 
AcotAsz—2siniAAdH(A+\AA). 
d. In art. 8. of NO. 19« let a aimnar change be made, and 

^^^=??i^Acaf(A+AA) ■ 

4. Do the tame thing in art. 4. and 
. .. miiAA 

A^^="15XHS(A+aXT- 

5. In art. 82. of NO. 15* make a like aubatitotiont and 
AitiiA*=iJtJiAA.im(2A4.AA), 

6. Let the tame change be made ii) art. 88., and 
AcotA*=;-^'iiAA.m(8A+AA). 

7. Do the tame thing in art. 16. of Na la an4 
., A. WitA A(Jtii8A+AA) 
^''^*= cyA^f5A+AAV '' 

8. Laatly, let a sunilar change b« niade in art 17. pf that 
number, and 

.^At * <aAA<Jw8A+AA) 

If the^dfj^irencef Ife conceiTod to diminish indefinitely and 
past into dijffkreniiaU, these ea^pressions, in coming to denote 
only )in|iting ratioi, will drop their concrescences and acquire 
a much |impler form. Thus, adopting the characteristic d^ 
aince the ratio of an arc to its sine is ultimately that of equ^ 
lity, and the sine of A^-ilA may be considered as die same 
with the sine of A ; it fbUpifS. that 

1. d smAs:+€otAdA. 

8. d eoiAs^^AdAj 

dA 

4n d cot A ^m ■ I n ^ 

5. d MA^^+^tmAeoiAdA. 

6. d ooiA^si^itmAcoiAdA. 

* * 

•* • ._ A A . 8/aiiAaA 

7. d |«,A»=+-J5j3p-- 
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Since dsinA:=cosAdAf or the variation of the sine of an 
arc is proportional to its cosine ; it follows that, near the ter- 
mination of the quadrant, the slightest alteration in the value 
of a sine would occasion a material change in the arc itself. 

d\ . " 

Again, f//flnA — — j^, or the variation of the tangent is in- 
versely as the square of the cosine, and must therefore increase 
with extreme rapidity as the arc approaches to a quadrant. 

26. Propositions 12, 13, and 14 might be demonstrated from 
another figure. Produce the shorter side BC of the triangle 
ABC till BD be equal to BA, join AD, bisect the vertical an- 
gle by the line BE, and draw CG and CF parallel to BE and 
AD. 

It is evident that BE will bisect AD r> 

at right angles ; wherefore (II. 24. El.) 

AE.EG= ^^ = (II. 19, El.) 
AC+Cp AC-CD 3^^cD= 

AB — BC ; and consequently i 



_AC + AB— BC 

2 ' 



and 



AC— CD 




G D 



1-^ — , Let S then denote the semiperiraeter of the 

triangle ABC, and AE.EG=(S— BC) (S— AB). 

Again, the triangles FBC and £BD being similar, 
(BD + BC)'' = (11. 10. El.) (BE+ BF)^ + (ED + FC)^ =; 
(BE + BFf + AG^ ; but AG^zz (II. 11. El.) AC^— CG% and 
therefore (BA+BC)'^— AC* = (BE + BF)^- CG"-; again (If. 
19. El.) (BA+BC + AC) (BA + BC— AC) = (BE+BF+FE) 
(BE + BF — FE) = 2BE.2BF ; whence BE.BF = 
/BA + BC+AC\ /BA+BC— AC\ ^,^ 
\ 2 )\ 2 ^ = S^S- 

right-angled triangles BFC and BED (Prop. 7. Trig.) 
1. BC : FC : : R : sinS^^ and BD : ED :2 K : «»iB ; wherefore 



J=S(S— AC). Now. in the 



JTOom Alio iu.utvaA«Qw. 409 

BA.BC : AE.E6 : : R* «tiii|BS or )iA.BC f (8^9A) fr-«Q) 
t : R* : M114B'. 

2. By Prop. 8. Tri^. BF: FC : : R : ton^B^ ■ii4 BE; ED v: 
R : ianiB ; whence BE.BF : AE.EG : : R« : ian{B, or 
S(8-^AC > : (8—B A) (6^^C) : : R* t imi^V. 

$. BCiBfiiRicos^B, and BD^BE:: R: co^^B; 00090- 
quently BA.BC : BE.BF : : R* : eM^BS that is, BA.BC : 
S(S. .AC) : : R* : ni^B*. 

The Mme figure wooMalso iVirniah an easy prfof of tho fft« 
markable property, that the area oftL Hipngle la a neaa pM- 
.portional between the rectangle under the semiperimeter 
and its exceia above the baaey and the rectangle under ita ex- 
ceaies abovo the two ^idef. . For ibe area of the triangle 
ABC» or of the difierence between the triangles ABD and 

ACD^is equivalaot(I1.6.£L} toBE.AE^«CG.AEor FE.AE;p 
BF.AB. But the triangles BFC and BEA being similar, 
BE : AE : : BF : FC ; ai4 CODseqMeotlj {T. S. EL) 
BF.BE : BF. AE : : AE-BF : AE.EG, that is, T ezpi^essing tite 
. araa^of tho triangle, 6(S— AC) ; T :< T ; <S^4P)i(S.*^C> 

27* It is convenient to reduce the solotido of triangles to d- 
gebraicybrmttte. Let a, A and cdaoot* th^ sides of aoy plane 
triangle, and A, B| and C their opposite angles. The Tartous 
relations which connect these quantities may all be derived 
from the application of Prop. 11. 

1. Cos A= -^^ > 

2. Bat, since (art. 16. NO. 9.) Wir{A*s»({l»0ofA), it fol- 
lows, by sub«tilMlipn« thai 4i>iA';g ^ wi -^ss 

' vL* --ys • AAc > "*^ therefore, * denoting the 

semiperimeter, Stii|A*=:^ 4^^^^; which correaponds to 

rkrop.14. 
S. Again, because (art 17. Note S.} cosiA^:sHl+catA)9 

by .ub.Utution, c«iA. = 1^S±^j^^itt^= 
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( (b+c)+a) ( (^.c)— fl), , 

^ ^ ^ ^ ^y ^^^ ^ -'» and consequently 

Co5|A* = — T — ^ ; which agrees with Prop. IS. 
4. The second expression being now divided by the third, 

gives tan iA* = ^ — (\ — ^ corresponding to Prop. 12. 

These are the formulcc wanted for the solution of the first 
case of oblique-angled triangles. To obtain the rest, another 
transformation is required. 



5. It 18 manifest that smhrzzl — cosA}^ rjv ^» 

41^ 
and consequently, by Note 5. Book VI., wnA* = -rnr* o** 

2T . 2T 

sin A = -r- • For the same reason, «nB = -^ — » and hence 
be ' ac 

-^Tc= -T- ; which corresponds to Prop. 9. 

6. Again, by composition, " a j- nfi ^alO* w^^.^^^'^^'^t 
by art. 18. Note 7. 

7. Lastly, transforming the first expression, there results, 
a = Vib^+a'—^bc cosA)=z^{ (i— c)«+26c vers A) 

=-•( (*+c)'^— 2m+cojA) ). 

The preceding^rmu/or will solve all the cases in plane tri- 
gonometry ; but, by certain modifications, they may be some- 
times better adapted for logarithmic calculation. 

b 



8. Divide the terms of art. 6. by a, and . wL , r! = 



1— 
a 



toni(A+B)-"j^ 



a . 

let b ^ ^ <gy|X(A — B) \^4anx , ^ ^ ^^^ ,^ . 
-— =: tanx^ and ^^^i/a . m = f TT = (art. 6. NO. 19.) 

tan (45^— x). Wherefore, •— = tan x, and /a»(45''— «) =r 
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tofi|C lafi|(A-*B)slafiiC col({C+B)ss 

tefiiC(— co<(iC+A) ). 

9. Agaio, from art 7. asy^ ( (i-^)*-|.fiicoerffA)= 

Sic 
(6— <)^( 1 4* .1 u . vert A) ; consequently find tan xzz w 

V'^ic - . A- a/ *g „' 



V I*'* A =g- r/l < »«iA, anda =(i— c) Me 



eosx 



10. But the expretiion in art. 1., bja difierent decopipoiitioQi 

2ic 
gWet a==^((*+c)«--2fc«iwr«A)=(4+c)^(l-^-3q^;*«ofr#A) ; 

wherefore find mii «= -^r7^\/'«^'A=^-^— co*JA,and 

a^bJ^»e) COMA 

1 L Other exprettions are likewiae occasionaUy used. Thus» 
by art. !•» 2fe.cofA = 4*+c*— «•, or c* — SicxotA =: c*— 4", 
and, solving this quadratic, we obtain 
c=^coiA:±z^{a*—V^>KcaiA*)sbcotAz±z^(a^~^smA%w 
csi cosA =±: ^{ (a+b staA) (a^i siuA)). When two sides 
and an angle opposite to one of them are given, the third side 
is thus found by a direct process. 

12. From art 5.» ezza jjj^ ; but C being a supplementary 
aiigle».its sine is the same as that of A+B, and consequently 
^^ ^nmAcoi^^AsinB y By a similar transformaUon, 

tinC _ nnC a 

*^*<Mi(B=C) ^^mBcosC+cotBimt^co$B+sw] 

IS- LasUy, from art 8. of Note 19, coiA+coiC ss ^j^j^ 

jtnB A * i 

= I T ' -7 . =— ^> »n* therefore colA s — j-^s — ^ C ^ 

b^acoiC . . flWiiC 
r-T?-, ortaii A 9 T ITT?- 

If the angle A be aaomed equal to 90^, the preceding 
Jormuhe will become restricted to the adutioD of righ^aBgM 
triangles. 

14. From art I., wAsroae - ^at ■ ? whence, 4i*sA^^t 
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which expresses the radical property of the right-angled tri* 
angle. 

15. From art. 5., r = — > ^^^ consequently sin B= — , 

which corresponds with Prop. 7. 

16. Again, from the same article. — =-7-7^= — 5-, and 

° c smC cosB 

b 

therefore tan B =: = cotC 

c 

For the convenience of computing with logarithms, other 
expressions may be produced. 

17. Thus, from art. 14., b*z^a* — c% and hence 
^=./((a+c)(a-c)). 

18. Since a^=6*'(l — yj-), put -y- z= tan x, and q = k(secc)=z 

h 

cos x' 

c* c 

19. Lastly, because b'^ = a* (lr|--g-), put — = sin x, ^d 

bzzaxos Xm 

Besides the regular cases in the solution of triangles, other 
combinations of a more intricate kind sometimes occur in 
practice. It will suffice here to notice the most remarkable 
of these varieties. 

20. Thus, suppose a side, with its opposite angle and the 
sum or difference of the containing sides, were given, to de* 

termine the triangle. By art. 5., a = — r-'U- = — ^-v,- , and 

*' ^ sinB stnC 

therefore «==ii^4±£4?A^(H£WB+C)^ (art. 5. and 

st7iB-^sinC sinB-{'StnC ^ 

Sb+cJ2sin\(B+)Ccos\(B + C) _ ib+c)cos\(B+C) 
iciNoiei^.j 2sini(B+C)cos\{B^C) " co54(B— C) * 

But cosi(B+ C)=«n5 A, ^nd hence coi^(B— C)=^— i^^i— ; 

and the difference of the supplementary angles B and C be- 
ing known, these angles themselves are hence found* 



*-y 
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In like manner, it will be found that <iii^(B— Cs(^^^ . 

SI* Let a aide with ita adjacent ailglv and the tuin of thd 
other Aidea be gWeii, to detertnine the triangle^ By art. 4. 

*fl«i A* = ^—^ And tan ^B^a ^^^^ ; whence te»iA« 
<aA|B* = — ^ S ^^> .*°^ cbnsequently tonjA^an^B = 

Agtua by art. 1., SiecMA f; fi* + c*— a*, or a* i*— «*= 

— Sieu»(A, and adding 2ai + 26* to both tides, a* + 2ai ^ 
i*-«*s:2a»4.26*-.SiM(wA, or (a+*)»— c»tssfi4(o+4_<.«»A); 
Whence ((«+3) +c)((«+ »)— c)=:2»(a+«_crfo»A),and 

IT the aigtt of A be changed, and the aopplement of its adjc- 
ttent angte tfaarefiwe aaaiunedi we ahaU obtain 

The relatieii of the aides and angles of a triangle might also 
be In vtae tltfea oonTeniently expressed by a converging se- 
r5A« n>n. * ^<w»B_ «»B _ f^B ' 

ncs. ^ft^* X-"i5a"-iBi(Bq:C)-" iialfe^,f,i^BWne> 
and oonaei|iiently 6 smB mCj^ bcoA ifiiO e a m B, or 

J3^5^=5JB=^««B. Wherefore, by actual division, toaBs 

ifjiC+ySwiC coiC +p-«»C coiC«+-^nC«MC»+ Ike. i 
awhatitttclag thd poweia of thia expression for those of 

a 
«wC + Ac ; ot± iinC + —iinSC + ^sinSC + '^|ffiiiC+ 

ike. • « 



the tangent in the series of Note 9*, we obtain Bzs—iin C 4^ 
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In certain extreme cases, approximations can likewise be 
employed with advantage. Thus, suppose the angles A and B 
to be exceedingly small ; then, by page 24*79 their versed sines 
are very nearly equal to half the squares of the sines. Where- 
fore, sinCf or «n(A+B)=(art. 1. Note 15,), sinA{l — J«nB*) 
-{. ftViB (1 — ^sinA^) nearly, and consequently, by art. 5., 
czz(^a+b) (1 — ^sinA sinB) ; or, the arcs being nearly equal 
to their sines, substitute c for a + b in the second or differen- 
tial term, and cz=fl+^ — JcAB. Again,putC=9r--^,orl=:A-|-By 

and (^a+b) {^sinAsinB) zz A^wA^f/tB ^ "^ ^ -sz^^*-^ nearly, 
or czza+B — itf* — —7. 

28. Proposition twenty-flfth, which is employed with great ad« 
vantage in maritime surveying, admits likewise of a convenient 
analytical solution. Let the given distances AB, BC and AC be 
denoted by a, 6 and c, and the observed angles ADB and CDB 

by m and n ; then fart. 5. Note 15.) BD=s ; n 

•' ^ sinm 



BsinBCD 5 sinm__sinBAD .bsinm — asmn 

: • or : — — =— iTTTTT^nCl 7 : ; ST 

Sin n o ^tn n sinliLD b sin m-f-a sm n 

wnBAD -«wBCD__ lo vj * .^.tan}^(BAiy~BQX^) 

iJ^AD+.*/iBCD- ^^''' ^^- ^""^^ ^•^•' ^iii(BAD + BCD)- 
But the angles ABC and ADC of the quadrilateral figure 
DABC being evidently given, the sura of the remaining an- 
gles BAD and BCD is given, and each of them is consequent- 
ly found. Hence the triangles ABD and CBD are imme- 
diately determined. • 

This most useful problem was first proposed by Mr Townley, 
and solved in its various cases by Mr John Collins, in the Pfai« 
losophical Transactions for the year 1671 « The second solu- 
tion given in the text is borrowed from L^gendre. 

29. The reduction of oblique angles to their projection on a 
horizontal plane, is commonly solved by the help of spherical 
trigonometry. It admits, however, of a simple and elegant 
general solution, derived from the arithmetic of sines. Let a 
and b denote the two vertical angles, or the acclivities of the 
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jfiterging linesi A the obliqae tngle which these eontiin^ and 
A' the reduced or horizontal angle. 'Since the magnitude of 
an angle depends not on the length of its sides, assume each 
of them equal to the radius or unit, and it is evident that the 
base of the isosceles triangle thus limited will bto (he chord of 
the oblique angle A, the perpendiculars from its extremities 
to the horiaontal planCf the sines^— and the horizontal traces 
or projections, the eosines, of the vertical angles a and b* The 
, base of the isosceles triangle forms the hypotenuse of a right* 
angled vertical triangle, of which the perj^nHlcular is the dif- 
ference between the vertical lines. Consequently the square 
of the reduced base is equal to the excess of the square of die 
chord oFA above the square of the difference of the sinea of 
a and i, or 

(cor. 6. def. Trig.) 2— 2cmA— (im A-»^ff6)*e 
(II. 16. EL) d—SeofA-^n a^^^^nn b*^9nn aHnbx 
<S. cor. def. Trig.) ees sF+eos l^+^nn a sin b^2cotA, 
Wherefore (Prop. 11. Trig.) in the triangle now traced on the 
horizoiUal plane, ^eos aba b eotA's20OsA-.^ijii asinb; and 
mtiltiplying by i sec a iiec by there resulu (cor. 4r. def. Trig.), 

1. CotA'zzsec aseeb cosA-^Um a tomb. 

This expiBSsion appears concise and commodious, but it may 
be still varloiisly transformed. 

For Mrs A's^ l^-ooiA'sl +ianataH3'-^teeatecbcotA 
cs ieem mcb (oos a cos j-f-stii « mJ~eotA)= 
(Prop. 2. Trig.) ise a mp i(ce<a— J)— <of A) : whence 

2. VenAi^ieca9ecB{yenA'^^0€rHa^B% 

Again, beGause(8. cor. Land 9. cor. 5. Trig.)ii€rff A/ss2m| A'^ 

and venA-'-Joer^a^Si^^m "^a • iw-IlL — J^ ^^ ^^ 
lain, by substitution^ 

Ottheufformulaf the first, which I had presumed to be new^ 
appears distinguished by its simpficity and elegance. The last 
4M9e, however, is, on the whole, the best adapted for calcu^ 
tetion by logaritfmis. 
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Wlien the vertical angles are small» the problem wilt admh 
of a very convenient approximation. For, assuming the ara 
0» B as equal to their tangents, it follows, bj substitution, that 

^cosA{i + W+ilf*) — ahy nearly. Whence, by Note 25, tha 
decrement of the cosine of that oblique angle is 

ab--^OiMW'+U'); but 

(ir. 17. El.) a5=(?±^)M^r> and 

(II. 18. El.) ia- + W=C-'^r+i^^Y I 
wherefore the decrement of co5 A'=: 

(«_±J)>^l--co5A)--(^^)*(l+co5A). 

Consequently the increment of the oblique angle itself ib, by 
Note 25, 

Such is the theorem which the celebrated Legendre has gi- 
ven, for reducing an oblique angle to its projection on the ho- 
rizontal plane. It is very neat, and extremely useful in prac- 
tice. But to connect it with our division of the quadrant, re* 
quires some adaptation. Let a and b express the Tertical angles 

in minutes; then will {CX- )"^aw|A— (^ )*^^^*^)3438 ^^ 

note, likewise in minutes, the quantity of reduction to be ap* 
plied to the oblique angle. 

30. In computing very extensive surveys, it becomes necessary 
to allow for the minute derangements occasioned by the con- 
vexity of the surface of our globe. The sides of the tf ianglea 
which connect the successive stations, though reduced to the 
same horizontal plane, may be considered as formed by arcs of 
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gte$t eircles, and their solution hence belongs to Spherical 
Trigonometry. But, avoiding such laborious calculations, for 
which indeed our Tables are not fitted, it seems far better to 
estimate merely the deviation of those incurved triangles from 
triangles with rectilineal sides. For effectmg that correction 
two ingenious methods have lately been proposed on the Con- 
tinent. The first is that employed by M. Delambre, who sub- 
stitutes the chords for their arcs, and thus converts the small 
spherical, into a plane, triangle. This conversion requires two 
distinct steps. 1 . Each spherical angle, or that formed by tan- 
gents at the surface of the globe, is changed into its corre« 
spending plane angle contained by the chords. Let • and fi 
express the sides or arcs in miles ; and the angles of elevation, 
or those made by the tangents and the respective chords, will 

be (III. 29. El.) denoted by a.acA '* ^^^ nrr^l fi ta minutes, 
^ ' ^ 24856* 24656^ ' 

^8107* S107^* Insert these, therefore, m place of a 

and b in ihejifrmula of the preceding note, and the quantity of 
reduction of the angle A, contained by the small arcs « and /S, 

willba((«-f. /Byiani A — (•—/B)«co<iA)j^ in seconds. 

2. Each arc is converted into its chord : But, by the Scholium 
to Proposition V I. of the Trigonometry, an arc « is to its chord, 

as 1 to 1— g^ ; wherefore the diminution of that arc in pass- 

ing into iu chord amounts to the g— ~_ part of the 

whole. 

These reductions bestow great accuracy, and are sufficient- 
ly commodious in practice. But the second method of cor- 
recting the efiects of the earth's convexity, and which was 
given by M. Legendre, is distinguished by its conciseness and 
peculiar elegance. That profound geometer viewed the sphe- 
rical triangle as having its curved sides stretched out on a 
plane, and sought to determine the variation which its angles 
would thence undergo. Analysis led him, through a compli^ 
cated process, to the discovery of a theorem of singular beau* 

2e 
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ty. But the following investigation, grounded on other prin* 
ciplesy appears to be much simpler. 

Let A and B denote any two angles in the small spherical 
triangle, and c and ^ express in miles the opposite sides, or 
those of its extension upon a plane. Since (Prop. 9. Trig.) 
« : ^ : : sin A, : sin^^ there must exist some minute arc I, such 
that sin « sin^ : : sin^A^ f) : 5tn(B4-l.). But (art. 1. Note 3.; 
sin (A 4- I) =: sin A + ^ cos Ay and (Schol. Prop. VI. Trig.) 

sin ctzu m -^77 ; whence •—■7- :y8 — -^ : : sin A, + * cos A : nnB4- 
6 do' 

I co«B. Now /8 : c : : sinQ : rinA, and therefore, (V. 9. El.) 

1 — — : 1 — ^ : : sinK. rinB 4- $ cos A, sinB : rinA. sin B -f- 

I rinA. co^B. But the first and second terms being very nearly 

equal, and likewise the third and fourth, — ^it is obvious that the 

analogy will not be disturbed, if each of those pairs be iocrea- 

^» ^2 

sed equally. Hence 1 : 1 -^ ^ — : : ^inA^'nB: rinAitnB^- 

I [sin A cosB — cos A sinB); and since (Prop. I. Trig.) 

sin A cosB — cos A sin B = sin (A — B), therefore (V. 10. El.) 

1 : — ^ — : : sin A sinB : $ sin (A — ^B). Consequently, since c 

and fi are proportional to sin A and sinB, $ {sin A — B) = 

sinAsinBf^^^'j^:'^ («wA=— «>iB*)=(Prop.III. cor.5. Tri- 

gonometry,)-g-u/n (A + B) «n( A — B) J, or I =:-^ «w(A+B), 

But the sine of the sum of A and B is the same as that of their 
supplement C, or of the angle contained by the sides • and AaiKi 

consequently ^ is the third part of -^r- £mC, the area 0^ the tri- 

angle, or the third part of the excess of the angles of the sphe- 
rical^ above those of the plane, triangle. Wherefore the sines 
of the sides, which, in the spherical triangle, are as the sines 
of their opposite angles, are likewise proportioned, in the plane 
triangle, .to the sines of those angles, augmenting each by the 
common excess. It is hence evident, that the angles of the 
plane triangle are obtained from those of the spherical, bj de- 
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dipeting from each the third part qf the excess above two right 

angles, as indicated by the area of the triangle. 

The whole surface of the globe being proportioned to 720*9 

720® 
that of a square mile will correspond to oAxtsRstn^l^ * ^' 

the =7-^ part of a second* Hence each angle of the small 

spherical triangle requires to be diminished by «i/8. rin C. ^goQ i 
in seconds. 

SI. Another problem of great use in the practice of delicate 
surveying, is to reduce ang^ to the centre of the ttation. In- 
stead of planting moveable signals at each point of observa^ 
tion, it will often be found more convenient to select the more 
notable spires'^ towers, or other prominent objects which oc- 
cur interspersed over the face of the country. In such co s es, 
it is evidently impossible for the theodolite or circular instru* 
ment, although brought within the cover of the building, to 
be placed immediately under the vane. The pbserver ap* 
preaches the centre of the station as near, therefore, as he can 
with advantage, and calculates the quantity of error which the 
minute displacement may occasion. Thus, suppose it were 
required to determine the angle AOB which the remote ob- 
jects A and B subtend at O, the centre of a permanent sta« 
tion : The rostmment is placed in the immediate vicinity at 
the pomt C, and the distance CO, with the angle of devia* 
tion OCA, are noted, while the principal angle ADCB is ob- 
served. The central angle AOB may hence be computed 
from the rules of trigonometry ; but the calculatioa » ef- 
fected by simpler and more expeditious methods. Since 
(I. SO. EL) the exterior angle ADB is equal both to AOB 
with OAC, and to ACB with OBC; it is evident that 
AOB = ACB + OBC — OAC. But the angles OBC and 
OAC, being extremely small, may be considered as equal 

CO 

to their sines, and (art. 5. Note 14.) tin OBC s sr= jtitBCO, 

CO 
and WnOAC = qT'*'' ^^^ ; wherefore the angle AOB at 
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the centre is nearly equal to ACB + COv — gg OA~~ 

= ACB + CO (— ^ Qg -'- 0A~)' Call the dis- 
tances AC and BC of the 
point of observation, a and 
i5, the distances AO and BO 
of the centre a' and 3'; the 
displacement CO, and the 
angle ACO of deviation m 
and ^y while the subtended 
angles ACB and AOB are 
denoted by C and C\ and 
the opposite angles ABO 
& OABby A &B ; thenC'= 

If the centre O lies on AC, 

the correction of the observed angle, expressed in minutes, will 

be merely (t7«»C) 3438'. 

But the problem admits of a simpler approximation. Let 
a circle circumscribe the points A, O, and B, and cut AC in 
E. The angle AOB = (III. 16. El.) AEB = ACB + CBE; 

PF 
but sinCBE = ^ sinACB, and sinOEC =r sinkEO or ABO 




EB 



CO 



is equal to -^ sinCOE or AEO — ACO, and hence by com- 

u- -*• nnc CO sin ACB w«rABO— ACO) -,. ^ 

bmation sm CBE = =T=r- Atkta > Since, 

EB stnABO 

therefore, EB is nearly equal to OB, and the small angle CBE 
may be regarded as equal to its sine, the correction to be add- 
ed to the observed angle is denoted in minutes by -77 

^^""^^lilA^^"^ 3438. This quantity, it is evident, will entirely 
vanish when ^ becomes equal to A, or the angle ABO equals 
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AGO ; in which case» the point of obtervation C 
with E, or lies in the circumference of a circle that peases 
through the two remote points A and B and centre of the sta- 
tion. To place the instrument at E, thereforet would only re- 
quire to more it along CA^ till the angle AEO be equal to 
ABO. 

Both these methods for thesreduction of an angle to the 
centre are given by M« Delambre ; but, in his calculations, he 
generally preferred the last one, as being simpler and 8^flBcient- 
ly accurate for practice. The InTestigation, hewerer, will be 
found to be now considerably shortened. 

92. The accuracy of trigonometrical operations must depend 
on the proper selection of the connecting triangles. It is very 
important, therefore, in practice, to estimate the variations 
which are produced among the several parts of a triangle, by 
any change of their mutual relations. Suppose two of the 
three determining parts of a triangle to remain constant, while 
the rest undergo some partial change ; and let, as before, the 
small letters a, b and c denote the sides of the triangle, and 
the capitals A, B and C their opposite angles. 

Case L^^When two sides a and b are constanL 

Since the angles A and B, after passing into A-|-AA and 
B-f-AB, must have their sines still proportional to the oppo- 

nte «de^ it >. erident that ^(A+AA) =ap+^)' '^ 

^ ^ siu(A+AA)+sinA sin(B+AB)+stnB* 
wherefore, by alternation and art. 7. Note 18., 
J iani^A _ ittn{A+ ^A A ) 
* lan^AB *f afi(B + i AB )' 

Next, in the incremental triangle formed by the sides c, 
c+Ac, and the contained angle aA, (art. 1. Note 18.) 

iAc toii(B+UB) -, 11 

CTPJ= coiiAA • »"d »»«»^ reciprocally. ' 

tani^A "• coi{B+iAB) 
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Jo like manner^ from the incremental triangle contained by 
the sides c^c+Ac and the angle aB, it follows that 

Again, the base of the incremental isosceles triangle con- 
tained by the equal sides b^ b^ and the vertical angle AC, is 
(art. 15. Note 18. ) 36 sin^dLC ; wherefore, in the incremental 
triangle formed with the same base and the sides c and r-f Ar, 

by art. 20. Note 18., cq5(A+^aA) = — ^ bsm^tJ — * 

whence 

ggw^AB_ ^CQ5(A+JAA) 
'siwJaC"" c-f-^^c 

After the same manner, it will be found that 
- m^AA_ <ico^B+^aB ^ 

Multiply the expressions of art. 4. into those of art. S. and 

'wwJaC"" co^aB * 

Multiply likewise the expressions of art. 2. and 5., and 
7 ^^g _ g jm(B + ^aB) 
' m^AC"" co^JaA • 

If, in all the precedingybrmu/^p, the increments annexed to 
the varying quantities be omitted, there will arise much sim- 
pler expressions for the differentials. 

dE'^ianB' 
^ dc c 



dA " cotB' 

*S.—:=z — 

' dB cot A' 

• X^- ^ A 

♦ 5. -1^ = — — co^B. 

aC c 

dc 
♦6. -rn = ^5in A. 
dC 

• 7-jp zz a sin B. 
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Case IL-^fVhen one ode a, and iU apponie angle A» art «w* 
itanU 

a h 

Since (art. 5. Note 18.) ^j-j = ^jg, it it evident that 

awiB^h sin A, and taking the differences by art. 1. of Note 
2& A3 Wn A = 2a <i»^aBcoi(B + JaB), whence —r^ = 

P^. g -, and consequently^ by art. 5. of Note 18. 

5i?i^aB _ Ww^aC _ ^'wB 
®* iA6 "" JAA "6«M(B+iAB)' 
In like manner, it will be found that 

nn^6B sini^C _ sinC 

^' JAC ^"~ iAc -""c(cmC+4AC)* 
Combine the two last ezpressionsi and 

10 ^<_ coi(B+iAB) 
' Ac" coj( C+iAC) 

The differentials are discovered, by rejecting the modifica- 
tions of the variable quantities. 
rfB_ sinB _ tewB 
* 5y""6co*B"" 3. 
.^ rfB «iiC /a»C 

cfe ccotC c 

.^ 1/3 cmB 

# 10. -7-=' 



ifc cofC 

Case III.— ^Aen oiis eide a, oiuf t^ adjacent angk B, are eon- 
ttantn 

In the incremental triangle contained by the sides 2, £4- A5, 
and Ac, it is evident, (art. 5. Note 18.), that 
- Ac AC h_^ _. 3+A 

*mViAC WfiAA «n(A+AA) sinA* 

Again, in the same incremental uiangle, (art. 5. Note 

18.). 

iA3 ^a5 _ M-JA3 
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Or, transforming the preceding expression, 

^ ^ stn{A + AA) J ^ ^ stn(A+AA) ' 

wherefore, 

13 M^ ,._ ^^^ ,,^/g Q^A+^AAH 
' ^"wiAC 5tniA A V ««( A+ aA ) ^' 

Again, in the same incremental triangle, by art. 20. Note 4. 

c(m(A+ JaA)= — ( — co5JaC)= — ccwJaA ; whence 

t\C' i^C 

Ai;_co5(A+iAA) 
Ac cos^/\A 

The differentials are found as before, liy the omission of the 
minute excrescences. 

• 11.377 = 



dC dA sin A' 

,^ d5 db b 

• 12. -77T = 



</C £^A /an A' 

^^•3c=-5a=H.'^)=^'^'^- 

* 14. -7-=cojA- 
dc 

To compute the values of the finite differences, when these 
differences themselves are involved in their compound expres- 
sion, the easiest method is to proceed by repeated approxima- 
tions. Thus, from art. 3. Ac= lA- r-iTA-. f2(r-l- aCI ; as- 

co/(A + iAA)^ ^ ' 

sume, therefore, first, Ac =r ^, . !f w a x 2c ; and then, 

^fl«iAB ,_ ^awi^B ^ . T. . .11 « 

Aczz ,, . .1 A A ^ (2g— ^^,/ A , 1 A A ^2c). But it Will SCl- 

co^( A -l-^A A/ co^(A + iAA) ' 

dom be requisite to advance beyond two steps, though the 
process, if continued, would evidently form an infinite conver- 
ging series. 
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When only one part of a triangle remaina constant^ the ex- 
prefltions for the finite differences will often become extremely 
complicated. It may be sufficient in general to discoTor the 
relations of the differentials merely. To do this» let each in- 
determinate part be supposed to vary separately, and find, by 
the precedingyfirmai^r, the effect produced ; these distinct ele- 
ments of variation being collected together, will exhibit the 
entire differential. 

The materials of this intricate Note may be found in Cag- 
noli, but the subject was first started by our countryman 
Mr Cotes, a mathematician of profound and original genioSf in 
a brief tract, entitled , EstimaHo Errorum in mixtd Matheii, It is 
unfortunate that I have not room for explaining the applica- 
tion of those^/brmtei^ to the selection and proper combination 
of triangles in nice surveys. 

SS' Having in some of the preceding notes briefly pointed 
out the several corrections employed in the more delicate geo- 
desiacal operations, I shall subjoin a few general remarks on the 
application of trigonometry to practice. The art of surveying 
consists in determining the boundaries of an extended surface. 
When performed in the completest manner, it ascertains the 
positions of all the prominent objects within the scope of ob- 
servation, measures their mutual distances and relative heightSt 
and consequently defines the various contours which mark the 
surfiwe. But the land*surveyor seldom aims at such minute 
and scrupulous accuracy ; his main object b to trace expedi- 
tiously the chief boundaries, and to compote the superiScial 
contents of each field. In hilly grounds, however, it is not the 
absolute surface that is measured, but the diminished quantity 
which would result, had the whole been reduced to a horizon- 
tal plane. This distinction is founded on the obvious princi- 
ple, that, sbce plants shoot up vertically, the vegetable pro- 
duce of a swelling eminence can never exceed what would 
have grown from its levelled base. All the sloping or hypo- 
tenusal distances are, therefore, reduced invariably to their 
horizontal lengths, before the calculation of superficial con- 
tents is begun. 

Land is surveyed either by means of the chain simply, or by 
combining this with a theodolite or some other angular instru- 
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ment. The several fields are divided into large triangles, of 
which the sides are measured by the chain ; and if the exterior 
boundary happens to be irregular, the perpendicular distance 
or offset is taken at each bending. The surface of the com- 
ponent triangles is then computed from Prop. 29. Book VI. of 
the Elements of Geometry, and that of the accrescent space by 
Note 4*. to Prop. 9. Book II. In this method the triangles 
should be chosen as nearly equilateral as possible; for if they 
be very oblique, the smallest error in the length of their sides 
will occasion a wide difFerence in the estimate of the surface. 
The calculation is much simpler from the application of Prop. 5. 
Book II. of the Elements, the base and altitude of each tri- 
angle only being measured ; but that slovenly practice appears 
liable to great inaccuracy. The perpendicular may indeed be 
traced by help of the surveying cross, or more correctly by 
the box sextant, or the optical square, which is only the same 
instrument in a reduced and limited form ; yet such repeated 
and unavoidable interruption to the progress of the work will 
probably more than counterbalance any advantage that might 
thence be gained. 

The English chain is 22 yards, or 66 feet in length, and equi- 
valent to four poles ; it is hence the tenth part of a furlong, or 
the eightieth part of a mile. The chain is divided into a hun- 
dred links, each occupying 7.92 inches. An acre contains ten 
square chains or 100,000 links. A square mile, therefore, in- 
cludes 640 acres ; and this large measure is deemed sufficient, 
in certain rude and savage countries, as the Back Settlements 
of America, where vast tracts of new land are allotted merely 
by running lines north and south, and intersecting these by 
perpendiculars, at each interval of a mile. 

The Scotch chain consists of 24 ells, each containing 37.069 
inches, and ought therefore to have 74.138 feet for its correct 
length. The English acre is hence to the Scotch, in round 
numbers, as 1 1 to 14, or very nearly as the circle to its cir- 
cumscribing square. But this provincial measure is gradual- 
ly wearing into disuse, and already the statute acre seems to 
be generally adopted in the counties south of the Forth. 

The usual mode of surveying a large estate, is to measure 
round it with the chain, and observe the angles at each turn 
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by means of the theodolite. But these observations Would re« 
quire to be made with great care. If the boundaries of the 
estate be tolerably regular, it may be considered as a polygon, 
of which the angles, being necessarily very oblique, are there- 
fore apt to affect the accuracy of the results; It would serve 
to rectify the condusions, were such angles at each station 
conveniently divided, and the more distant signals observed. 
The best method of surveying, if not always the most expedi* 
tiousy undoubtedly ia to cover the ground with a series of con- 
nected triangles, planting the theodolite at eaoh angular point, 
and computing from some base of considerable extent, which 
has been selected and measured with nice attention. The la- 
bour of transporting the instrument might also in many cases 
be abridged, by observing at any station the bearings at once 
of several signals. Angles can be measured more accurately 
than lines, and it might therefore be desirable that surveyors 
Would generally employ theodolites of a better construction, 
and trust less to the aid of the chain. I have now great satis^ 
faction in stating, that this improved mode of practice has for 
several years back been gradually spreading, at least in Scot- 
land. 

The quantity of surikce marked out in this way is easQy 
computed from trigonometry. Adopting the general nota* 
tion, the area of a triangle which has two sides, and their m- 

eluded angle known, it is evident» wlU be denoted by -^-.mCt 

and the area of a triangle of which there are given all the 

angles and a side, is -^« — jgjj — • 



S4. U Im easy from trigOMmetrical principles to deCer« 
mine the area of a quadrilateial figure inscribed in a drdev 
Let the sides « and 6 contain an acute angle A« and the oppo- 
site sides c and d must contain the obtuse snpplementaiy an- 
gle» The oonnnon base of these triangles, or diagonal of the 
quadrilateral figure, is hence expressed by^(a*4. 6*^2ab cotA\ 
9aidbj^(c*+^ +^odco9A); and consequently c*-|-i*. 
s&ti coiA+2cd cotA, 

or CM A = T. ^ — . Wherefore 1 -f- cos A = 
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2^3+2^3 =■ 2ab+cd—'' consequently 

by decomposition, (l+cosA)(i — co5A)=l— c(wA*=«»A* = 

ia+bY-{c~-dy (fl— 5«— (c+rff „ ^ . - . 

^ 2a^+2c^ ^ ' 2ai+2cd ^ ' But the area of the qua- 

drilateral fi^ure> or that of its two component triangles, is 
sinAl^^ — ]=lsinA(2ab+2cd)f and therefore its square is=r 
^inAH2ab+2cd)\ or tV(^+^)'— (c— rf)».(a— ^)»— (c+d/ss 

a+b+C'-d fl-j c+d a—b+c+d >-g+^+c+d 

2 • 2 2*2' 

Or, if ^ denote the semiperimeter, the/square of the area will 
be expressed by s — a.s ^b,s — c,s — d. If one of the sides dwere 
supposed to vanish, the quadrilateral figure would pass into a 
triangle, whose area would be ^.5— a.^— i5.j— c, being the saoie 
as was before investigated. 

35. Levelling is a delicate and important branch of general 
surveying. It may be performed very expeditiously by help 
of a large theodolite, capable of measuring with precision the 
vertical angle subtended by a remote object, the distance 
being calculated, and allowance made for the effect of the 
earth's convexity and the influence of refraction. But the 
more usual and preferable method is to employ an instrument 
designed for the purpose, and termed a spirit-level^ which \s 
accompanied by a pair of square staves, each composed of two 
parts that slide out into a rod of ten feet in length, every foot 
being divided centesimally. Levelling is distinguished into 
two kinds, the simple and the compound ; the former, which 
rarely admits of application, assigns the difference of altitude 
by a single observation ; but the latter discovers it from a 
combined series of observations carried along an irregular sur- 
face, the aggregate of the several descents being deducted 
from that of the ascents. The staves are therefore placed 
successively along the line of survey, at suitable intervals ac- 
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to the nature of the ground and not exceeding 400 
yardsi the le? elling instrument being always planted nearly in 
the middle between them, and directed backwards to the fint 
sta^ and then forwards to the second. The difference between 
the heights intercepted by the back and the fbre observation, 
must evidently give at each statidn the quantity of ascent or 
descent^ and the error occasioned by the curvature of the globe 
may be safely overlooked, as on such short distances it will 
not amount at each station to the hundredth part of a foot. To 
discover the final result of a series of operations, or the diffe- 
rence of altitude between the extreme stations, the measures 
of the back and fore observations are all collected severally, 
and the excess of the latter above the former indicates the en- 
tire quantity of descent. 

To facilitate the calculations in levelling, the rods should be 
marked with feet, divided into tenths and hundredth parts, in- 
stead of inches. In delicate operations likewise, the instru- 
ment should have a micrometer adapted to it, for the measur- 
ing of small vertical angles. By help of a powerful level so 
fitted, much tedious labour indeed might be spared. 

The micrometer either marks minutes and their subdivisions, 
by the motion of a parallel wire in the focus of the telescope ; 
or it consists in the simple insertion of a bar of mother of 
pearl, by which the angle of a degree is distinguished into 50 
equal parts. But an object at the distance of 3438 times its 
breadth subtends the angle of a minute; or, at the distance of 
2865 times the same, it occupies the 50th part of a degree. 
Hence, the measure of one minute, being multiplied by 3438, 
will give the distance ; and this again multiplied by the number 
of intercepted minutes will express the elevation or depression 
of the distant pomt. The correction for the effect of curva- 
ture modified by refraction, it is easily shown, will be found 
by squaring half the measure in feet of the angle of a minute. 
When the micrometer scale is used, thj distance will be found 
by multiplying the measure corresponding to one part by 
S865, and the square of that measure bemg divided by 6 wiU 
assign the correction due to curvature and refraction. 
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Suppose a pole of 20 feet placed on a remote eminence tub- 
tended an angle of 2.5' and the bottom appeared elevated 4^ 
above the horizon. Dividing 20 by 2.S\ gives 8 feet for the 
measure of a minute. The distance was therefore 8x3438= 
27504 feet; the height was 8x 42=336; and the depression from 
curvature and refraction was the square of 4, the half of 8^ or 
16 feet. Whence the whole difference of level must have been 
3364-16=352 feet. The same observations with the bar of 
mother of pearl would have been 2.1' and 35', from which data 
similar results would be obtained. 

As an example of levelling, I shall take the concluding part 
of a survey, which my friend Mr Jardine, civil engineer, 
lately made for the Town-Council of Edinburgh, with a de- 
gree of accuracy seldom attempted, in tracing the descent 
from the Black and Crawley springs, near the summits of the 
Pentland chain, to the Reservoir on the Castlehill, with a view 
to the conducting of a fresh supply of water from those heights. 
To avoid unnecessary complication, however, I shall only no^ 
tice the principal stations. The figure annexed represents a 
profile or vertical section of the ground, LV is the level of the 
Black spring, and the several perpendiculars from it denote 
the varying depth of the surface, referred to the base assu- 
med 700 feet below . The stations marked are as follow : 

L Lowest point in the Meadow. 

M Cleansing cocks on the north side of the Meadow. 

N Sunk fence in Lord Wemyss's garden. 

O Air cock in Archibald's nursery. 

P South side of Lauriston road. 

Q Bottom of Heriot's Green Reservoir. 

R Head of Hamilton's close. 

S Strand on south side of Grassmarket. 

T Cleansing cock on north side of Grassmarket. 

U Gaelic Chapel. 

V Upper side of the belt of Castlehill Reservoir. 
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Black sprtog, being 620.05 feet above the level of the Mea- 
dow, is therefore 520.1 feet higher than the belt of the reter- 
voir. The numbers exhibited in the last colamn are obtained 
by taking the differences of the aggregates of the two preced* 
ing columns. Where the ground either sinks orrises suddenly, 
some intermediate observations are here grouped together b- 
to a single amount. Thus, three observations were made be- 
tween O and P, two between P and Q, three between Q and 
R, five between R and S, three between T and U, and no fewer 
than nine between U and V. The slight sketch between 
the perpendiculars from Q and R, shows the mode of Ranting 
and directing the instrument. 



While the French army occupied Egypt in 1799, a nice 
operation of levelling was carried across the Isthmus of Suez, 
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to determine the relative elevation of the Red Sea and the 
Mediterranean. The result proved that the waters of the Red 
Sea are actually higher than the surface of the Mediterra- 
nean by 32 English feet and 5^ inches in spring tides, and 26 
feet and 7^ inches in neap tides, or have a mean height of 29^ 
feet. On the other hand it was found that the interior lakes of 
Natron were 25 feet below the Mediterranean. Some obser. 
vations of the celebrated traveller, Baron Humboldt, make it 
probable that the Pacific Ocean is a few feet higher than the 
Atlantic. 

The mode of levelling on a grand scale, or determining the 
heights of distant mountains, will receive illustration from the 
third volume of the Trigonometrical Survey, which the late Ge- 
neral Mudge was kindly pleased to commnnicate to me before 
its publication. I shall select the largest triangle in the series, 
being one that connects the North of England with the Borders 
of Scotland. The distance of the station on Cross Fell to that 
on Wisp Hill, is computed at 235018.6 feet, or 4^^.511 miles, 
which, reckoning 6094^ feet for the length of a minute near 
that parallel, corresponds, on the surface of the globe, to an 
arc of 38' 33.7". Wisp Hill was seen depressed 30' 48"' from 
Cross Fell, which again had a depression of 2' 31" when view- 
ed from Wisp Hill. The sum of these depressions is 33' 19^^ 
which, taken from 38' 33.7", the measure of the intercepted 
arc, or the angle at the centre, leaves 5' 14'.7'', for the joint 
effect of refraction at both stations. The deflection of the 
visual ray produced by that cause, which the French philo- 
sophers estimate in general at .079, had therefore amounted 
only to .06805, or a very little more than the JifleerUk part o€ 
the intercepted arc. Hence, the true depression of Wisp Hill 
was 30' 48"— 16' 39.5"= 14' 8.5", and consequently, estimating 
from the given distance, it is 967 feet lower than Cross Fell. 

From Wisp Hill, the top of Cheviot appeared exactly oa 
the same level, at the distance of 185023.9 feet, or 35.0424 
miles. Wherefore, two- thirds of the square of this last num- 
ber, or 819, would, from the scholium at page 279, express in 
feet the approximate height of Cheviot above Wisp Hill. But 
refraction gave the mountain a more towering elevation than 
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it reallj had; and the meaiare being reduced in the fomer 
ratie ef 38^ d8.7'' to SS' ISr, it heace brought down to 706 
ftet. • 

Again, the distance S90Old.7 feet, or 55;S054 miles» of 
CvoMFell fteai Cheviot^ comapondt to an arc of 47' QMI'^ 
which, reduced by the eftct of refractieni would leaye 
41'2i.6^ for the sum of the depiieMions at both stationi. Con- 
•equentljf Chefiot had, from Croat Fell> a true depreition of 
only fiS' 44"— 91X41^'' or d^S.l'S and it therefore lower than 
that mouiitain by 258 feet. 

Theae resiiitt agree very nearly with each other. The height 
of Croat Fell above the level of the tea being 2901, that of 
Witp HiO is 1934, and that of Cheviot 2642 or 2643. In the 
Trigonometrical Survey, the latter heightt are stated at 1940 
and 9858 ; a dillerence of tmall moment, owing to a balance 
of etrort, or perhaps the adoption of tome other daia with 
respeet to horisontal refiraotion, which do not appear on re- 
cord. 

From the tame valuable work, I am tempted to borrow an- 
other esuunple, which hat more local interett. From Lumt- 
dane Hill, the north top of Largo Law, at the dittance of 
189240.1 feet, or 35.84 milet, appeared tunk 9^ 32" below the 
horizon. Here the intercepted arc it 31' 3", and the effect of 
the earth't curvature, modified by refraction, it 13' 24.8"; 
whence the true elevation of Largo Law wat 13' 24.8"— 9^ 32", 
or ff 52.8^', which maket it 213 feet higher than Lumtdane 
HIU, or 938 feet above the level of the tea. In the Trigono- 
metrical Survey, thu height it ttated at 952 ; but 1 am in- 
clined to prefer the former number, having once found it by 
a barometrical meaturement, in weather not indeed the most 
favourable, to be only 935 feet. 

Through the kindnett of Captain Colby of the Royal Engi- 
neers, who has for teveral yeart to ably conducted the turvey 
under the dh^ction of Colonel Mudge, I am enabled to tubjoin 
tome more examplet, from the obtervationt made last teaton. 
From Dunrich Hill the ttation on Crost Fell appeared de- 
pressed 19^ 21^ at the distance of 349,343 feet or 66.1634 
miles. This corresponds on the same parallel to an intercepted 
arc of 57' 19"; the half of which, diminished by one- twelfth of 
the whole, gives 23' 53", for the effect of curvature modified by 

2 F 
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refraction. Cross Fell had therefore an elevation of V S2^ 
the excess of 23' 53" above 19' 21% which, at the giveu dis- 
tance, makes it to be 461 feet higher than Dunrich Hill. Con- 
sequently, the altitude of Dunrich Hill above the level of the 
sea is 2901—461, or 2440 feet. This altitude, determined 
from nearer bases, was only 2421 feet. 

Again, from Cairnsrauir upon Deugh, at the height of 2597 
feet above the sea, the top of Ben-Lomond appeared with a 
depression of 18' 24", tlie distance being nearly 352,00^ feel, 
or 66.6673 miles. The intercepted arc on the earth's surface 
was hence 57' 45^', and the effect of curvature, as modified 
by refraction, 24' 4". Wherefore, R : tan 6' 40", the real ele- 
vation : : 352,00t : 580, which, added to 2597, giv^ 177 for 
the altitude of Ben-Lpmond. 

I shall select another example, which affords an approxi- 
mation to the diameter of our globe. From the station at the 
Observatory on the Calton-hill, at the altitude of 350 feet, the 
horizon of the sea was found depressed 18' 12". But refrac 
tion being supposed to have diminished the effect by* one- 
twelfth part, if the eleventh part be added of this remaining 
quantity, there will result 19' 5 If' for the true measure of de- 
pression. The angle at the centre is consequently the half 
of 19' 51^" or 9' 55i"; wherefore, sin 9' 55i" : R ; : 350 : 121,205 
feet or 22.9555 miles, the distance at which the extreme visual 
ray grazes the sea. Again, sin 19' 51-" : R : : 22,9555 : 3975 
miles, the radius of the earth, the double of which, or 7950, is 
a near approximation to tTic real measure, or 7912. U should 
be noticed, that the state of the tide would have some effect m 
modifying the angle of depression. Thus, on the Igth May 
1816 at 7i p. m. the depression towards the mouth of the 
Firth' of Forth, between the Isle of May and the Bass Bock, 
was found to be 18' 14" ; but it was 18' 16" in a direction more 
to the north and near the Fife coast, because the sea had 
ebbed nearly five hours, the current outwards runmng first 
along the northern shore. On the following day, at three 
nuariers after twelve o^clock, and therefore two hours and a 
half before high water, the depression about the middle of the 
Firth was 18/9", and only 18' 6" on the northern shore, the 
lidc then flowing np pilnciinilly in the middle of the channeK 
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S5. Maritime Sorvbtikg is of a mixed nature : It not only 
detennines the poftiiions of the remarkable headlands, and 
other conspicuous objects that present themseWes along the 
Yldnity of a coasti but likewise ascertains the situation of the 
imrious inietSy rocks> shallows and soundings which occur in 
approaching the shore. To survey a new or inaccessible coasts 
two boats are moored at a proper interval, which is carefully 
measured on the surface of the water ; and from each boat the 
l>earings of all the prominent points of land are taken by means 
of an asimuth compass, or the angles subtendefl by these points 
and the other boat are measured by a Hadley's sextant. Ha- 
ving now on paper drawn the base to any scale, straight lines 
radiating from each end at the observed angles, as in Prop. 
Si. of the Trigonometry, will by their intersections give the 
positions of the several points ft'om which the coast may be 
sketcbed. — But a chan is more accurately constructed, by 
combining a survey made on land, with observations taken on 
the water. A smooth level piece of ground is chosen, on 
wMdi a base of considerable length is measured out, and sta- 
tion staves are fixed at its extremities. If no such place can 
be found, the mutual distance and position of two points con- 
veniently situate for planting the staves, though divided by a 
broken surface, are determined from one or more triangles, 
which connect with a shorter and temporary base assumed 
near the beach* A boat then explores the offing, and at every 
rock, shallow, or remarkable sounding, the bearings of the sta- 
tion staves are noticed. These observations furnish so many 
triangles, from which the situation of the several pomts are 
easily ascertained. — When a cocrect map of the coast can be 
procured, the labour of executing a maritime survey is mate- 
rially shortened* From each notable point of the surface of 
the water, the bearings of two known objects on the land are 
taken, or the intermediate angles subtended by three such ob- 
jects are observed. In the first case, those various poinu have 
their situations ascertained by Prop. 21 . and the second case 
by Prop. 85. of the Trigonometry. To facilitate the last con- 
struction, an instrument called the Rtation- Pointer has been 
invented, consisling of three brass rulers, which open and set 
at the given angles. 
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36. The boldest and most important application of Trigono*^ 
mctry} was to measure the surface of our globe* The solution 
of this delicate problem, which forms the very basis of geogra- 
phical science, was one of the earliest efforts of the Alexandnan 
School. Eratosthenes, a man of genius and almost univeraal 
attainments, who died nearly 200 years before the Christian 
lera, made the first appeal to direct observation. He found 
that the sun, in passing the meridian at the. summer solstice^ 
shone down perpendicularly to the bottom of a deep pit at 
Syene, close to Thebes in Upper Egypt, and almost exactly 
south from Alexandria. On a corresponding day, he measured 
the sun's altitude at the Museum, by means of the shadow 
of a style or gnomon fixed in a plane, and ascertained the 
intercepted arc to be the 50th part of a circle. But the dis- 
tance between Syene and Alexandria, as determined by the 
repeated operations of the royal surveyors, was 5000 stadia ; 
which gives 50 x 5000, or 250,000 stadia, for the circumfer- 
ence of the earth. 

Posidonius of Phrygia, the intimate friend of Cicero, and a 
person of very extensive learning, attempted, about half a cen* 
tury afterwards, to rectify the estimation of Eratosthenes. He 
remarked, that the briglit star Canopus grazed along the hori- 
zon at Rhodes, but mounted at Alexandria to the height of 
the 4-8th part of a circle. The distance between those two 
places being reckoned 5000 stadia, would make the circuit of 
the earth to be 240,000 stadia. These different estimates, how- 
ever, are lost to us, since we are not informed what sort of 
stadium was employed, and arc left to suspect that a fictitious 
measure had been adopted, fur the sake of even numbers. 

The Arabians were more dih'gent observers than the GreeJc5. 
The Calif Almamon, a zealous and enlightened patron of sci- 
ence, undertook to determine correctly the* magnitude of the 
earth. For this purpose, an extensive plain, called Singiar, was 
chosen in Mesopotamia, and a company of Mathematicians, di- 
vided into two parties, with measuring rods in their hands, tra- 
ced out a base in the direction of the meridian line, the one 
troop advancing towards the north, and the other to the south, 
liil each found the cliange oflaiitudc amount to a degree. It 
♦ras hence (ktcin)in'jcl that a fh {jrco on the surface of our globe 
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it eqiud to 5^ mileSf each of them containiog 4000 cubits. But 
the diffieulty lies in discovering iht value of the cubit employ- 
ed* If we suppose it equivalent to 194 English indies, a i&rj 
nice agreement would result. The distances^ ho#ever» h&ing 
uniformly expressed in round numbers, it seems almost de« 
monstrable that the itandard measures among the ancients 
were founded on actual observation. 

It is curious to reteark, that the Arabian cubit must have 
approached eiitremely near to 19.6855 inches, half the French 
meiret or unit of the new sptem of measures, which is derive4 
from the same source. According to the mensuration per* 
formed in Mesopotamia, the quadrant of the earth containii 
90 X 56}» or 5100 Arabian miles, or 20,400,000 cubits ; but 
the French, as we have seen, divide that arc into 10}000,000 
metres, of which 1000 make the centesimal minute, 100 of 
these the new degree, and 100 of these again complete the 
quadrant. Had the Arabians estimated the degree at 55|> of 
their mUes, the coincidence between the cubit and the demi** 
metre would have been perfect. 

It may seem strange that men should have continued, 
through a long tract of ages, in this unsatisfactory state with 
regard to an object of such peculiar interest as the dimensions 
of the globe which they inhabit. But the art of navigation 
was entirely changed— new continents of vast extent had been 
discovered, and the most remote regions explored ; — and na« 
tions had eagerly rushed into the career of commercial enter.* 
prise, long before the measurement of the earth was resumed. 
Near the middle of the sixteenth century, the famous Femel, 
physician to Henry II. of France, proceed^ in a carriage 
from Paris on the road to Amiens, whidi lies almost due nor^g 
md reckoned the distance that corresponds to the difference 
of a degree of latitude by the number of revolutions of the 
wheel. He thence inferred the length of a degree to be 56,746 
toises, or 368,874 English feet. About a century ailerwards, 
Bichard Norwood, a teacher of navigation, had the courage to 
measure the distance from London to York with a chain, no« 
tidog the inflexions of the road with a compass, and sometimes 
pacing the shorter intervals. Having found, with a sector of 
five feet radius, the difference of latitude of those two cities to 
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be 2°.28', he tliencc concluded that a degree of the terrestrial 
meridian is 367,176 feet. These are both very near approxi- 
mations to the truth ; but, from the imperfection of the method 
employed, they can be considered as little better than fortunate 
guesses. 

Kepler, whose excursive genius took a wide range, propos- 
ed to measure a degree of the meridian, by finding the dis- 
tance between two remote objects, and observing their mutual 
depressions ; which would obviously give the angle that the in- 
tercepted arc subtends at the centre of the earth. This me- 
thod was afterwards carried into execution by Riccioli. But 
as it involves the effects of horizontal refraction, it is not sus- 
ceptible of any great accuracy. The example which we give 
in note 3i. may be considered as only a simpler case of the 
same method. 

It was in Holland, soon after the glorious struggle for liberty 
and independence had aroused every faculty of the soul, and 
created an impulsion, which led succeeding generations to 
excel alike in arts and commerce and in literature and sci- 
ence, that the first measurement of the earth, on right prin- 
ciples, or by triangulation, was performed. Willebrord Snell, 
teacher of mathematics, and a man of genius, invention and 
learning, conducted that arduous undertaking at his own 
charge. In the year 1617, he began by measuring a base 
along the meadows between Leyden and the village of Soe- 
terwoud, employing the Rynland perch of 12 feet in length; 
but, for the facility of calculation, he divided it into 10 feet, 
and each of these into 10 inches. From this base, which 
was 326.4".3 perches, according to Iiis notation, he determined 
trigonometrical ly the mutual distances of all the remarkable 
towers and steeples in Holland, by a series of connected 
triangles. For observing the angles, he used an iron qua- 
drant overlaid with brass, and five feet and a half in radius ; 
and he complains of the excessive fatigue in transporting that 
ponderous instrument, and directing it to the different objects. 
With an amiable feeling, he selected for a base of verification 
the plain beside Oudewater, his native village, which contain- 
ed the bones of his parents, and takes occasion to give a pa- 
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Ihetic recital of the horrible atrocities committed by the 8par 
niaids on the capture of that devoted place. He coBoputed the 
#hole meridional distance from Alcmaer to Bergen*op-aoom 
to be 33978.1 perches^ correqionding to a diflbrence of latitude < 
of IMl^/; and the distance from Alcnaaer (o Leyden, only 
1490i» the difforence of latitude being BOF, He ooncluded» 
therefore, that the length of a degree, expressed in round nunu 
hers, was 28,500 Rynland feet. 

Tbete calculations were printed by Snell, that same year* 
in kia Eraiotikenes Batavu$f a work of great merit and resMrch* 
Among other ingenious problems, it containa.an investigaiioa 
of the poiition of a point, from which the angles subtended 
by three known Objects are observed,— <i proposition, as we 
have seen, of vast importance in maritime surveying, and com* 
monly referred to a period half a century later. The aolution 
given is nearly the same as was derived in the text from the 
theory of Loci, But in his operations, the Dtitch pbiloso* 
pher had to contend with many difficulties i his quadrant had 
only plain sights; for neither the micrometer nor the tele« 
scope was yet invented. His computations were also labo^ 
riously made; lor Napier had just published the noble sys<* 
tem of logarithmSi and some time elapsed before they came 
into general use. 

8nell afterwards detected some errors which had crept into 
his computations, and he therefore seized the first opportuni^ 
of revising and reforming the various measurements. In the 
latter part of the year 1621, all the low grounds about Leyden 
were flooded; and a very severe winter having followed, the 
whole surfiice became converted into one sheet of ice. On 
this level plain a new base was traced, and the distance of the 
tower of Leyden to that of the village of Soeterwoud ascer- 
tained trigonometrically to be 1097*117 perches. The con* 
necting triangles were extended as fiir as Mechlin ; and from 
these more precise data, Snell corrected his results, which he 
designed for publication, when he was snatched away in the 
asidst of his meritorious labours by a premature death. The 
papers containing his observations and calculations lay ne» 
gleded for the space of an hundred years, till his countryman. 
Professor Musschenbrock, inspected and revised the whole. 
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He hence concluded, that the meridional distance of Ale- 
maer from Bergen-op-zoom is 34<326.7 perches, corresponding 
to a difference of latitude of 1°. 9'. 47". This gives 29514.2 
perches, or 57033.08 French toises for the length of a degree ; 
thus approaching verj nearly to the truth. 

The Academy of Sciences at Paris signalized its institution 
by directing the accurate measurement of a degree. This 
operation was executed with every advantage in the years 
1669 and 1670, by Picard, who now made the capital improve- 
ment of adapting a telescope with cross wires in the focus to 
his quadrant. He measured a base of 5663 toises^ or about 6 
English miles in length ; and found, by a chain of triangles, the 
meridional distance between Amiens and Malvoisine to be 
78,850 toises; the difference of latitude being ascertained, from 
the passage of a star in Cassiopeia ^ to amount to 1° 22' 55". 
It hence followed, that the length of a degree is 57,060 toises, 
or Se^jSHO English feet. 

This measurement suggested the magnificent project of con- 
structing a geometrical map of France. It was begun in 1680 
under the patronage of the patriotic minister Colbert ; after- 
wards repeatedly interrupted ; resumed in 1700, but not com- 
pleted until 1716, These operations gave the anomalous re- 
sult, that the mean length of a degree on the meridian south 
from Paris was 57,092 ioiscs^ and north from that city only 
56,960 ; — a result quite at variance with the opinion of the 
oblate figure of the earth, which Huygens and Newton had 
inferred from the action of centrifugal force. It would 
have indeed followed, that the form of the earth is very ob- 
long, the polar axis being to the equatorial diameter as 96 to 
95. But, notwithstanding other transverse measurements by 
Cassini in 1733 and 1734, the English and Dutch mathemati- 
cians still persisted in denying the conclusion, and maintain- 
ed, that the discrepancy from theory was owing to some in- 
accuracies committed in a triangulation of insufficient range. 
It was therefore proposed to transfer the scene of operations 
to a distant clime, and obtain a wider contrast, by measuring 
the length of a degree under the equator itself. In 1735 the 
French academicians, Bougucr, Condaminc, and Godin, sailed 
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t^ <rffthagffftj where they i9et wiflb Juan and UUoe,t Iheir 
Spaoiflh coadjutors ; and haring proceeded aotoaa the ladufeiili 
of Panama, thej embbrkcd for the coast of Peru, aodarrif ed, 
in tSmk I126f aS Qttite» the destined oemre «f theif Uboriova 
menanmtion^ which eobsutnedserenlsilceessiTeyeinL Three 
dist&Bet bases were tr»c6d ih>ni 5 to npwarda of 6 upee m 
lff0kb»'and these donne^tedt over an extent of about 90O 
TOiles> by a web of triangles with the saoWy aaaunits elong thaf 
great chain of the Andes. £yery delicacy in thef art 4»f obser- 
vation was carefully practised* Tbte ia«pidiiuial distance bc^ 
tween the e xtr e ase stations being 176|9i0/efisefi theJateroe^t- 
edcelBMial arc was fbund^ fren the paangefof t Ormukp t6 
be Sf^T l». The nleanlengUi of e degMe under the eqnatoiv 
and redttcid to thsi Intel' df the sea, wns faende flzeclat 56^75(1 
iok», or 869^7 Eng^h Ibei ; which ftlNikg so mnch belnw 
the iMasnre assignisd byPicard in France; eitablisbed dleci^TO- 
ly the obiateniBsa of the earth. 

The result, hbw^ver, was nniaown in Eorope, till the reCum 
of Bduguer m June 1M«. It wan afterwards^ pubKsLed with 
all the deiailB in the JVgmv de la 7>rr^^— « work dMnguish* 
ed by its origindity, depth, and geometrical elegance. But 
the Academy of Scisncei at Paris had already anticipated the 
conclusion. In the summer of 17S6, Maupennis, accompanied 
by Chdraut, Camns» and Monnier, had sailed to the bottom of 
the Oolf of Bothnta, where they found Frof^mor Celsius of 
Upsal, and iannediattly proceeded to measure tho length of a 
degree in Lapland. In die space of two months, they esta^ 
bKshed a series of triangles along Uie heights from Tomen to 
Kittii ; and on the approadi of winter, a base of about S miles» 
which they measured along the frosen surfiice of the river 
Muonio. A meridional distance of S5fi23i iouet was thus 
found to correspond to an intercepted arc of 57' S8^; and con- 
sequently the length of a degree, in the parallel of W^^ must 
amount to 57,487 lotier, or SfflfiSS English ftet Such a very 
oodsideraUe augmentation of Uie measure determined by 
Picard in France, dearly attested the great oUatenem of the 
earth's figure ; and the decision of a question so curious and 
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important, finally secured the reception of the Newtonian 
Philosophy on the Continent. 

Maupertuis and his companions, on their return from the 
Polar Circle, likewise rectitied the observations made between 
Paris and Amiens, and discovered the length of a degree to 
be 57,183 ioisesj or 365,666 English feet. Other rectifications 
were effected by the grandson of Cassini, about the year 1740» 
in the trigonometrical survey of France ; and though some 
trifling anomalies occurred, the results on the whole were found 
to agree with mathematical theory. 

Since these great and persevering operations of the French 
Academicians, other measurements have been performed in va- 
rious parts of the earth's surface. It will suffice, however, to no- 
tice only the chief results. In 1782, La Caille found out a de- 
gree at the Cape of Good Hope in 33° 18^ south latitude to be 
57,037 toises^ or 364,733 English feet. In 1753, the famous fios- 
covich determined a degree, in the Papal Territory between 
Rome and Rimini, in the latitude of 43<^, to be 56,973 ioises^ or 
361,323 English feet. Mason and Dixon ascertained, in 1768, 
the length of a degree in Pennsylvania, at the latitude of 
390 12', to be 363780 feet. In 1777, Beccaria found a 'degree 
in Piedmont, under the parallel of 44° 44', to correspond to 
57,024 toises, or 364,650 English feet. In 1799 and 1800, 
the measurement of Maupertuis in Lapland was rectified by 
Svanberg. But the most recent mensuration was made in 
India, during the years 1803 and 1806, by Colonel Lambton, 
who carried a scries of triangles over an extent of five degrees 
near Madras, and determined a degree, on the parallel of 
9° 35', to be 362,838, and on the parallelof 12? 32' to be 
362,964. 

37. The nice art of observing has in its progress kept pace with 
the improved skill displayed in the construction of instruments. 
Surveys on a vast scale have lately been performed in Europe, 
with that refined accuracy which seems to mark the perfection 
of science. After the conclusion of the American war, a me- 
moir of Count Cassini dc Thury was transmitted by the French 
Government to our Court, staling the important advantages 
which would accrue to astronomy and navigation, if the dif- 
ference between the meridians of the observations of Green- 
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wich and Paris were ascer&ioed by actual neasureitient. A 
spirit of accommodation and concert forlhnatfeljr then prevail 
ed. Orders Were speedily given for carrying tke plan into 
execution ; and General Roy, who was charged with the con« 
duct of the buslbess on this side of the Channel, proceeded 
with activity and zeal. In the summer of 1784| a fondameotail 
base, rather OMre than five miles in length, was traced on 
Hounslow Heath, about 54 feet above the level of the sea,' and 
measured with every precaution, by means of deal rods, glass 
tubes, and a steel chain, allowance being made for the effects 
of the variable heat of the atmosphere in expanding those ma- 
terials. The same line was, seven years afterwards, remea- 
sured with an improved chain, which yet gave a difference on 
the whole of only three inches. The mean result, or 27404.2 
feet, at the temperature of 62^ by Fahrenheit's scale, is there- 
fore assumed as the true length of the base. Connected with 
this line, and commencing from Windsor Castle, a series of 
thirty-two primary triangles was, in 1787 and 1788, extended 
to Dover and Hastings, on the coast of Kent and Sussex. 
Two triangles more stretched across the Channel. The hori- 
zontal and vertical angles at each station were taken with sin- 
gular accuracy by a theodolite, which the celebrated artist 
Ramsden had, after much delay, constructed, of the largest 
dimensions and the most exquisite workmanship. At the 
same period, a new base of verification was measured on Rom- 
ney Marsh, 15i feet above the sea, and found, after various 
reductions, to be 285S5.6773 feet in length. This base, com« 
puted from the nearest chain of triangles dependent on that 
of Hounslow Heath, ought to have been 28533.8 ; differing 
scarcely more than two feet on a distance of eighty miles. 
The mean, or 28534.5, is adopted for calculating the adjacent 
and subsequent triangles. These triangles near the coast 
were unavoidably confined and oblique ; but their sides are 
generally deduced from larger and more regular triangles, ex- 
panding over the interior of the country. The annexed figure 
exhtbiu the most interesting portion of this memorable 8ur« 
vey, and represents the various combination of triangles. At* 
tached to it is a scale of English miles. 
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A Frant Church. 
B Goodhurst Church. 
C Hollingbom Hill. 
D Tenterden Church. 
£ Fairlight Down. 
F Allington Knoll. 
G Lydd Church. 
H Ruckinge. 
I High Nook. 



K Folkstone Turnpike. 

L Padlesworth. 

M Swingfield Church. 

N Dover Castle. 

O Church at Calais. 

P Blancnez Signal. 

R Fiennes Signal. 

S Montlambert Signal. 

KL The base ofverifieaiioH* 




I'U'lmil- 



J.0 



HO 



TT 



30 



40 



±=± 



60 



^< 



Calculation of the sides of the Triangles. 



ACE 

A 79* 28' 2" 
C 52 11 3* 
£ 48 25 55 

ABC 

A 27 4- 36.13 
B 136 27 35.87 
C 16 27 48 * 

ABE 

A 52« 18' 25.87" 
B 105 39 28.86 
£ 22 2 5.27 

BCD 
B 68 13 19.5 
C 44.J38 ^^.Oi * 
D 67 7 56.16 



141744.4 

113926 

107895.7 



71298.5 



44391.2 



93629.2 



71887.5 
54376.5 



BDE 

B 49* 39' 35.77" 
D 94 59 25.81 
E 35 20 58.42 

CDF 

C 40 58.96 * 
D 91 34 22.04 
F 48 24 39 

DFG 

D 43 45 23.18 

F 73 27 

G 68 14 9.82* 

DEG 
D 62 32 52.51 
E 54 59 17.31 
G 62 27 50.18* 



70 



716S7.2 
93629.2 



61777.5 
96039.S 



47850.9 
66169.2 



71692.2 



71637.2 
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£ 81 

1^ ss 

G185 


18 
59 
48 


EFG 

97* 
83 



47850.9 
106926.8 


K 60 
L 70 
M 48 


KLM 
87 a9S 
54 &5 

98 15 


17066^6 
18525.8 


F SS 

G 84 
I 121 


48 
17 
53 


F6I 
4&I 
89^* 
44 


SIS6S.7 
83185.7 


K 69 
Bf 75 

N 34 


KBfN 
46 53.5 

36 40 
39 86.5 


906604 
S1565.7 


P 91 
H 54 

I 94 


87 
19 
IS 


19^ 
88 


88584^ 

16058 


K 180 
L 34 

N 15 


EXN 
11 83 
89 48.5 
18 44.5 


485G2.7 


Pl09 
G S8 

K 98 


50 

8 
6 


F6K 
S9.9S 
33.76 
56^* 


84668.8 
55468^ 


B 6 
L 158 
N 81 


ELN 
6 39.43 
15 85.15 
37 55.48* 


186119 


E IS 
G154 
L 18 


38 

5 
16 


E6L 

54.4 

&65 


79586.1 
14789.8 


E 85 
NllO 
P 43 


ENP 
33 SSJ02* 
SS 89.88* 
80 35.15* 


116660 
868606.6 


F 76» 
I 79 
K 84 


1' 
41 
17 


FIK 

53.80' 
05 
6.85 


54708 


E 43 
N 87 
8 49 


ENS 
19 58.58 
SO 89.58 
31.9 


168887 
845786 


t 14 
K 57 

L loe 


44 
8 
9 


255» 



&5 


14714.3 
48905.2 


N SS 
P 119 
S 36 


NFS 
85 a85 
41 41.64 
53 18J1 


77837.8 



In this register, each angle in the iQOoeirife triaogtoi ity fiir 
iheaekeofconciMmeei, nwrlced by the single letter afized to 
il, and the oompnted length of its opposite side in fteC nugei 
in the same line. The addition of an asterisk denotes that an 
angle was not actnaHy observed, but only deduced from eri* 
cntetioo. The obliqne triangles ABC and ABB have their 
sides BC and BE derived thmi other larger triangles, which 
were nearly equiangular* The triangles ELN and ENP had 
their angles discovered firom conjoined observations. In ge- 
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the metre by the diminution of a four millionth part, making 
this to be 4^43.322 lines of the toise brought by the Academi* 
cians from Peru. The meridional arc extending from Dunkirk 
to Formentera, measures 12^ 22' 13.395^^; and from this ample 
basis, the circumference of the earth is computed to be 24855.42 
English miles, and the ratio of its axes that of 308 to 309. 

The fourth volume of the Base MetriquCy containing the ac- 
count of the trigonometrical observations made by Biot and 
Arago in Spain and the Balearic Isles, has been long promi- 
sed ; and I was induced, for a considerable time, to defer the 
publication of this edition, in the hope of being able to draw 
some additional fbformation from such a valuable source. In 
the prosecution, however^ of the French measurement, an 
application from the Institute was transmitted by Count La- 
place to General Mudge, to have Ramsden's Zenith Sector 
erected near Yarmouth, in order to connect the English arc 
thence across the sea to near Dunkirk, with the meridional 
measurement extending through France and Spain to For- 
mentera, which would have the important advantage of being 
nearly bisected by the parallel of 45*^. This proposition, I am 
happy to say, has been already partly carried into effect un- 
der the able direction of M. Arago. 

In England, the prosecution of the Trigonometrical Survey, 
without aiming at such splendid views, has, suitably to the ge- 
nius of the people, been directed to objects of more domestic 
interest, and perhaps real utility and importance. The per- 
plexing inaccuracy of our best maps and charts had long been 
the subject of most serious complaint. It was in consetjuence 
resolved to extend the series of connecting triangles over the 
whole surface of the Island. But the death of General Roj, 
happening so early as 1790, threatened to prove fatal to the 
completion of his favourite scheme, for which the talents and 
experience he possessed had so eminently fitted him. Af^ 
ter some interruption, however, an opportunity was embraced 
of resuming that noble plan ; and it was, under the direction 
of the Board of Ordnance, committed to the care of Colonel 
Mudge, who, with equal ability and undiminished ardour, 
during the space of ^\^ and twenty years, was engaged in 
carrying on the most extensive and varied system of ope- 
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rations ever attempted, and in a sljle ef execution which re^ 
iected en him the highest credit. In 179S and 1794*, the chiihi 
of primary triangles was continued from Shooter's Hill to Dun* 
nose in the Isle of Wight, including a great part of Surry, Sus- 
sex, Hants, Wiltshire and Oorsettbire, and connecting with a 
new base of yerification measured on Salisbury Plain. Thitf 
base had, after correetion, a length of S6574.4 feet, or 6.92697 
miles, having lost almost a whole foot in being reduced from 
an elevation of 588 feet to the level of the sea* It differed 
scarcely an inch from the computation founded on the base of 
Hounslow Heath. In 1795, the triangles were carried into 
Devonshire ; and they were continued in 1796 through Com* 
wall to the Scilly Itlanda. The West of England became the 
scene of repeated operations. In 1798, a third base was mea- 
sured on King's Sedgemoor near Somerton, and found, after 
various corrections, to be 27»680 feet, or 5.94^4SS miles, dif- 
fering only about a foot from the result of the calcuUltion de- 
pendent on that of Salisbury Plain. The survey now advanced 
to the centre of England, and was extended in 1808 to ClifV 
ton in Yorkshire ; another base of verification, 2684^.7 feef 
in length, having been measured at Misterton Carr; on the north 
of Lincolnshire. The triangles were next carried towards 
Wales, and made to rest on a base of 5^14.% feet, stretch? 
ing from the western borders of Flintshire to Llandulas in Den* 
bighshire. From this last base, numerous triangles have bee4 
extended in different directions ; one series bending through 
Anglesea and by Cardigan Bay» to the Bristol Channel ; an* 
atiker penetrating into the central parts of England ; while a 
third series stretches northwards, through Lancashire, Cum* 
^berland and Westmoreltod, into Scotland, and uniting with 
the collateral chain of Misterton Carr from Yorkshire and 
Northumberland, is prolonged to the heights immediately be- 
yond the Firth of Fortlb The mountains and islands near 
the western coast of Scotland will furnish triangles of vast ex- 
tent. The surveyors will not omit, we hope, the opportuni- 
ties that such stations may afford to determine the quantity 
of horisontal refraction, noting at the same time the variable 
state of the atmosphere. The indications of the hygrometer 
would then re<)aire attention. It would be desirable in all 
cases, as in the French operations, that the third angle of eaci) 
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triangle were actually measured. It would likewise be satis* 
factory, in the more mountainous tracts, that the barometer 
should always accompany the theodolite. 

The triangulatiou has been extended along the east coast 
of Scotland as far as the county of Banff and the borders 
of Ross-shire. It has also been carried towards the same 
points from Cumberland, through the heights of Galioway and 
Dumfries-shire, to the summit of Ben-Lomond; and from Dum- 
bartonshire and the vicinity of Glasgow in a north-easterly 
direction, connecting all the remarkable mountains of Perth- 
shire. The sands of Belhelvie, a few miles westward of Aber- 
deen, the spot formerly pointed out by General Roy, has been 
selected for a base of verification, which Captain Colby mea- 
sured in the summer of 1817. It would no doubt be very de- 
sirable to have another intermediate base determined nearer 
the west side of the island. For this purpose, the plain be- 
tween Kinniel and Carron, in the Carse of Falkirk, might 
seem eligible. In 1817, M. Biot, assisted by General Mudge 
and his son, made experiments with the pendulum at Leith 
Fort. He afterwards transported his apparatus to the Shet- 
land isles, in conjunction with the English astronomers, and 
repeated his observations in that extreme station. The sum- 
mer of 1818 proved uncommonly favourable, and the survey 
was accordingly pushed forward by Captain Colby with un- 
common spirit. The operations were begun at Largo Law, 
then transferred to the Lomond Hills, next to Bendach in 
the centre of the Ochils, and thence to Ben-Lomond and 
other mountams on the western side of the island. The ac- 
cidental clearness of the atmosphere allowed very distant ob- 
jects to be seen. Some of the triangles thus formed had sides 
exceeding 100 miles in length. 

Besides the principal triangles, a multitude of subordi- 
nate ones were ascertained in the progress of the survey, 
which serve to connect all the remarkable objects over the 
face of the country. The capital points were hence establish- 
ed, for constructing the most accurate charts and provincial 
maps. A number of royal military surveyors, of approved 
skill, have since been constantly employed in filling up the se- 
condary triangles, and embodying the skeleton plans. The 
various materials arc collected at the drawing-room of the 
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TowBTp and there adjiutecl» reduced and combined. Under 
the tame able direedon, an extensiTe eetablishment has been 
formed in those spacious apartments, where a voluminous se- 
ries of maps, on the largest scale, are not only delineated but 
engraTed. This truly national work advances with great activi- 
st and has already proved highly advantageous to the public 
sesvice. The Ordnance Maps» in elaborate accuracy, and even 
beauty of execution, surpass every thing hitherto designed* 

The publication of these valuable geojgrapfaical details, after 
having been suspended for some years, is again free. Five 
parts have already appeared, including Devonshire, Essex, 
Sussex, Dorsetshire, Kent, the Isle of Wight, Hampshire and 
Cornwall. Other maps are in a state of great forwardness, as 
fkr northward as the parallel from Caernarvon through Shrews- 
bury and Warwick to twenty miles beyond Boston in Lincoln- 
shire. The completion of a work of sudi vast magnitude 
must require proportional time and pesseverance. The ma- 
ritime counties will probably be first giten to the public, and 
the dbtricts of the interior afterwards delivered. 

For a concise and perspicuous exemplification of all the re- 
finements adopted in the practice of trigonometrical surveying, 
I have much satisfaction in referring to the late work of Baron 
Zach sur P Attraction dci Moniagnes ; nor can I omit this op- 
portunity of testifying my respect and regard for that able 
and very learned astronomer, in whose interesting society I 
made a delightful excursion,' in the month of August 1814, 
from Lyons by Orange to Vaucluse, and thence by Avignon 
to Marseilles, where be was then residing, as chamberlain to 
her Highness the Duchess Dowager of Saxe-Ootha. 

S8. To determine geometrically the altitude of a mountain re- 
quires, it hence appears, a nice operation performed with some 
large instrument. The barometrical mensuration of heights 
is therefore, in most cases, preferred, as much easier and often 
more exact. This curious application was early suggested, by 
the objections themselves which ignorance opposed to Torri- 
celli's immortal discovery of the weight of our atmosphere. 
But more than a century dapsed before the improvements in 
mechanics had completely adapted the machine to that pur- 
pose, and experiment combined with observation had ascer- 
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tallied the proper corrections. Barometers of various con-* 
structions are nov^ made quite portable, and which indicate 
with the utmost precision the height of the mercurial column 
supported by the pressure of the atmosphere. 

The air which invests our globe, being a fluid extremely 
compressible, must have its lower portions always rendered 
denser by the weight of the incumbent mass. To discover the 
law that connects the densities with the heights in the atmos- 
phere, it is only requisite, therefore, to apply the fact which 
experiment has established, — that the elasticity counterbalan- 
cing the pressure is exactly proportioned to the density. The 
elasticity of the air at any point of elevation, is hence mea- 
sured by a column possessing the same uniform density, with 
a certain constant altitude. Let AB denote *the height of this 
equiponderant column, and the perpendicular BI its density ; 
and suppose the mass of air below to be distinguished into nu- 
merous strata^ having each the same thickness BC. It is evi- 
dent that the weight of the minute stratum at B will be ex- 
pressed by BC ; whence AB is to AC, or BI to CK, as the 
pressure at B to the augmented pressure at C, and therefore 
the density at C is denoted by CK. Again, having joined IC, 
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and drawn KD parallel, BI : CK : : BC : CD ; and conse- 
quently CD will, on the same scale of density, express the 
weight of the stratum at C. Hence, AC is to AD, as CK to 
DL, or as the density at C is to that at D. It thus appears, 
that, repeating this process, the densities BI, CK, DL, &c. of 
the successive strata form a continued geometrical progression. 
But the same relation will evidently obtain at equal though 
sensible intervals. Thus, the density of the atmosphere is re- 
duced nearly to one half, for every 3^ miles of perpendicular 
ascent. At 7 miles in height, the corresponding density is 
one-fourth ; at 10| miles, one-eighth ; and at H miles, one- 
sixteenth. 
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The diffisfence of altitude between two points in the atmos- 
phere» is hence proportional to the difference of the logarithms 
of the corresponding densities or vertical pressures. But the 
heights of mountains may be computed from barometrical 
measurement to any degree of exactness, by a simple nume- 
rical approznnation. Since AB, AC, AD, &e. are continued 
proportionals, it follows that AB : BC : : AB -|- AC -|- AD, Ac ; 
BC-f CD-l-DE, &c« or BH. Let n denote the number of seo- 

fi 
tions or strata contained in the mass of air, and 3- ( AB-f- AH) 

will nearly express the sum of the progression AB, AC, AD, 
Ac. ; wherefore, AB 4. AH : BH : : 2 AB ; iiBC, or the absolute 
diftrence of altitude. The height AB of the equiponderant 
column, reduced to the temperature of freesii^ water, is near- 
ly 96,000 feet ; and hence this general rule,—* ils the sum rf 
Agmeratrialtohimmutoiheird^'hrericefSoisthecomianinuwS' 
her 52,000 io the approtimaU hei^. This number is the more 
easily remembered, from the diTision of the year into weeks. 

Two corrections depending on the variation of temperature 
are besides required. 1. Mercuiy expands about the 5,000th 
part of its bulk, for each degree of the centigrade scale ; and 
hence the small addition to the upper coUmm will bejound^ by 
remao u t g the decimal poini Jour places to the leftf and multipfying 
iy twee the difference between the degrees qfthe attached thermo^ 
meters. 2. But the correction afterwards applied to the prin- 
cipal computation is of more consequence. Air has its vo- 
lume increased by one 250th part, for each degree of heat 
iin the same scale. If^ there/ore^ the approsdmate height f ha- 
OM|g its decimal point shifted bach three ptaees^ be multiplied by 
teaice the sum ^ the degrees on the detached thennometers, the 
product wU give the addition to be made. If it were worth 
while to allow for the effect of centrifugal force in diminishing 
the pressure of the aerial column, this will be easily done be- 
fore the last multiplication takes place, by adding to twice the 
degrees on the detached thermometers the Jifth part of the 
mean temperature corresponding to the latitude^ 

An example will elucidate the whole proceu. In August 
1775, General Roy observed the barometer on Caernarvon 
Quay at 80.091 mches, the attached thermometer being 15^.7, 
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and the detached 15*^.6 centigrade, while on the Peak of Snow- 
don the barometer stood at 26.409, the attached thermometer 
marking lO'^.O, and the detached 8^.8. Here, twice the dif- 
ference of the attached thermometers is 11^.4, which multi- 
plied into .00264> gives .030, for the correction of the upper 
barometer. Next, 30.091 + 26.439 : 30.091 + 26.439, or 
56.530 : 3.652 : : 52000 : 3359. ^gain, twice the sum of the 
degrees marked on the detached thermometers is 48.8, which 
multiplied into 3.359 gives 164; wherefore, the true height of 
Snowdon above the Quay of Caernarvon is 3359+ 164, or S523 
feet. The correction for centrifugal force is only 7 feet more. 

This mode of approximation may be deemed sufficieiitly 
near, for any heights which occur in this island ; but greater 
accuracy is attained by assuming intermediate measures. To 
illustrate this, I shall select another example. At the Terj 
period when General Roy was making his barometrical obser- 
vations at home, Sir George Shuckburgh Evelyn found the 
barometer to stand at 24.167 on the summit of the Mole, an 
insulated mountain near Geneva, the attached and detached 
thermometers indicating 14^.4 and 13^.4, while they marked 
16^.3 and 17''.4 at a cabin below and only 672 feet above the 
lake, the altitude of the barometer at this station being 28.1S2. 
Now, 3.8 X. 0024=. 009, and 24.167 -f 009= 24.1 76; the arith- 
metical mean between which and 28.132 is 26.154 ; and hence, 
separately, 50.330 : 1.978 : : 52000 : 2044, and 54.286 : 1.978 : : 
52000: 1895. Wherefore, joining these two parU, 2044 +1895, 
or 3939 expresses the approximate height. The final correc- 
tion is 61.6x3.939=243, or 254 feet, if allowance be made 
for the effect of centrifugal force, and consequently the Mole 
has its summit elevated 4865 feet above the lake of GeoeTa, 
and 6063 above the level of the sea. 

In general, let A and A -f- n^ denote the correct lengths of 
the columns of mercury at the upper and the lower stations; 
the approximate height of the mountain will be expressed by 

(2A4r<:r+2A + 3/!^+2A+5i*" + 2A+2n— l.AJ ^^^^' 
If n were assumed a large number, the result would approach 
to the accuracy of a logarithmic computation, though such an 
extreme degree of precision will be scarcely evet wanted. 
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To expedite the celcolatieii of beighcs from baronietrical 
obeerratioDs, I have now caused Mr Gary, optician in London^ 
to make for tale a aliding-rule, of an easy and commodioill 
construction. That small tnstraminty which should be acoom* 
panied with a barometer of the lightest and most portable 
kind, will be found tmy useful to mineralogical travellers who 
have occasion to explore mouniainous tracts. Nothing could 
tend more to correct our ideas of physical geography, than to 
have the principal heights in all countries measured* at least 
with some tolerable degree of precision. The elasticity of 
air is aftcted by mobture as well as heat, although the want 
of an exact instrument for measuring the former has hi^ 
therto prevented its influence from being distinctly noticed; 
When the hygrometer which I have invented shall become 
better known to the public* it may not seem presumptuous 
to expect* in due time* more correct iaia coQcernii^ the mo- 
difications of the atmosphere. Yet, after all* in ascertaining 
the volume of a fluid subject to incessant fluctuation* it would 
be preposterous to look for that consummate harmony which 
belongs exclusively to astronomical science ; nor can I help 
considering the introduction of fomc late refinements into the 
Jwrmula for measuring heights by the barometer* which would 
embrace the minutest anomalies of atmospheric pressure* as 
rather a waste of the powers of calculation. 

The elevation of any place above the sea may be ascertain- 
ed very nearly* from the comparison of even very distant baro- 
metrical observations* especially during the steady weather of 
the finer climates. In the summer of 1814* Engelhardt and 
Parrot* two Prussian travellers* by a series of fifty-one barome- 
trical observations* made along the distance of 711 miles* from 
the Caspian to the Black Sea* ascertained the former to be 8S4 
English feet below the level of the latter* which complete- 
ly oversets the supposition of any subterranean communica* 
tion existing between those seas. By the same mode may be 
traced a profile or vertical section* that shall exhibit at one 
glance the great features of a country. As a specimen* I have 
combined and reduced the sections which the celebrated philo- 
aophit traveller Humboldt has given of the continent of Ame- 
rica* running in a twisted direction from Acapulco to Vera 
Cruz* and connecting the Pacific with the Atlantic Ocean; 
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A AcAPULco. 

a Peregrino. 

B Chilpaksinco. 

b Mescala. 

c TepccaacuHco- 

d Pueiile de Istla. 

C CUEHHAVACA. 

e La Craz del Marques, 
D Mexico. 
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f Venta de Chalco. 

g St Martin. 

£ La Puebla db los Angilxs. 

h El Pinal. 

i Perote. 

k Cntz Bknca. 

V Xalapa. 

G Vera Cruz. 
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The divided scale expresses ihe horlsontal distance in milea, 
while the pBrailcIs, on a much larger scale, mark the eleva- 
tion in feet. This profile is really composed of four successive 
sections, which are distinguished by opposite shadings. The 
survey proceeded first along the road from Acapulco to Mex- 
ico, thence to Puebla de los Angeles, next to Crui Blanca, 
and finally to Vera Cruz. These several directions and dis- 
tances are expressed in the ground plan. 

An attempt is likewise made in this profile, to convey some 
idea of the geological structure of the external crust: 
Limestone is represented by straight lines slightly inclioed 

from I lie horizontal position. 
Basalt, by straight lines slightly rccliaed from the perpendi- 
cular. 
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PcfflhifTyt by wared lines somewhat recliiied« 
QranUe, by confused hatches* 
Amf/gdakidf by confiised points. 



Bat the easiest way of estimating within moderate limits the 
elevation of a countryt is founded on the difference between 
the standard and the actual mean temperature as indicated by 
deep wells or coptoos and shaded springs. Professor Mayer 
of Gottingeuy fW>m a comparison of distant observations on 
the surface of the globe, proposed ^kfarmda^ which, with a 
slight modification, appears to exhibit correctly the tempera- 
ture of any place at the level of the sea* Let ^ denote the W 
titude ; and 29 €01^9 
or 14^ neoefz 2f, 
will express, in de- 
grees of the centi. 
grade scale, the me- 
dlwn heat on the 
coast. But the gra- 
dations of climate 
ore more easily con- 
ceived by help of a 
geometrical diagram. 
From the centre C, 
draw straight lines 
to the several de- 
grees of the qua^ 
dranti and cutting 

the interior semicir- 
cle; then the radius CA denoting 29*, the perpendiodars 
from the points of section w91 intercept segments proportional 
to the mean temperature expressed on DE* 

The higher regions are invariably colder than the plains ; 
and I have been able, after a delicate and patient research, to 
fix the law which connects the decrease of temperature with 
the altitude. If B and h denote the barometric pressure at the 

(B h \ 
-T-— g-J 25 express, 

on the centigrade scale, the diminution of heat in ascents 
Hencci for any given latitude, that precise point of elevation 




or 



460 NOTES AND ILLUSTRATIONS. 

may be found, at which eternal frost prevails. Put x = -^^ 

and / = the standard temperature ; then f x j 25 =: /, 

x' 4" •04^ /x=: 1, which quadratic equation being resolved, 
gives the relative elasticity of the air at the limit of congela- 
tion, whence the corresponding height is determined. From 
these data the opposite table has been calculated. 

This table will facilitate the approximation to the altitude 
of any place, which is inferred either from its mean tempera- 
ture, or its depth below the boundary of perpetual congelatiofi. 
The decrements of heat at equal ascents are not altogether 
uniform, but advance more rapidly in the higher regions of 
the atmosphere. At moderate elevations, however, it will be 
sufficiently near the truth, to assume the law of equable pro- 
gression, allowing in this climate one degree of cold by Fah- 
renheit's scale for every ninety yards of ascent, and for every 
hundred yards in the tropical regions. Thus, the tempe* 
ratures of the Crawley and Black springs on the ridge of 
the Pentland hills, were observed by Mr Jardine, where they 
first issue from the ground, to be 46°.2 and 45^ ; which, com- 
pared with the standard temperature at the same parallel of 
latitude, would give 567 and 891 feet of elevation above the 
sea. The real heights found by levelling were respectively 
564: and 882 ; a coincidence most surprising and satisfactory. — 
This ready mode of estimation claims especially the attention 
of agriculturists. 

Dr Francis Buchanan Hamilton informs me, that he found the 
temperature of a spring at Chitlong, in the Lesser Valley of 
K6pal, to be 14^.7 centigrade. But the mean temperature in 
the parallel of 27*' 38' being 22^.8', the density of the atmosphere 
corresponding to difference 8**. 1, is .8510, which gives 4500 
feet for the corrected altitude. From other observations of the 
same accurate traveller, we may conclude that Kathmandre, 
the capital of Nepal, is elevated about 2780 feet above the 
level of the sea. I found myself the temperature of the ce- 
lebrated fountain of Vaucluse, which gushes with such vo* 
lumc as to form almost immediately a respectable river, to be 
13° centigrade, or 2° less than what corresponds to its latitude, 
or 43°.55'. Jt may hence be inferred, that Vaucluse is 1080 feet 
above the level of the Mediterranean. 
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1.06 


33.9 


559 


34 


19.93 


67.9 


10534 










35 


19.46 


67.0 


10987 


80 


.87 


33.6 


457 


36 


18.98 


66.9 


10036 


81 


.71 


33.3 


371 


37 


18.50 


65J 


9761 


89 


.56 


33.1 


994 


88 


18.01 


64.4 


9523 


83 


.45 


52.8 


226 


39 


77.51 


63.5 


9963 


84 


.39 


32.6 


167 











85 


.99 


3f.4 


117 


40 


17.09 


69.6 


9001 


86 


.14 


32.3 


76 


41 


16.59 


61.7 


8738 


87 


.08 


32.9 


44 


49 


16.09 


60.8 


8473 


88 


.04 


39.1 


90 


43 


15.51 


59 9 


8206 


89 


.01 


39.0 


5 


44 


15.01 


590 


79n9 


9 


.00 


32.0 
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14.50 


58.1 


7671 
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I shall now subjoin a concise table of the most remarkable 
heights in different parts of the world, expressed in English 
feet. The altitudes measured by the barometer are marked 
B, while those derived from geometrical operations, and taken 
chiefly from the observations of General Mudge, are distin- 
guished by the letter G. 

Sna; Fiall Jokul, on the north-ivest point of Iceland^ 4f558 G 

Hekla, volcanic mountain in Iceland, - -p 3950 G 

Sulitelma, in Lapland, ... 5910 B 

Nuppi Vara, the highest of the table-land in Lapland, 2655 B 

Lommijauri, elevated lake in Lapland, - 2265 B 

Drifstue, the highest pastoral hamlet in Norway, 2457 B 

Snahatta, centre of the Nortvegian mountains, - 81 20 B 

Harebacke, Alpine ridge of Norway, - - 4575 B 

Pap of Caithness, ... - J929 
Ben Nevis, Inverness-shire, highest mountain in Scotland, ^358 G 

Cairngorm, Inverness-shire, - - - 4080 B 

Cairnsmuir upon Deugh, Galloway, - - 2597 G 

Ben Lawers, west side of Loch Tay, Perthshire^ 3944 G 

Ben More, Perthshire, - . - 3370 B 

Ben Lui, or the Calf, near Tyndrum, - - 3651 G 

Schihalh'en, P^MiA/r^, - - . 3513 G 

Ben Vorlich, near Loch Earn, - - 3207 G 

Ben Ledi, near CaUender, Perthshire, - - 2863 G 

Ben Achonzie, head of Glen Tilt, - - 3028 G 

Ben Lomond, near Aberfoil, Stirlingshire, - 3191 G 

Cobbler, near Arrochar, - - - - 2863 G 

Ben Clach, in the Ochils, above Alloa, - 2359 G 
Lomond Hills, east and west, Flfeshire, 1466 and 1721 G 

Soutra Hill, on the ridge of Lammermuir, - 1716 G 

Coulter Fell, Lanarkshire, - - - - 2440 G 

Carnethy, high point of the Pentland ridge, - 1700 B 

Tjntoc Hill, Lanarkshire, - - - . 2306 G 

Leadhills, the house of the Director of the mines, 1280 B 

Broad Law, near Crook Lin, Peebles-shire, - 2741 G 

Queensbery Hill, Dutjifries- shire, - - 2259 G 

Cairnsmuir of Fleet, Ga^oa'ffj^, - - 2329 G 

Hert Fell, near Moffat, - - - - 2635 G 

Punrich Hill, Roxburghshire, ... 2421 G 
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EMen HilUi, near Melrose, Roxburghihiref 

Whitcomb Hilly PeMei'shire^ 

Lother Hilly Dwnfiries'ikire, 

ARtUL Rock, fii the Firth of Clyde, 

Crif Fell, near New Abbey, Kirkcudbright, 

Kelb Range, GaiUmay, 

Goat Fell, in the Isle qfArran, 



1864 G 
2685 G 
2396 G 
llOSG 
1881 G 
2659 G 
2865 G 



Paps of Jura, south and north, in Argyllshire, 2859 and 2470 

SnesL Fell, in the Isle of Man, « • 2004 G 

South Beriile, in Isle of Man, . • 1584 G 

Macgillicuddy's Reeks, County of Kerry, - 8404 

Sliebh Donard, the highest qf^ Moume Mountains, 2786 G 

Hekellyn, Cumberland, ... 

Skiddaw, Cumberland, • • « 

Saddleback, Cumberland, ... * 

IVhernside, Yorkshire, - - • 

Ingleborough, Yorkshire, ... 

Shunnor Fell, Yorkshire, - - • • 

Snowdon, Caernarvonshire, ... 

Cader Idris, CaernarvonshirCt ... 

Beacons of Brecknock, • < • - 

Plynlimmon, Cardiganshire, .... 

Penmaen Mawr, Caernarvonshire, 

Malrern Hills, Worcestershire, - » 

Cawsand Beacon, Devonshire, . • • 

Rippin Tor, Devonshire, ... ^ 

Brocken, in the Hartz^fbresi, Hanover, 

Priel, in Upper Austria, .... 

Peak of Lomnitz, in the Carpathian ridge, 

Terglou, in Camiola, .... 

Mont Blanc, Switzerland, .... 

Village of Chamouni, below Mont Blanc, 

Jungfrauhorn, Switzerland, .... 

St Gothard, Switzerland, 

Hospice of the Great St Bernard, 

Village of St Pierre, on the road to Great St Bernard, 5888 B 

Passage of Mont Cenis, • - 6778 B 

Cross-Glockner, between the Tyrol and Carinthia, 12780 B 

Ortler Spitzc, in the Tyrol, • . 15430 



S055G 
3022G 
2787 G 
2884 G 
2361 G 
2329 G 
8571 G 
2914 G 
2862G 
2468 G 
1540 G 
1444 G 
1792 G 
1549 G 
3690 
7000 B 
8870 B 
10390 B 
15646 G 
3867G 
13730 
9075 
8040 B 



464 



NOTES AND ILLUSTRATIONS. 



Rigiberg, above the lake of Lucerne, - 5406 

Dole, the highest point of the chain qfJura^ • 5412 B 

Mont Perdu, in the Pj/rcnees, - - 11283 

Loneira, in the department of the high Alps, - 14451 

Peak of ArbizoD, in the department of the high Pyrenees, 8S44 



Pay dc Dome, in Auvergne, 

Mont d'Or, 

Summit of Vaucluse, near Avignon, 

Village on Mont Genevre, 

St Pilon, near Marseilles, 

Soracte, near Rome, ... 

Monte Velino, in the kingdom ofNaples^ 

Mount Vesuvius, volcanic mountain beside Naples, 

JEtna, volcanic mountain in Sicily, 

St AngelOy in the Lipari Islands, 

Top of the Rock of Gibraltar, 

Mount Athos, in Rumelia, 

Diana's Peak, in the Island of St Helena, 

Peak of TenerifFe, one of the Canary Islands, 

Ruivo Peak, the highest point of Madeira, 

Table Mountain, near the Cape of Good Hope, 

Chain of Mount Ida, beyond the plain of Troy, 

Chain of Mount Olympus, in Anatolia, 

Italitzkoi, in the Altaic chain, 

Awatsha, volcanic mountain in Kamtchatka, 

The Volcano, in the Isle of Bourbon, 

Ophir, in the centre of the Island of Sumatra, 

St Elias, on the ivestem coast of North America, 

White Mountain, in the State of Massachusets, 

Chimborazo, highest summit of the Andes, 

Antisanai volcanic mountain in the kingdom of Quito, 

Shepherd station on that mountain, 

Cotopaxi, volcanic mountain in the kingdom of Quito, 18890 B 

Tonguragua, volcanic mountain, near Riobomba, 16579 B 

Rucu de Pichincha, in the kingdom of Quito, - 15940 B 

Heights of Assuay, the ancient Peruvian road, 15540 B 

Peak of Orizaba, volcanic mountain east from Mexico, 17390 G 

Lake of Toluca, in the kingdom of Mexico, - 12195 B 

City of Quito, - - - 9560 B 



4858 G 

6202 G 

2150 

5945 B 

3295 G 

2271 G 

8397 G 

3978 
10963 B 

5260 

1439 B 

3353 

2692 
12358 B 

5162 

3520 

4960 

6500 
10735 

9600 

7680 
13842 
12672 

6230B 
21440 B 
19150B 
13500 B 
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City of Mexico, - - - 7476 B 

Silla de Caraccas, pari of the chain of Venezuela^ 8640 B 

Blue Mountains, in the Island of Jatnaicay - 7431 

Pel6e, in the Island of Martinique, - - 5100 

Morne Garou, in the Island of St Vincent* s^ • 5050 

In this list of altitudes, I have not ventured to insert the 
Himalaya or Snowy Mountains, the Imaus of the ancients, or 
Great Central Chain of Upper Asia, to which some late ac- 
counts from India would assign the stupendous elevation from 
23,000 to 27,C00 feet. Such at least are the results of ob- 
servations made with a small sextant and an artificial horizon, 
at the enormous distance of 226 or 232 miles, as computed in- 
deed from very short bases. But even with the best instru- 
ments, and under the most favourable circumstances, the deter- 
mination of minute vertical angles is, from the influence of hori- 
zontal refraction, liable to much uncertainty. The progress of 
accurate observation has uniformly reduced the estimated al- 
titudes of mountains. More recent statements accordingly 
diminish those heights near 2000 feet. 



I shall conclude with briefly stating the French measures. 
The Parisian foot; is to the English, or the toise to the fa- 
thom, as 1.065777 to 1, or nearly as 16 to 15. The metre, 
or base of the new system, and equal to 39.371 English 
inches, ascends decimally, forming the decametre or perch, the 
hectometre, the kilometre or mile, and the myriametre or league 
equivalent to 6.213856 of our miles ; and descending by the 
same scale, it forms successively the decimetre or palm, the 
centimetre or d^it, and the millimetre or itroke. The square 
of the decametre constitutes the arf,and that of the hectametre, 
the hectare Of acre, and equal to 2.47117 English acres. The 
cube of a metre, or 35.3171 feet, forms the unit of solid mea- 
sure or the stere, that of a decimetre, or 61.028 inches forming 
the lUr^ or pint ; and the weight of this bulk of water at its 
greatest contraction makes the kilogramme or pound, equivalent 
of 12.133 pounds Troy, the gramme answering to 15.444 grains. 
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